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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
83 ]. This is test number [ 182 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (83 ) | 0.00 (0)

Mathematica | 93.98 (78 ) | 6.02 (5)
Fricas 74.70 (62 ) | 25.30 (21)
Maxima 66.27 ( 55 ) | 33.73 (28)
Maple 59.04 (49) | 40.96 (34)
Mupad | 56.63 (47) | 43.37 (36)
Giac 51.81 (43 ) | 48.19 (40)
Sympy 43.37 (36 ) | 56.63 (47 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 57.831 0.000 1.205 40.964
Mathematica 42.169 9.639 2.410 45.783
Maxima, 25.301 1.205 0.000 73.494
Maple 10.843 0.000 7.229 81.928
Giac 8.434 2.410 0.000 89.157
Sympy 2.410 0.000 0.000 97.590
Fricas 0.000 33.735 0.000 66.265
Mupad 0.000 15.663 0.000 84.337

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 5 80.00 20.00 0.00
Fricas 21 95.24 4.76 0.00
Maxima, 28 96.43 3.57 0.00
Maple 34 100.00 0.00 0.00
Mupad 36 0.00 100.00 0.00
Giac 40 100.00 0.00 0.00
Sympy 47 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.28

Maple 0.41

Maxima 0.43

Giac 0.64

Rubi 0.66

Sympy 1.28

Mupad 2.69
Mathematica 16.28

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 18.58 0.95 17.00 0.94
Giac 36.21 1.11 20.00 1.11
Maple 71.22 1.25 18.00 1.00
Mupad 94.57 1.71 22.00 1.22
Maxima 164.45 4.66 112.00 2.50
Rubi 256.64 0.98 63.00 1.00
Mathematica | 351.72 1.38 84.50 1.11
Fricas 629.97 3.77 46.00 2.12

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance



CHAPTER 1. INTRODUCTION

1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

69} (705 [71])

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi
Mathematica {82}

Maple

Maxima Verification phase not currently implemented.

Fricas Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.12. Timing
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1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
‘ maxima_lib.set('extra_integration_methods', '[]')

See [https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
Ferent-from-using-maxima/| for reference.

1.14. Important notes about some of the results


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

CHAPTER 1. INTRODUCTION 17

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/b57123/could-we-have-a-leaf count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
returnl
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
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Design of the test system
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Maxima, Fricas +

High level overview of the CAS
independent integration test
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build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e
2.1.8 SYympy . . . . oo e 23]
2.1.1 Rubi

A grade { [1B) 5} B 0 12 16,5} 20} 23, 25) 27,51, 52 53, 50, 57551 2 3,46, 7 A5 1)
52,153,657} 53,61}162 63,661 67) 65, 72 73, [72, 75} 76,7} 75} 70,60} B 2,63 )

B grade { }

C grade {[15|}

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade { [1,B)[12)T5} 16,8} 20,23} 25,27} 5152 53,55} 1 2 43, 7 5 51, 52, 53,5861
52,163, 66,67 65,72 73, 75,7851 }

B grade { BBIIESEIEREAT)
C grade { }

F normal fail {[74,[77[80}[83] }
F(-1) timedout fail {39}

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 22

2.1.3 Maple
A grade { [5[12}[15}]20,27,[53} 58,63} [68] }
B grade {}

C grade { 37375787051 )

F normal fail {[1[3,8[10,[16}[18 23, 25, 31}[32 33} 36} 37} 38, [41} |42} 43} 46, |47} 48} 5 1} [52} 56
[674 61162, 66} 67} 74} 76,77} [80} 82, 83] }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas
A grade { }

B grﬁe.{
80181582 }

C grade { }

F normal fail {[31}[32(33}[36,[37 38 [41} 42} 43| 46}, 47} 48} 5T} 52} 56} 57 (6 [62} (66167 }
F(-1) timedout fail {[83]}

F(-2) exception fail { }

2.1.5 Maxima

A grade { F)I2 20 2751323, 50,57, 55 51} 52,63 59,67, 69 63 63 7375 }
B grade {[15}
C grade { }

F normal fail {[1}[3}[10}[16,[18} 23} 25} [41} 42} 43} 46} |47} |48, 61} 62}66} 67 [73} [74} 7677} [78} [79}
BOBLB2,B3 }

F(-1) timedout fail {[60| }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 23

2.1.6 Giac

A grade {[12}[15|[20,[27,[58}[63} 6] }
B grade {[5[53}
C grade { }

F normal fail {[1[3,8[10,[16}[18)23, 25, 31}[3233} 36} 37} 38 [41} (42} 43} 46, |47} 48} 5 1} [52} 56
(674611162, 66} 67} 72} 73,74 [75, [76} [77} 78} 79} [B0} 81} 82, B3] }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.7 Mupad

A grade { }
B grade { [5}[12}[15}[20}[27} 53} 58} (63} 68} [72 [75} 78} B1] }
C grade { }

F normal fail { }

F(-1) timedout fail {[1}[3,8}[10}[16}[18[23}[25}[31}[32}[33}[36}[37) [38, 41} |42, |43, }46) |47 {48} 1]
[624[66157, 61} 62} 66,67} 73} [74 [76} [77} [79} 80} 824 83 }

F(-2) exception fail { }

2.1.8 Sympy
A grade {53}
B grade {}
C grade { }

F normal fail { [1,8)){10,[T2[5) 6 15) 20,25 25,27} 1, 52 33, 5, 57 55 1 12, 16
5,57, 2 56,7 55 6162 63,66, 67168 72 73,74 75,76, 77175, 79} 50,61} B2, 89 )

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 104 104 133 0 0 209 0 0 0
N.S. 1 1.00 1.28 0.00 0.00 2.01 0.00 0.00 0.00
time (sec) N/A 0.319 0.139 0.000 0.000  0.270 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 40 21 15 18 20
N.S. 1 1.00 1.12 1.00 2.50 1.31 0.94 1.12 1.25
time (sec) N/A 0.184 10.011 0.088 0.313 0.248 0.383 0.327 2.193
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 68 68 97 0 0 144 0 0 0
N.S. 1 1.00 1.43 0.00 0.00 2.12 0.00 0.00 0.00
time (sec) N/A 0.259 0.124  0.000 0.000  0.282 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 40 21 15 18 20

N.S. 1 1.00 1.12 1.00 2.50 1.31 0.94 1.12 1.25
time (sec) | N/JA | 0.185 8350 0.076 0.311 0240 0.369 0.312 2.229

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 57 26 25 55 37 49 47
N.S. 1 1.00 2.19 1.00 0.96 2.12 1.42 1.88 1.81
time (sec) N/A 0.189 0.072 0.222 0.202  0.268 0.428 0.291 0.104

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 38 18 14 18 20

N.S. 1 1.00 112 100 238 112 08 112 125

time (sec) N/A 0.182 7.209 0.066 0.297 0.251 0.853 0.300 2.347

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 40 18 15 18 20
N.S. 1 1.00 1.12 1.00 2.50 1.12 0.94 1.12 1.25
time (sec) N/A 0.186 8.175 0.071  0.304 0246 0.346 0.340 2.472

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 26
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F A B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 196 194 595 0 271 1031 0 0 0
N.S. 1 099 3.04 0.00 1.38 5.26 0.00 0.00 0.00
time (sec) N/A 0.609 2.230 0.000 0.355  0.276  0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 108 42 17 20 22
N.S. 1 1.00 1.11 1.00 6.00 2.33 0.94 1.11 1.22
time (sec) N/A 0.195 22.467 0.103 0.418 0.258 0.492 0.811 2.288
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 108 108 276 0 0 683 0 0 0
N.S. 1 1.00 2.56 0.00 0.00 6.32 0.00 0.00 0.00
time (sec) N/A 0.394 0.734 0.000 0.000  0.275 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 98 42 17 20 22
N.S. 1 1.00 1.11 1.00 5.44 2.33 0.94 1.11 1.22
time (sec) N/A 0.193 20.545 0.103 0.417 0270 0.473 0.547 2.253

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 44 85 44 49 271 0 75 81
N.S. 1 098 1.89 0.98 1.09 6.02 0.00 1.67 1.80
time (sec) N/A 0.368 0.505 0.936 0.222  0.279 0.000 0.274 0.114
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 112 36 15 20 22
N.S. 1 1.00 1.11 1.00 6.22 2.00 0.83 1.11 1.22
time (sec) N/A 0.189 58.644 0.108 0424 0270 3.291 0.322 2.389
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 118 36 17 20 22
N.S. 1 1.00 1.11 1.00 6.56 2.00 0.94 1.11 1.22
time (sec) N/A 0.194 33.333 0.102 0439 0254 0.591 0.869 2.387
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 114 167 62 205 2590 0 158 399
N.S. 1 1.27  1.86 0.69 2.28 28.78  0.00 1.76 4.43
time (sec) N/A 0.514 0.084 0.914 0.226 0.271 0.000 0.275 0.135

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 325 326 256 0 0 686 0 0 0
N.S. 1 1.00 0.79 0.00 0.00 2.11 0.00 0.00 0.00
time (sec) N/A 1.066 0.243  0.000 0.000  0.274 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 61 20 15 20 22
N.S. 1 1.00 1.11 1.00 3.39 1.11 0.83 1.11 1.22
time (sec) N/A 0.197 2.702  0.088 0290 0.273 0.291 0.313 2.115
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 225 219 175 0 0 505 0 0 0
N.S. 1 097 0.78 0.00 0.00 2.24 0.00 0.00 0.00
time (sec) N/A 0.746 0.170  0.000 0.000  0.282 0.000 0.000 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 61 20 15 20 22
N.S. 1 1.00 1.11 1.00 3.39 1.11 0.83 1.11 1.22
time (sec) N/A 0.195 2.286 0.084 0293 0260 0.298 0.295 2.077

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 60 61 71 89 92 213 0 92 175
N.S. 1 1.02 1.18 1.48 1.53 3.55 0.00 1.53 2.92
time (sec) N/A 0.366 0.123 0.261 0.277 0271 0.000 0.309 2.776
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 59 19 15 20 22
N.S. 1 1.00 1.11 1.00 3.28 1.06 0.83 1.11 1.22
time (sec) N/A 0.197 2.055 0.078 0.279  0.261 0.783 0.324 2.255
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 40 18 15 18 20
N.S. 1 1.00 1.12 1.00 2.50 1.12 0.94 1.12 1.25
time (sec) N/A 0.186 0.141 0.014 0320 0.258 0.354 0.328 0.002
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 922 924 1502 0 0 3756 0 0 0
N.S. 1 1.00 1.63 0.00 0.00 4.07 0.00 0.00 0.00
time (sec) N/A 2.298 4.079 0.000 0.000 0.325 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 304 38 17 20 22
N.S. 1 1.00 1.11 1.00 16.89 2.11 0.94 1.11 1.22
time (sec) N/A 0.181 14.953 0.070 0.428 0.256 0492 0.382 2.282
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 519 510 735 0 0 2383 0 0 0
N.S. 1 0.98 1.42 0.00 0.00 4.59 0.00 0.00 0.00
time (sec) N/A 1.285 3.906 0.000 0.000  0.315 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 292 38 17 20 22
N.S. 1 1.00 1.11 1.00 16.22 2.11 0.94 1.11 1.22
time (sec) N/A 0.189 15.012 0.082 0.411  0.258 0.490 0.360 2.280
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 113 133 161 189 200 711 0 177 290
N.S. 1 1.18  1.42 1.67 1.77 6.29 0.00 1.57 2.57
time (sec) N/A 0.744 0.782 0.336 0.279  0.272 0.000 0.296 2.723

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 246 38 17 20 22
N.S. 1 1.00 1.11 1.00 13.67 2.11 0.94 1.11 1.22
time (sec) N/A 0.198 32.770 0.075 0.408 0.274 1.061 0.941 2.603
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 313 44 19 20 22
N.S. 1 1.00 1.11 1.00 17.39 2.44 1.06 1.11 1.22
time (sec) N/A 0.205 19.243 0.077 0443 0.253 0.829 0.356 2.494
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 315 44 19 3 22
N.S. 1 1.00 1.11 1.00 17.50 2.44 1.06 0.17 1.22
time (sec) N/A 0.205 19.371 0.076 0435 0273 0.726 2.849 2.696
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 356 356 365 0 349 0 0 0 0
N.S. 1 1.00 1.03 0.00 0.98 0.00 0.00 0.00 0.00
time (sec) N/A 0.697 0.250 0.000 0.377  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 260 260 273 0 261 0 0 0 0

N.S. 1 1.00 1.05 0.00 1.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.517 0.161 0.000 0.380 0.000 0.000 0.000 0.000

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 164 164 181 0 173 0 0 0 0

N.S. 1 1.00 1.10 0.00 1.05 0.00 0.00 0.00 0.00
time (sec) N/A 0.380 0.131  0.000 0.400 0.000  0.000 0.000 0.000

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 43 18 15 18 20

N.S. 1 1.00 111 089 239 100 083 100 111

time (sec) N/A 0.179 34.834 0.178 0.435 0.256 1.591 0.302 2.182

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 53 18 17 18 20

N.S. 1 1.00 111 089 294 100 094 100 1.11
time (sec) N/A 0.185 32.926 0.164 0471 0258 0540 0.306 2.264

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 597 605 1289 0 648 0 0 0 0
N.S. 1 1.01  2.16 0.00 1.09 0.00 0.00 0.00 0.00
time (sec) N/A 1.130 7.404 0.000 0.375  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 441 445 1017 0 496 0 0 0 0
N.S. 1 1.01 231 0.00 1.12 0.00 0.00 0.00 0.00
time (sec) N/A 0.881 7.154  0.000 0.404 0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 287 291 382 0 343 0 0 0 0
N.S. 1 1.01  1.33 0.00 1.20 0.00 0.00 0.00 0.00
time (sec) N/A 0.688 3.981 0.000 0.394 0.000 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A F(-1) N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 0 18 117 36 17 20 22
N.S. 1 1.00  0.00 0.90 5.85 1.80 0.85 1.00 1.10
time (sec) N/A 0.192 0.000 0.329 0.595 0.265 9.162 0.407 2.500

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 143 36 19 20 22

N.S. 1 1.00 1.10 0.90 7.15 1.80 0.95 1.00 1.10
time (sec) N/A 0.195 127.543 0.324 0.630 0.260 1.530 0.507 2.494

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 897 898 685 0 0 0 0 0 0

N.S. 1 1.00 0.76 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.693 0.784 0.000 0.000 0.000 0.000 0.000 0.000

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 673 674 519 0 0 0 0 0 0

N.S. 1 1.00 0.77  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 1.353 0.542  0.000 0.000  0.000 0.000 0.000 0.000

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 449 450 353 0 0 0 0 0 0

N.S. 1 1.00  0.79 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 1.119 0.462 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 59 19 17 20 22

N.S. 1 1.00 1.10 0.90 2.95 0.95 0.85 1.00 1.10
time (sec) | N/A | 0.196 3.764 0232 0527 0264 1970 0336 2.225

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 53 18 17 18 20

N.S. 1 1.00 1.11 0.89 2.94 1.00 0.94 1.00 1.11
time (sec) N/A 0.182 0.149 0.013 0.444 0.253 0.667 0.308 0.003

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 2663 2664 2841 0 0 0 0 0 0

N.S. 1 1.00 1.07  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 4.223 8.522 0.000 0.000  0.000 0.000 0.000 0.000

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1983 1984 2085 0 0 0 0 0 0

N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.197 6.118 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1303 1304 1333 0 0 0 0 0 0
N.S. 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2,518 7.777  0.000 0.000  0.000 0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 249 38 19 20 22
N.S. 1 1.00 1.10 0.90 12.45 1.90 0.95 1.00 1.10
time (sec) N/A 0.184 103.453 0.226 0.987 0274 2957 1.705 2.564
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 318 44 20 3 22
N.S. 1 1.00 1.10 0.90 15.90 2.20 1.00 0.15 1.10
time (sec) N/A 0.186 69.896 0.233 1.150  0.278 2.333 2.696  2.657
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 214 214 238 0 217 0 0 0 0
N.S. 1 1.00 1.11 0.00 1.01 0.00 0.00 0.00 0.00
time (sec) N/A 0.436  0.239  0.000 0.386  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 120 120 142 0 129 0 0 0 0

N.S. 1 1.00 1.18 0.00 1.08 0.00 0.00 0.00 0.00
time (sec) N/A 0.312 0.138 0.000 0.395 0.000 0.000 0.000 0.000

Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 52 26 25 55 36 49 47
N.S. 1 1.00  2.00 1.00 0.96 2.12 1.38 1.88 1.81
time (sec) N/A 0.185 0.096 0.265 0.187  0.281 0.298 0.281 2.224

Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 16 53 25 19 18 20

N.S. 1 1.00 1.0 080 265 125 095 090 1.00

time (sec) N/A 0.177 55.211 0.160 0.449 0.267 0.505 0.282  2.443

Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 16 53 25 19 18 20

N.S. 1 1.00 1.0 080 265 125 095 090 1.00
time (sec) N/A 0.179 55.876 0.188 0449 0261 0573 0.302 2.433

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 363 365 875 0 422 0 0 0 0

N.S. 1 1.01 241 0.00 1.16 0.00 0.00 0.00 0.00
time (sec) N/A 0.812 7.019 0.000 0.347 0.000 0.000 0.000 0.000

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 209 210 637 0 264 0 0 0 0

N.S. 1 1.00 3.05 0.00 1.26 0.00 0.00 0.00 0.00
time (sec) N/A 0.566 2.341 0.000 0.336 0.000  0.000 0.000 0.000

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 48 93 44 51 271 0 76 81
N.S. 1 1.02 198 094 1.09 5.77 0.00 1.62 1.72

time (sec) N/A 0.365 0.307 0.841  0.192 0.282 0.000 0.302 2.235

Problem 59 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 138 46 20 20 22

N.S. 1 1.00 109 08 627 209 091 091  1.00
time (sec) N/A 0.189 126542 0.329 0.626 0267 1.464 0.388 2.531

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 0 46 20 20 22

N.S. 1 1.00 1.09 0.82 0.00 2.09 0.91 0.91 1.00
time (sec) N/A 0.192 125.544 0.321 0.000 0.272 1.640 0.471 2.586

Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 561 562 436 0 0 0 0 0 0

N.S. 1 1.00 0.78 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.201 0.799 0.000 0.000 0.000  0.000 0.000 0.000

Problem 62 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 337 338 270 0 0 0 0 0 0

N.S. 1 1.00 0.80  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.993 0.520 0.000 0.000  0.000 0.000 0.000 0.000

Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 63 63 73 89 92 123 0 92 145
N.S. 1 1.00 1.16 1.41 1.46 1.95 0.00 1.46 2.30
time (sec) N/A 0.374 0.158 0.352 0.276  0.270 0.000 0.321 2.571

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 64 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 67 27 20 20 22

N.S. 1 1.00 1.09 0.82 3.05 1.23 0.91 0.91 1.00
time (sec) N/A 0.194 5.551 0.230 0.491 0.260 1.599 0.360 2.230

Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 67 27 20 20 22

N.S. 1 1.00 1.09 0.82 3.05 1.23 0.91 0.91 1.00
time (sec) N/A 0.197 5759 0240 0.582 0.268 1595 0.441 2.236

Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1639 1640 1696 0 0 0 0 0 0

N.S. 1 1.00 1.03  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 3.073 6.350  0.000 0.000  0.000 0.000 0.000 0.000

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 959 960 948 0 0 0 0 0 0

N.S. 1 1.00  0.99 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 2.077 3.172  0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 118 139 175 189 200 670 0 178 319
N.S. 1 1.18 1.48 1.60 1.69 5.68 0.00 1.51 2.70
time (sec) N/A 0.740 0.363 0.347 0.284 0315 0.000 0.354 2.823
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 311 48 22 20 22
N.S. 1 1.00 1.09 0.82 14.14 2.18 1.00 0.91 1.00
time (sec) N/A 0.201 59.997 0.218 1.037  0.276  2.369 2.207 2.907
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 318 48 22 3 22
N.S. 1 1.00 1.09 0.82 14.45 2.18 1.00 0.14 1.00
time (sec) N/A 0.203 61.459 0.224 1.364  0.279 2.304 3.037 2.702
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 19 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.95 1.10 1.20
time (sec) N/A 0.273 14.634 0.172 0376 0273 0308 0.761 2.218

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A B F F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 45 45 61 155 75 180 0 0 112
N.S. 1 1.00 1.36 3.44 1.67 4.00 0.00 0.00 2.49
time (sec) N/A 0.235 0.227 0.794 0.200  0.285 0.000 0.000 5.040
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 124 124 175 326 0 555 0 0 0
N.S. 1 1.00 1.41 2.63 0.00 4.48 0.00 0.00 0.00
time (sec) N/A 0.323 0.550  0.800 0.000  0.299 0.000 0.000 0.000
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F B F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 197 197 0 0 0 951 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 4.83 0.00 0.00 0.00
time (sec) N/A 0.417 0.000 0.000 0.000  0.285 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A B F F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 80 57 103 271 109 854 0 0 160
N.S. 1 071 1.29 3.39 1.36 10.68  0.00 0.00 2.00
time (sec) N/A 0.48 0.917 1.903 0.209 0.275 0.000 0.000 2.321

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 43
Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 198 125 488 0 0 2678 0 0 0
N.S. 1 0.63 2.46 0.00 0.00 13.53  0.00 0.00 0.00
time (sec) N/A 0.506 2.748  0.000 0.000 0.325 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F B F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 344 217 0 0 0 4967 0 0 0
N.S. 1 0.63  0.00 0.00 0.00 14.44  0.00 0.00 0.00
time (sec) N/A 0.675 0.000 0.000 0.000  0.342 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F F B
verified N/A No Yes No TBD TBD TBD TBD TBD
size 82 74 84 319 0 248 0 0 410
N.S. 1 090 1.02 3.89 0.00 3.02 0.00 0.00 5.00
time (sec) N/A 0.481 0.544 0.880 0.000 0.280 0.000 0.000 8.675
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F B F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 291 236 1181 577 0 1183 0 0 0
N.S. 1 0.81  4.06 1.98 0.00 4.07 0.00 0.00 0.00
time (sec) N/A 0.895 4.648 0.885 0.000  0.299 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F B F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 428 347 0 0 0 1850 0 0 0
N.S. 1 0.81  0.00 0.00 0.00 4.32 0.00 0.00 0.00
time (sec) N/A 1.144 0.000 0.000 0.000  0.310 0.000 0.000 0.000
Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F F B
verified N/A No Yes No TBD TBD TBD TBD TBD
size 149 146 167 490 0 1729 0 0 1449
N.S. 1 098 1.12 3.29 0.00 11.60  0.00 0.00 9.72
time (sec) N/A 0.876 0.925 5.430 0.000 0.291 0.000 0.000 17.956
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 681 527 3219 0 0 8453 0 0 0
N.S. 1 0.77  4.73 0.00 0.00 12.41  0.00 0.00 0.00
time (sec) N/A 1.530 20.681 0.000 0.000  0.415 0.000 0.000 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 1218 953 0 0 0 0 0 0 0
N.S. 1 0.78  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.259 0.000 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [15] had the largest
ratio of [1.33332999999999990]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade ifse 5 ; urrii 1;e antliéiaicriszr:zive leaf size irﬁgg;aiﬁiole;?size
A 2 2 1.00 16 0.125
N/A 2 0 1.00 16 0.000
A 2 2 1.00 16 0.125
N/A 2 0 1.00 16 0.000
A 2 2 1.00 14 0.143
6 | N/A 2 0 1.00 16 0.000
7 | N/A 2 0 1.00 16 0.000
A 5 4 0.99 18 0.222
9 | N/A 1 0 1.00 18 0.000
A 5 4 1.00 18 0.222
N/A 1 0 1.00 18 0.000
A 12 11 0.98 16 0.688
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
15| C 17 16 1.27 12 1.333
6| A 5 4 1.00 18 0.222
N/A 1 0 1.00 18 0.000
A 5 4 0.97 18 0.222
N/A 1 0 1.00 18 0.000
A 8 7 1.02 16 0.438
N/A 1 0 1.00 18 0.000
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules

# | grade Slfff; uzg;e antlf:}rg:;we leaf size | mtegrand leaf size
N/A 2 0 1.00 16 0.000
A 5 4 1.00 18 0.222
N/A 1 0 1.00 18 0.000
A 5 4 0.98 18 0.222
N/A 1 0 1.00 18 0.000
A 15 14 1.18 16 0.875
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
3] A 2 2 1.00 18 0.111
32| A 2 2 1.00 18 0.111
B3| A 2 2 1.00 16 0.125
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
36| A 5 4 1.01 20 0.200
37 A 5 4 1.01 20 0.200
By A 5 1 1.01 18 0.222
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
]| A 5 4 1.00 20 0.200
12| A 5 4 1.00 20 0.200
43| A 5 4 1.00 18 0.222
N/A 1 0 1.00 20 0.000
N/A 2 0 1.00 18 0.000
46| A 5 4 1.00 20 0.200
a| A 5 1 1.00 20 0.200
I 5 1 1.00 18 0.222
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
51| A 2 2 1.00 20 0.100
59| A 2 2 1.00 20 0.100
53| A 2 2 1.00 20 0.100

Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul
# | gade | seps | wiawe | aidetive | ECT RS
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
56/ A 5 4 1.01 22 0.182
57| A 5 4 1.00 22 0.182
58| A 12 11 1.02 22 0.500
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
61| A 5 4 1.00 22 0.182
62| A 5 4 1.00 22 0.182
63| A 8 7 1.00 22 0.318
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
66| A 5 4 1.00 22 0.182
67| A 5 4 1.00 22 0.182
68| A 15 14 1.18 22 0.636
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
N/A 2 0 1.00 20 0.000
72| A 2 2 1.00 20 0.100
73| A 2 2 1.00 22 0.091
74| A 2 2 1.00 22 0.091
75| A 13 12 0.71 22 0.545
76| A 6 5 0.63 24 0.208
77 A 6 5 0.63 24 0.208
78| A 9 8 0.90 22 0.364
79| A 6 5 0.81 24 0.208
80| A 6 5 0.81 24 0.208
81| A 16 15 0.98 22 0.682
82| A 6 5 0.77 24 0.208
83| A 0.78 24 0.208

2.3. Detailed conclusion table specific for Rubi results
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3-41 f MSC—W ---------------------------------
2

3-42 f aJ’_bCSCh—(c_Hiﬂ d -------------------------------- nﬂa
3.43 f a—H)CSCh—(c-l—d\/i) ................................
344 f <a+bCSCh erav) AT . o 277
345 [eresherdva) g 2RI

4 2’ AT . 285
346 J (a+bCSCh c+dﬁ))2 v 285

A4 dx . . . e 291
347 (a—l—bCSCh c+dﬁ))2 o

A4 dx . . . e e 1291
348 (a+bCSCh c+dﬁ)>2 v

49 | —————————dx . ... e e e e e 000l
349 x<a+bCSCh(c+d\/:E)>2 d

. L dr . 309
350 J 22 (a+bCSCh(c+d\/i))2 dz
351  [z¥%*(a+besch(c+dy))dz ... ... 313
352  [vm(a+besch(c+dym))dr. ... ... 318
353 [ wf*dﬁ) AT . 373
354 [ ssseschiesavs QT

:1:3/2 ......................
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gps [ertesdierdva) g
3.56 [ z%?%(a+ besch(c+ d\/_))2 dT . . . 3361
357 [va(a+besch(c+dya)) de .. ... 343
a h C
358 [ (a+bosc V(;df)) dT . . 349]
a h C
359 [ ( +bcscw3 /;dﬂ Vae 355
a h C
360 [ ( +bcscz5/2+df> .............................. 359
23/2
361 [ Msch—w dT . . o 363
\/37;
362 [ orhesch(erava) AT . oo 369
1
363 [ limamiaaym) 0 574
1 @)
364 [ A (aroesch(erav) AT . oo 380)
1 R/
3.65 [ (ereschicrava) dT . . o 384
3.66 alk 2T . 388
J (a+bcsch(ctdya)) v
3.67 Ve ST 394
J (a+besch (c+dy) ) v
3.68 : AT . 4021
va(a+besch(c+dya))
3.69 L dx ..
J 23/2 (a-{-bCSCh(c-‘rd\/i))z dz a1l
3.70 ! sAT . 415
J 2%/2 (a+besch (c+dy/a) ) v
371 [(ex)™(a+besch(c+dz™) dr. . . . . ... AT9)
3.72  [(ex)™"™(a+besch(c+dz™)dr . . ... . 73]
3.73  [(ex)™ " (a+besch(c+dz™))dz . . . . ... 78]
3.74  [(ex)™***"(a + besch(c + dac”)) dT . . 433
3.75  [(ex)™™"(a+besch(c+dz™) dx . . . .. ... 438
3.76 f(em) 420 (g 4+ besch(c+dz™) 2 dz . ... A45)
3.77  [(ex) ™3 (a+besch(c4+dz™)’ dr . . ... 451
(ez.) 1+n v
3.78 f m AT . . e 49 (]
B ) e 167
379 f rocschicrda™) AT . o 164
(ez)71+3n
380 [ —rcschiera v dT . . Zyal
3.81 P
J (a+bcsch(c+da:n)) o BT
3.82 €0) T AT A6
J (a-l—bCSCh(c—‘rdz")) de .

383 [ ( €)% BT a9

a+bCSCh(c+dx”))
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3.1 [ z°(a + besch(c + dz?)) dx

3.1.1 Optimal result . . . . .. ... ... 531
3.1.2 Mathematica [A] (verified) . . . . . . . ... Bl
3.1.3 Rubi [A] (verified) . . . . . ... .. 52
3.14 Maple [F] . . . . .o 53]
3.1.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. .... 53]
3.1.6 Sympy [F] . . . . . by
3.1.7 Maxima [F] . . . . . . Y!
3.1.8 Giac [F] . . . o !
3.1.9 Mupad [F(-1)] . . . . oo k%)

3.1.1 Optimal result

Integrand size = 16, antiderivative size = 104

6 brlarctanh (e°+d‘”2 )

/w5(a+bcsch(c+dz2)) dr = % — y
ba? PolyLog (2,—¢****)  ba? PolyLog (2, e+ )
_ . N :
b PolyLog (3, —ec+dw2> bPolyLog (3, ec+d“’2>
+ 5 _ P

e

1/6%a*x~6-b*x"4*arctanh (exp (d*x~2+c))/d-b*x~2*polylog(2,-exp(d*x~2+c))/d~2
‘+b*x‘2*polylog(2,exp(d*x‘2+c))/d“2+b*polylog(3,-exp(d*x‘2+c))/d‘S—b*polylo
‘g(3,exp(d*x“2+c))/d“3 J

output

3.1.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.28

6 bxtlog <1 — ec+dw2> bzt log <1 + ec+dw2>

ar
/x5(a+bcsch(c+dx2)) dx:?—i- 54 54
bx? PolyLog <2, —ec+d”2> bx? PolyLog (2, ec+d“’2>
- iz * iz
b PolyLog <3, —ec+d’”2> b PolyLog (3, ec+d””2>
* e - &

3.1.  [z°(a+ besch(c+ dz?)) dz
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input | Integrate[x~5%(a + bxCschlc + d*x~2]),x]

p
output‘ (a*x76)/6 + (b*x"4xLog[l - E~(c + d*x~2)])/(2*d) - (b*x"4xLog[l + E~(c + d

input

output

‘ *x72)]1)/(2+%d) - (b*x"2*PolyLogl[2, -E~(c + d*x~2)])/d"2 + (b*x~2*PolyLogl[2,
‘ E~(c + d*x~2)])/d"2 + (b*PolyLogl[3, -E~(c + d*x~2)])/d"~3 - (b*PolyLogl3,
LE‘(C + d*x~2)1)/d"3

|

3.1.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used
integrand size

= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w5 (a + besch(c + da:Q)) dz

l 2010

/ (aa:5 + bac5csch(c + dacz)) dz

| 2009
azb bx*arctanh (ec+dw2) bPolyLog (3, —ed$2+c) bPolyLog (3, edz® +C>
6 d + d3 - 43 -
ba® PolyLog <2, —6dx2+c> bz? PolyLog (2, edx2+c)
d? + a2

e

tInt [x"5*(a + b*Csch[c + d*x~2]),x]

~—

-

(a*xx~6)/6 - (b*x~4xArcTanh[E~(c + d*x~2)])/d - (b*x~2*PolyLogl[2, -E~(c + d
‘ *x72)])/d"2 + (b*x~2xPolyLog[2, E~(c + d*x~2)])/d"2 + (b*PolyLog[3, -E~(c ‘
L+ d*x~2)1)/d"3 - (b*PolyLog[3, E~(c + d*x~2)])/d"3 J

3.1.  [z°(a+ besch(c+ dz?)) dz
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3.1.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32010‘Int[(u_)*((c_.)*(x_))“(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘

3.1.4 Maple [F]

/x5(a+b csch (dz* +¢)) dz

-/

inputLint(x‘5*(a+b*csch(d*x“2+c)),X)

output‘int(x‘5*(a+b*csch(d*x‘2+c)),X)

3.1.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 209 vs. 2(95) = 190.

Time = 0.27 (sec) , antiderivative size = 209, normalized size of antiderivative = 2.01

/z5 (a + besch(c+ dz?)) da
_ad?z% — 3bd?z* log (cosh (dz? + ¢) + sinh (dz?® + ¢) + 1) + 6 bdz®Liy(cosh (dz? + ¢) + sinh (dz? 4 ¢)) — ¢

inputLintegrate(x“5*(a+b*csch(d*x“2+c)),x, algorithm="fricas") J

e N

output | 1/6%(a*d~3*x~6 - 3*%b*d~2*x"4*log(cosh(d*x"2 + c) + sinh(d*x"2 + c) + 1) +
6*bxd*x~2*dilog(cosh(d*x~2 + c) + sinh(d*x~2 + c)) - 6%b*d*x~2*dilog(-cosh
(d*x”"2 + c) - sinh(d*x"2 + c)) + 3*b*c”"2*log(cosh(d*x"2 + c) + sinh(d*x"2
+ ¢c) - 1) + 3%(b*d"2*x"4 - b*c~2)*log(-cosh(d*x"2 + c) - sinh(d*x"2 + c) +
1) - 6%bxpolylog(3, cosh(d*#x~2 + c) + sinh(d*x"2 + c)) + 6xb*polylog(3, -
cosh(d*x~2 + ¢) - sinh(d*x~2 + ¢)))/d"3

3.1.  [z°(a+ besch(c+ dz?)) dz
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3.1.6 Sympy [F]

/zS(a—i—bcsch(c-l—dzz)) dr = /xs(a+bcsch (c+da:2)) dx

input Lintegrate (x**5% (a+b*csch(d*x**2+c)) ,x)

output LIntegral(x**S*(a + bkcsch(c + dxx**2)), x)

3.1.7 Maxima [F]

/x5 (a+ besch(c+ dz?)) do = / (besch (da? + ¢) + a)2® dx

inputtintegrate(x‘5*(a+b*csch(d*x‘2+c)),x, algorithm="maxima")

-

output L1/6*a*x“6 + 2*bxintegrate(x~5/(e"(d*x"2 + c) - e~ (-d*x"2 - c)), x)

-/

3.1.8 Giac [F]

/x5 (a + bcsch(c + de)) dxr = / (b csch (dac2 + c) + a) z? dz

input Lintegrate (x~5* (a+b*csch(d*x~2+c)) ,x, algorithm="giac")

output Lintegrate((b*csch(d*x'? + c) + a)*x”5, x)

3.1.  [z°(a+ besch(c+ dz?)) dz
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3.1.9 Mupad [F(-1)]

Timed out.

/z5 (a + bcsch(c + dzz)) dr =

/x5 <a—+— i (

dz?+c

b

;) ds

inputtint(x"S*(a + b/sinh(c + d*x~2)),x)

output Lint(x"S*(a + b/sinh(c + d*x72)), x)

3.1.  [z°(a+ besch(c+ dz?)) dz
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3.2 [ z*(a + besch(c + dz?)) dx

3.21 Optimalresult . .. ... ... .. . 50l
3.2.2 Mathematica [N/JA] . . . . ... . . L b13}
3.23 Rubi [N/A] . . . . o BT
3.24 Maple [N/A] (verified) . . . . . . ... . . 58
3.2.5 Fricas [N/A] . . . . . bY
3.2.6 Sympy [N/A] . ... B
3.27 Maxima [N/A] . . . . ... bY¢)
328 Giac [N/A] . . . . o bY¢)
3.29 Mupad [N/A] . . . . 59

3.2.1 Optimal result

Integrand size = 16, antiderivative size = 16

5
/:c4 (a+ besch(c+ dz?)) dz = % + bInt(z*csch(c + dz?) , z)

-

output Ll/5*a*x‘5+b*Unintegrab1e (x"4*csch(d*x~2+c) ,x)

~—

3.2.2 Mathematica [N/A]

Not integrable

Time = 10.01 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/x"‘ (a+ besch(c+ dz?)) do = /x4 (a + besch(c+ dz?)) da

input LIntegrate [x"4*(a + b*Csch[c + d*x~2]),x] J

e

output tIntegrate [x~4*(a + b*Cschlc + d*x~2]), x]

~—

32.  [z*(a+ besch(c+ dz?)) dz
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3.2.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/.’134 (a + besch(c + dxz)) dz
l 2010
/ (am4 + ba:4csch(c + dx2)) dr

l 2009

5
b/x4csch(dx2 +c)dz + %

inputtlnt [x~4x(a + b*Csch[c + d*x~2]),x]

output L$Aborted

3.2.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

32.  [z*(a+ besch(c+ dz?)) dz
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3.2.4 Maple [N/A] (verified)

Not integrable

Time = 0.09 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/x4(a+b csch (dz” +¢)) dz

input Lint (x"4x(atb*csch(d*x~2+c)) ,x)

output Lint (x~4* (a+b*csch(d*x~2+c)) ,x)

-/

3.2.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/x4 (a+ besch(c+ dz?)) do = / (besch (da? + ¢) + a)z* dx

inputtintegrate(x‘4*(a+b*csch(d*x‘2+c)),x, algorithm="fricas")

outputLintegral(b*x‘4*csch(d*x‘2 + c) + a*x"4, x)

3.2.6 Sympy [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/x4(a+bcsch(c+da:2)) dx = /x4(a+bcsch (c+dz?)) da

inputLintegrate(x**4*(a+b*csch(d*x**2+C)),X)

outputtlntegral(x**4*(a + b*csch(c + d*xx*x2)), x)

32.  [z*(a+ besch(c+ dz?)) dz
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3.2.7 Maxima [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 40, normalized size of antiderivative = 2.50

/m4 (a + bcsch(c + de)) dr = / (b csch (dm2 + c) + a) z* dz

p
inputLintegrate(x‘4*(a+b*csch(d*x‘2+c)),x, algorithm="maxima")

—

output Ll/S*a*x“S + 2xbkxintegrate(x~4/(e”(d*x"2 + c) - e~ (-d*x"2 - ¢)), x)

3.2.8 Giac [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/:c4 (a + besch(c + dz?)) dzr = / (besch (do® +¢) + a)z* dz

input Lintegrate (x~4*(atb*csch(d*x~2+c)) ,x, algorithm="giac")

-

output Lintegrate((b*csch(d*x? + c) + a)*x"4, x)

3.2.9 Mupad [N/A]
Not integrable

Time = 2.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

4 2 = 4 o
/x (a + besch(c + dz?)) dz_/x <a+sinh(dw2+0)> &

inputtint(x“4*(a + b/sinh(c + d*x~2)),x)

output Lint(x‘4*(a + b/sinh(c + d*x~2)), x)

32.  [z*(a+ besch(c+ dz?)) dz
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3.3 [ z°(a + besch(c + dz?)) dx

3.3.1 Optimalresult . .. ... ... . .. .. 601
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 60
3.3.3 Rubi [A] (verified) . . . . . . ... 611
334 Maple [F] . . . . . o 62
3.3.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 62
3.3.6 Sympy [F] . . . . 62]
337 Maxima [F] . . ... .. 63
338 Giac [F] . . . 63
3.3.9 Mupad [F(-1)] . . . . o 63
3.3.1 Optimal result

Integrand size = 16, antiderivative size = 68

/a:3 (a+ besch(c+ dz?)) dz

azxr

4 bxlarctanh (ec+d””2>

4 d
 bPolyLog (2, —ec+dw2>

b PolyLog (2, ec+dw2)

2d?

_|_

2d?

output‘1/4*a*x“4-b*x‘2*arctanh(exp(d*x“2+c))/d-1/2*b*polylog(2,-exp(d*x“2+c))/d“2
‘+1/2*b*polylog(2,exp(d*x‘2+c))/d‘2

3.3.2

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.43

4 br?log (1 — ec"'dz2) bx? log (1 + ec+d”2>

3 2 — g
/x (a+ besch(c+ dz?)) do = 1 + 54 54
b PolyLog (2, —ec+d’”2> b PolyLog <2, ec+d””2)
B 242 + 242

input  Integrate[x~3*(a + b*Cschlc + d*x~2]),x]

N

3.3.

J z*(a + besch(c + dz?)) dx
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output‘ (a*x~4)/4 + (b*x"2xLogl[l - E~(c + d*x~2)]1)/(2xd) - (b*x"2*Log[l + E~(c + d
‘*x"2)])/(2*d) - (b*PolyLog[2, -E~(c + d*x~2)])/(2*d"2) + (b*PolyLogl[2, E~(
‘c + d*x~2)1)/(2%d"2)

3.3.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 195 Ryjleg ysed = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/.’133 (a + besch(c + dx2)) dz
l 2010

/ (aw3 + ba:3csch(c + dx2)) dr

| 2009
azpt bzarctanh (ec+d””2) bPolyLog (2, —ed’”2+°> b PolyLog (2, ed””2+°)
4 d - 242 * 242

input LInt [x~3*%(a + b*Csch[c + d*xx~2]),x]

e

output | (a*x~4)/4 - (b*x~2*%ArcTanh[E~(c + d*x~2)])/d - (b*PolyLog[2, -E~(c + d*x~2

)1)/(2%d™2) + (b*PolyLogl[2, E~(c + d*x~2)])/(2*d"2)

3.3.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

33.  [z3(a+ besch(c+ dz?)) dz
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3.3.4 Maple [F]

/x3(a+b csch (dz” +¢)) d

inputLint(x‘3*(a+b*csch(d*x‘2+c)),x) J

output Lint (x~3*(a+b*csch(d*x~2+c)) ,x) J

3.3.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 144 vs. 2(57) = 114.

Time = 0.28 (sec) , antiderivative size = 144, normalized size of antiderivative = 2.12

/x3 (a + besch(c+ dz?)) da
_ad’z* — 2bdx?log (cosh (dz? 4 ¢) + sinh (dz? + ¢) 4 1) — 2 bclog (cosh (dz? 4 ¢) + sinh (dz? 4+ ¢) — 1) +

inputLintegrate(x“3*(a+b*csch(d*x”2+c)),x, algorithm="fricas") J

output‘1/4*(a*d‘2*x“4 - 2%bxd*x”"2*log(cosh(d*x”"2 + c) + sinh(d*x"2 + c) + 1) - 2%
' bcxlog(cosh(d*x™2 + ¢) + sinh(d*x™2 + c) - 1) + 2xbxdilog(cosh(d*x™2 + c)
| + sinh(d*x™2 + ¢)) - 2*b*dilog(-cosh(d*x™2 + c) - sinh(d*x™2 + c¢)) + 2x(b
‘*d*x“2 + b*c)*log(-cosh(d*x~2 + c¢) - sinh(d*x"2 + c) + 1))/d"2 ‘

3.3.6 Sympy [F]

/x3(a+bcsch(c+dx2)) dr = /x3(a+bcsch (c+dx2)) dx

inputLintegrate(x**3*(a+b*csch(d*x**2+C)),X) J

output LIntegral(x**S*(a + bxcsch(c + d*x**2)), x) J

33.  [z3(a+ besch(c+ dz?)) dz
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3.3.7 Maxima [F]

/a:3 (a + bcsch(c + da:2)) dr = / (bcsch (dgv2 + c) + a)z3 dz

inputLintegrate(x“S*(a+b*csch(d*x“2+c)),X, algorithm="maxima")

output L1/4*a*x‘4 + 2xbkxintegrate(x~3/(e”(d*x"2 + ¢) - e~ (-d*x"2 - ¢)), x)

3.3.8 Giac [F]

/x3 (a+ besch(c+ dz?)) do = / (besch (da? + ¢) + a)2® dx

input tintegrate (x~3*(atb*csch(d*x~2+c)) ,x, algorithm="giac")

-

output Lintegrate((b*csch(d*x‘z + c) + a)*x”3, x)

-/

3.3.9 Mupad [F(-1)]

Timed out.

b
3 2 = [ sinh (d22 + ¢)
/x (a + besch(c + dz?)) dx—/x <a+sinh(d9ﬂ2+0)> o

-

input Lint(x‘s*(a + b/sinh(c + d*x~2)),x)

-/

output Lint(x“s*(a + b/sinh(c + d*x~2)), x)

33.  [z3(a+ besch(c+ dz?)) dz
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3.4 [ z%(a + besch(c + dz?)) dx

34.1 Optimalresult . . . ... .. .. .. . 64
3.4.2 Mathematica [N/A] . . . . ... . L 64
343 Rubi [N/A] . . . . 65
3.44 Maple [N/A] (verified) . . . . . . ... .. 66
3.4.5 Fricas [N/A] . . . . o e 66
3.4.6 Sympy [N/A] . ... 661
347 Maxima [N/A] . . . . .. 67
348 Giac [N/A] . . . . o e 67
3.4.9 Mupad [N/A] . . . 67

3.4.1 Optimal result

Integrand size = 16, antiderivative size = 16

3
/:c2 (a+ besch(c+ dz?)) dz = % + bInt(z’csch(c + dz?) , z)

-

output Ll/3*a*x‘3+b*Unintegrab1e (x"2*csch(d*x~2+c) ,x)

~—

3.4.2 Mathematica [N/A]

Not integrable

Time = 8.35 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/x2 (a+ besch(c+ dz?)) do = /x2 (a + besch(c+ dz?)) da

input LIntegrate [x"2*(a + b*Csch[c + d*x~2]),x] J

e

output tIntegrate [x~2*(a + b*Cschlc + d*x~2]), x]

~—

34.  [z*(a+ besch(c+ dz?)) dz
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3.4.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/.’132 (a + besch(c + dxz)) dz
l 2010
/ (cwlc2 + ba:2csch(c + dx2)) dr

l 2009

3
b/x2csch(dx2 +c)dz + %

inputtlnt [x~2x(a + b*Csch[c + d*x~2]),x]

output L$Aborted

3.4.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

34.  [z*(a+ besch(c+ dz?)) dz
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3.4.4 Maple [N/A] (verified)

Not integrable

Time = 0.08 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/x2(a+b csch (dz” +¢)) dz

input Lint (x"2x(at+b*csch(d*x~2+c)) ,x)

output Lint (x~2* (a+b*csch(d*x~2+c)) ,x)

-/

3.4.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/x2 (a+ besch(c+ dz?)) do = / (besch (da? + ¢) + a)2® dx

inputtintegrate(x‘2*(a+b*csch(d*x‘2+c)),x, algorithm="fricas")

outputLintegral(b*x‘2*csch(d*x‘2 + c) + a*x"2, x)

3.4.6 Sympy [N/A]
Not integrable

Time = 0.37 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/xQ(a+bcsch(c+da:2)) dx = /xQ(a-i-bcsch (c+dz?)) da

inputLintegrate(x**2*(a+b*csch(d*x**2+C)),X)

outputtlntegral(x**2*(a + b*csch(c + d*xx*x2)), x)

34.  [z*(a+ besch(c+ dz?)) dz
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3.4.7 Maxima [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 40, normalized size of antiderivative = 2.50

/ac2 (a + bcsch(c + de)) dr = / (b csch (dm2 + c) + a) 2% dz

p
inputLintegrate(x‘2*(a+b*csch(d*x‘2+c)),x, algorithm="maxima")

—

output L1/3*a*x“3 + 2xbkxintegrate(x~2/(e~(d*x"2 + c) - e~ (-d*x"2 - ¢)), x)

3.4.8 Giac [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/:c2 (a + besch(c + dz?)) dzr = / (besch (do® + ¢) + a)z’ dz

input Lintegrate (x~2* (atb*csch(d*x~2+c)) ,x, algorithm="giac")

-

output Lintegrate((b*csch(d*x? + c) + a)*x"2, x)

3.4.9 Mupad [N/A]
Not integrable

Time = 2.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

2 2 = 2 o
/x (a + besch(c + dz?)) dz_/x <a+sinh(dw2+0)> &

inputtint(x'?*(a + b/sinh(c + d*x~2)),x)

output Lint(x‘2*(a + b/sinh(c + d*x~2)), x)

34.  [z*(a+ besch(c+ dz?)) dz
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3.5 [ z(a + besch(c + dz?)) dzx

3.5.1 Optimalresult . .. ... ... . .. ... 68]
3.5.2 Mathematica [B] (verified) . . . . . ... ... .. L Lo oL 68
3.5.3 Rubi [A] (verified) . . ... ... ... 69
3.5.4 Maple [A] (verified) . ... ... . ... ... 70
3.5.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... V)
3.5.6 Sympy [A] (verification not implemented) . . . ... .. ... ... ... ... [Tl
3.5.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... (71l
3.5.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... (71
3.5.9 Mupad [B] (verification not implemented) . . . ... ... ... ... . ... 72

3.5.1 Optimal result

Integrand size = 14, antiderivative size = 26

2 2
/ z(a+ besch(c + dz?)) dr = % _ barctanh(C(;S; (c+ dz?))

-

output Ll/z*a*x‘2—1/2*b*arcta.n.h(cosh (d*x~2+c))/d

~—

3.5.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 57 vs. 2(26) = 52.

Time = 0.07 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.19

ar? blog (cosh (g + %)) blog (sinh (g + dTEQ

)

/a:(a, + besch (¢ + dz?)) dz = - 5 + 24

-

input LIntegrate[x*(a + b*Cschlc + d*x~2]),x]

~—

output‘ (axx~2)/2 - (bxLog[Cosh[c/2 + (d*x~2)/2]1)/(2*d) + (b*Log[Sinh[c/2 + (d*x~
12)/211)/(2+d)

N J

3.5.  [z(a+ besch(c+ dz?)) dz
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3.5.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 143 Ryjeg used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m(a + bcsch(c + da:z)) dx
l 2010
/ (a,:v + bwcsch(c + da:2)) dzr

l 2009

axz?  barctanh(cosh (c + dz?))
2 2d

Int[x*(a + b*Csch[c + d*x~2]),x]

N J

output ‘ (a*xx~2)/2 - (bxArcTanh[Cosh[c + d*x~2]])/(2*d) ‘

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

p
rule 2010‘Int[(u_)*((c_.)*(x_))‘(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]

3.5.3.1 Defintions of rubi rules used

~

-

, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
L+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

~

3.5.  [z(a+ besch(c+ dz?)) dz



CHAPTER 3. LISTING OF INTEGRALS 70

3.5.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

method result size
parts gty Mnlenk(%5+5)) 2%
parallelzisch | ({45 +5) 27
derivativedivides | 4292t (5+5)) 30
default e e e C D)) 30
risch age y () ()

input‘int(x*(a+b*csch(d*x”2+c)),x,method=_RETURNVERBOSE) ‘

output L1 /2%axx~2+1/2%b/d*1n (tanh (1/2%d*x"2+1/2%c)) J

3.5.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 55 vs. 2(22) =

Time = 0.27 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.12

m(a + bcsch(c + d:vQ)) dx

_adz? — blog (cosh (dz? + ¢) + sinh (dz? + ¢) + 1) + blog (cosh (dz?® + ¢) + sinh (dz? 4 ¢) — 1)
B 2d

input Lintegrate (x* (atb*csch(d*x~2+c)) ,x, algorithm="fricas") J

output‘ 1/2%(a*d*x"2 - b*log(cosh(d*x~2 + c) + sinh(d*x"2 + c) + 1) + b*log(cosh(d
#x°2 + ¢) + sinh(d¥x"2 + ¢) - 1))/d |

3.5.  [z(a+ besch(c+ dz?)) dz
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3.5.6 Sympy [A] (verification not implemented)
Time = 0.43 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.42

a(ctdz?)+blog (tanh (%—i—%))
/m(a + bcsch(c + da:Q)) dr = 2d

z2(a+bcsch (c))
2

ford #0

otherwise

input Lintegrate (x* (at+bxcsch(d*x**2+c)) ,x)

e

output

Piecewise(((a*(c + d*x**2) + bxlog(tanh(c/2 + d*x*x%2/2)))/(2%d), Ne(d, 0))
, (x**2%(a + bxcsch(c))/2, True))

3.5.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.96

1.2 1
/x(a+bCSCh(C+da)2)) dr = %CL$2—|— blOg (tanhéQdd:v + 20))

input Lintegrate (x* (at+b*csch(d*x~2+c)) ,x, algorithm="maxima")

output | 1/2*a*xx~2 + 1/2xbxlog(tanh(1/2*d*x~2 + 1/2xc))/d

N\

3.5.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 49 vs. 2(22) = 44.

Time = 0.29 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.88

B (dz® + c)a ~ blog <e(dx +e) 4 1)

blog (’e(d””2+c) — 1‘)

/a:(a+bcsch(c+dx2)) dx = g 53 + 54

input Lintegrate (x*(atb*csch(d*x~2+c)) ,x, algorithm="giac")

output‘ 1/2x(d*x"2 + c)*a/d - 1/2*b*log(e”(d*x"2 + c) + 1)/d + 1/2xbxlog(abs(e” (d*
X2+ ¢) - 1))/d

3.5.  [z(a+ besch(c+ dz?)) dz
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3.5.9 Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.81

2 . ar _ dvb?
/x(a+bcsch(c+d:c ) dz = 5 N

inputLint(x*(a + b/sinh(c + d*x72)),x)

~—

output ‘((a*x‘2)/2 - (atan((bxexp(d*x~2)*exp(c)*(-d~2)~(1/2))/(d*(b"2)~(1/2)))* (b2
L)‘(1/2))/(—d‘2)‘(1/2)

3.5.  [z(a+ besch(c+ dz?)) dz

~
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vcsch (c+da?
a+ ! (c+dz?) du

3.6

3.6.1 Optimalresult . .. ... ... ... . . ...
3.6.2 Mathematica [N/A] . . . . ... . .
363 Rubi [N/A] . . . oo
3.6.4 Maple [N/A] (verified) . . . . . . ... .. Lo
3.6.5 Fricas [N/A] . . . . .
3.6.6 Sympy [N/A] . . .
3.6.7 Maxima [N/A] . . . . . . .
3.6.8 Giac [N/A] . . . . . .
3.6.9 Mupad [N/JA] . . ..

3.6.1 Optimal result

Integrand size = 16, antiderivative size = 16

z = alog(z) + bInt

/ a + besch(c + dx?) p
T

(cseh(c + dz?) x)
T )

-

output La*ln (x)+b*Unintegrable (csch(d*x~2+c) /x,x)

-/

3.6.2 Mathematica [N/A]

Not integrable

Time = 7.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ a + besch(c + dx?) dp — / a + besch(c + dx?)

T T

dz

input LIntegrate [(a + b*Csch[c + d*x~2])/x,x]

-/

output LIntegrate [(a + b*Csch[c + d*x~2])/x, x]

36. | a+bCsch (c+dz?) dz

T
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3.6.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a+ bcsch(c + dw2) i

z
x
l 2010
/ ( . bh<+d>> "
T T
l 2009
h (dax?
b/csc(xx—'_c)da:+alog(x)
input LInt[(a + bxCsch[c + d*x~2])/x,x] J
output | $Aborted

N\ J

3.6.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

N

36. | a+bCsch (c+dz?) dz

T
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3.6.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a—|—bcsch(dm2—|—c)

T

dz

input Lint ((a+bxcsch(d*x~2+c)) /x,x)

output Lint ((at+b*csch(d*x~2+c)) /x,x)

3.6.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ a + besch(c + dz?) s = / besch (dz? +¢) +a e

Z T

inputLintegrate((a+b*csch(d*x“2+c))/x,x, algorithm="fricas")

output Lintegral((b*csch(d*x’? +c) + a)/x, x)

3.6.6 Sympy [N/A]
Not integrable

Time = 0.85 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ a + besch(c + dz?) i — / a + besch (¢ + dz?) i

T T

inputtintegrate((a+b*csch(d*x**2+c))/x,x)

-

output tIntegral((a + bk*csch(c + d*x**2))/x, x)

e—

36. | a+bCsch (c+dz?) d

T
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3.6.7 Maxima [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.38

dz

/ a + besch(c + dz?) i — / besch (dz? +¢) +a

T T

inputLintegrate((a+b*csch(d*x‘2+c))/x,x, algorithm="maxima"

outputL2*b*integrate(1/(x*(e‘(d*x“2 + c) - e"(-d*x"2 - ¢))), x) + axlog(x)

3.6.8 Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/ a + besch(c + dz?) d — / besch (dz? 4+ ¢) + a

T T

inputLintegrate((a+b*csch(d*x‘2+c))/x,x, algorithm="giac")

-

outputtintegrate((b*csch(d*x‘Q +c) +a)/x, x)

—

3.6.9 Mupad [N/A]
Not integrable

Time = 2.35 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ a + besch(c + dz?) dr = / a_+ Sinh(_dbx2+c) dx

T T

input Lint((a + b/sinh(c + d*x~2))/x,x)

output Lint((a + b/sinh(c + d*x~2))/x, x)

36. | a+bCsch (c+dz?) d

T



CHAPTER 3. LISTING OF INTEGRALS 77

3.7 f a+bcsch (c+dz?) du

72
3.71 Optimal result . . . . . ... .. ... 7
3.7.2 Mathematica [N/A] . . . . . .. . e
3.73 Rubi [N/A] . . . o 78
3.74 Maple [N/A] (verified) . . . . .. ... .. L 79
3.7.5 Fricas [N/A] . . . . . 79
3.7.6  Sympy [N/A] . . . o 79
3.7.7 Maxima [N/A] . . . . o R0
3.7.8 Giac [N/A] . . . . o k)
3.79 Mupad [N/A] . ..o R0

3.7.1 Optimal result

Integrand size = 16, antiderivative size = 16

xr2

a + besch(c + dx?)
72

2
do = =2 + bInt <—CS°h(C *do ),x>

-

output L—a/x+b*Unintegrab1e (csch(d*x~2+c) /x"2,x)

-/

3.7.2 Mathematica [N/A]

Not integrable

Time = 8.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ a + besch(c + dx?) dp — / a + besch(c + dx?)

z2 z2

dz

-/

input LIntegrate [(a + b*Csch[c + d*x~2])/x"2,x]

output LIntegrate [(a + b*Csch[c + d*x~2])/x72, x] J

37. [ a+bCsch (c+dz?) dz

2
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3.7.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
/a+bcschgc+dac ) i
T

l 2010
2
/ <a2+ bcsch(c;—da: )) s
T T
l 2009
2
b/csch(daz +c) dr a
T T

input LInt[(a + b*Cschl[c + d*x~2])/x"2,x]

output | $Aborted

N\

3.7.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

37. [ a+bCsch (c+dz?) dz

2
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3.7.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a—|—bcsch(dm2—|—c)

x2

dz

input Lint ((at+b*csch(d*x~2+c))/x"2,%)

output Lint ((atb*csch(d*x~2+c)) /x"2,x)

3.7.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ a + besch(c + dz?) s = / besch (dz? +¢) +a e

2 x2

inputLintegrate((a+b*csch(d*x“2+c))/x“2,x, algorithm="fricas")

outputLintegral((b*csch(d*x“2 +c) +a)/x"2, x)

3.7.6 Sympy [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/ a + besch(c + dz?) i — / a + besch (¢ + dz?) i

2 x2

inputtintegrate((a+b*csch(d*x**2+c))/x**2,x)

-

output tIntegral((a + bkcsch(c + dxx**x2))/x**2, x)

e—

37. [ a+bCsch (c+dz?) d

2
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3.7.7 Maxima [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 40, normalized size of antiderivative = 2.50

dz

/ a + besch(c + dz?) i — / besch (dz? +¢) +a

2 x2

inputLintegrate((a+b*csch(d*x‘2+c))/x“2,x, algorithm="maxima"

outputL2*b*integrate(1/(x“2*(e‘(d*x‘2 +¢c) - e"(-d*x"2 - ©))), x) - a/x

3.7.8 Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/ a + besch(c + dz?) d — / besch (dz? 4+ ¢) + a

T2 z2

inputLintegrate((a+b*csch(d*x‘2+c))/x‘2,x, algorithm="giac")

-

outputtintegrate((b*csch(d*x‘Q +c) +a)/x"2, x)

—

3.7.9 Mupad [N/A]
Not integrable

Time = 2.47 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ a + besch(c + dz?) dr = / a_+ Sinh(_dbx2+c) dx

2 x2

inputtint((a + b/sinh(c + d*x~2))/x"2,x)

outputtint((a + b/sinh(c + d*x~2))/x"2, x)

37. [ a+bCsch (c+dz?) d

2
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3.8 [ 2%(a + besch(c + da?))’ dz

3.8.1 Optimalresult . .. ... .. ... .. . ... BTl
3.8.2 Mathematica [B] (verified) . . . . . ... ... Lo ]2
3.8.3 Rubi [A] (verified) . . .. ... ... ... 82
3.84 Maple [F] . . . . . . !
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... k!
3.86 Sympy [F] . . . . 85
3.8.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. R0
3.88 Giac [F] . . . . . 861
3.89 Mupad [F(-1)] . . . . oo 87

3.8.1 Optimal result

Integrand size = 18, antiderivative size = 196

B2zt 245 2abz*arctanh (ec+d””2> B2t coth (c + da?)

2
/:p5(a—|—bcsch(c—|—dac2)) dr=— 54 + 6 g _ o

b%z? log (1 - 62(°+d””2)> 2abz? PolyLog <2, —ec+d””2>
+ 7 — 7

2abz? PolyLog (2, ec+d“2> b2 PolyLog (2, e2(c+dm2)>
i a? " 2d3

2ab PolyLog (3, —ec+d“°2> 2ab PolyLog (3, ec+d“’2>
+ - - =

-1/2*b~2%x"4/d+1/6%a”2*x~6-2%a*bxx~4*arctanh (exp (d*x~2+c) ) /d-1/2%b"2xx"4*c
oth(d*x~2+c) /d+b~2+x~2*1n(1-exp (2*d*x~2+2*c) ) /d~2-2*a*b*x~2*polylog(2,-exp
(d*x~2+c)) /d~2+2*a*xb*x~2*polylog(2,exp(d*x~2+c))/d~2+1/2*%b"2*polylog(2,exp
(2xd*x~2+2%c) ) /d~3+2*a*xb*polylog(3,-exp(d*x~2+c))/d~3-2*a*xb*polylog(3,exp(
d*x"2+c))/d"3

38.  [a%(a+ besch(c + dz?))? da
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3.8.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 595 vs. 2(196) = 392.

Time = 2.23 (sec) , antiderivative size = 595, normalized size of antiderivative = 3.04

/w5 (a + bcsch(c + dw2))2 dr =

126%d%z* + 2a%d32® — 2ad3e* x5 + 12b%dz? log (1 — e‘c‘d””Q) — 12b%de?**2? log (1 — e‘c‘d$2> + 12abd

input ‘ Integrate[x~5%(a + b*Cschlc + d*x~2])~2,x]

output | -1/12%(12%b"2*%d"2*x"4 + 2*%a”~2%d"3*x"6 - 2%xa~2*%d"3*E”~(2*c)*x"6 + 12*%b"2*d*x
~2xLog[1l - E~(-c - d*x"2)] - 12xb~2*d*E~(2*c)*x"2xLog[1 - E~(-c - d*x"2)]
+ 12%axb*d~2*x"4xLog[l - E"(-c - d*x72)] - 12%axb*xd~2*E~(2*c)*x"4*Logl[1 -
E~(-c - d*x"2)] + 12%b~2*d*x"2*Log[l + E~(-c - d*x"2)] - 12*%b~2*d*E~(2%c)*
x"2xLog[1 + E"(-c - d*x~2)] - 12%a*b*d~2*x"4*Log[l + E~(-c - d*x~2)] + 12%
axbxd"2*E~ (2*c) *x"4*xLog[1l + E~(-c - d*x"2)] + 12%bx(-1 + E~(2*c))*(b - 2*a
*d*x~2) #*PolyLog[2, -E~(-c - d*x~2)] + 12*%b*(-1 + E~(2*c))*(b + 2%a*xd*x~2)*
PolyLog[2, E~(-c - d*x~2)] + 24*axb*PolyLog[3, -E~(-c - d*x~2)] - 24*a*b*E
~(2%c)*PolyLog[3, -E~(-c - d*x~2)] - 24*axb*PolyLog[3, E~(-c - d*x"2)] + 2
4xa*xb*E~ (2%c) *PolyLog[3, E~(-c - d*x"2)] + 3%b~2xd"2*x"4*Csch[c/2]*Csch[(c
+ d*x~2)/2]*Sinh [(d*x~2) /2] - 3*b~2xd"2+E~(2*c)*x"4*Csch[c/2]*Csch[(c + d
*x72) /2] *Sinh [(d*x~2) /2] - 3*b~2*d~2*x"4*Sech[c/2]*Sech[(c + d*x~2)/2]*Sin
h[(d*x~2)/2] + 3*%b~2+d~2+E~ (2*c)*x"4*Sech[c/2]*Sech[(c + d*x~2)/2]*Sinh[(d
*x72)/2])/(d"3*%(-1 + E~(2%c)))

3.8.3 Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.99,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 5 999 Ryleg uged

integrand size
= {5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:5 (a + besch(c + dx2))2 dz

l 5960

38.  [a%(a+ besch(c + dz?))? da
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% /x4 (a + bcsch(dav2 + c))2 dz?

| 3042
. / 2*(a + ibesc (ida? + ic)) da?

| 4678
% / (a®z* + bPesch? (dz? + c) z* + 2abesch (dz? + ¢) 2*) da?

l 2009

3 d + B - e - 7

N =

( 0246  4dabzarctanh (ec’dez) 4ab PolyLog (3, —edx2+c) 4ab PolyLog (3, edx2+°) 4abx? PolyLog (2,

inputtlnt [x"5%(a + b*Cschlc + d*x~2]1)"2,x] J

output | (-((b"2*x74)/d) + (a"2%x"6)/3 - (4*axbxx"4*ArcTanh[E~(c + d*x~2)])/d - (b~
2+x~4*Coth[c + d*x~2])/d + (2*b~2xx"2+Log[l - E~(2*(c + d*x~2))]1)/d"2 - (4
*axbxx~2*xPolyLog[2, -E~(c + d*x~2)])/d"2 + (4*a*b*x~2*PolyLog[2, E~(c + d*
x72)1)/d"2 + (b~2#PolyLog[2, E~(2*(c + d*x~2))])/d"3 + (4*axb*PolyLogl[3, -
E~(c + d*x~2)])/d"3 - (4*a*b*PolyLog[3, E~(c + d*x~2)]1)/d"3)/2

3.8.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; Sumg[u] J

e

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x] |

rule 4678‘{Int[(csc[(e_.) + (F_D)*x)DI*(_.) + (a)) " (@m_D)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“n, x],
Lx] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

~

38.  [a%(a+ besch(c + dz?))? da



CHAPTER 3. LISTING OF INTEGRALS

84

ruk35960‘Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
‘)"p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
‘ + 1)/n], 0] && IntegerQ[p]

3.8.4 Maple [F]

/x5(a+b csch (dz® +c))2dz

input Lint (x"5*(atb*csch(d*x~2+c)) ~2,x)

~—

-

output | int (x~5* (a+b*csch(d*x~2+c)) ~2,x)

N\

_

3.8.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1031 vs. 2(180) = 360.

Time = 0.28 (sec) , antiderivative size = 1031, normalized size of antiderivative = 5.26

/ z°(a + besch (c + d:cz))2 dz = Too large to display

p
input Lintegrate (x~5* (atb*csch(d*x~2+c))~2,x, algorithm="fricas")

—/

38.  [a%(a+ besch(c + dz?))? da



output

CHAPTER 3. LISTING OF INTEGRALS

85

-1/6%(a"2*d"3*x"6 + 6*%b"2%c"2 - (a"2*%d"3*x"6 - 6*%b"2*d"2*x"4 + 6%b"2%c”2)*

cosh(d*x"2 + c)~2 - 2%(a™2+%d"3*x"6 - 6xb~2*xd"2*x"4 + 6%b~2*c~2)*cosh(d*x~2
+ c)*sinh(d*x"2 + c) - (2a72*%d"3*x"6 - 6*%b~2*xd"2*x"4 + 6xb~2+c~2)*sinh(d*x
"2 + ¢)72 + 6%(2*kaxbxdkx"2 - (2%axbkd*x~2 + b~2)*cosh(d*x"2 + c)72 - 2% (2%
axbxd*x~2 + b~2)*cosh(d*x"2 + c)*sinh(d*x~2 + c) - (2*axb*d*x~2 + b~2)*sin
h(d*x"2 + c)~2 + b~2)*dilog(cosh(d*x"2 + c) + sinh(d*x"2 + c)) - 6*(2xa*bx
d*x"2 - (2*axb*d*x"2 - b~2)*cosh(d*x~2 + ¢)~2 - 2*(2*a*bxd*x"2 - b~2)*cosh
(d*x~2 + c)*sinh(d*x"2 + c) - (2*axbxd*x"2 - b~2)*sinh(d*x"2 + ¢c)~2 - b~2)
*dilog(-cosh(d*x~2 + c) - sinh(d*x"2 + c)) - 6*(a*b*d™2*x"4 - b 2xd*x"2 -
(axb*d~2*x~4 - b~2xd*x~2)*cosh(d*x~2 + c)~2 - 2*x(a*xb*d~2*x"4 - b~2*d*x"2)*
cosh(d*x~2 + c)*sinh(d*x"2 + c) - (a*b*d"2*x"4 - b"2xd*x”"2)*sinh(d*x"2 + ¢
)"2)*1log(cosh(d*x~2 + c) + sinh(d*x"2 + c) + 1) + 6x(axb*xc™2 - b~2%c - (ax*
bxc”2 - b"2*c)*cosh(d*x"2 + c)~2 - 2*(a*b*c™2 - b~2*c)*cosh(d*x"2 + c)*sin
h(d*x"2 + c) - (axb*c™2 - b™2*c)*sinh(d*x"2 + c)~2)*log(cosh(d*x~2 + c) +
sinh(d*x"2 + c) - 1) + 6*(axb*d™2*xx"4 + b~2*d*x"2 - a*b*c™2 + b~2xc - (a*b
*d"2*xx"4 + b72*d*x"2 - a¥*bxc”2 + b"2xc)*cosh(d*x"2 + c)"2 - 2*(a¥bxd"2*xx"4
+ b72%d*x"2 - a¥bxc”2 + b"2xc)*cosh(d*x"2 + c)*sinh(d*x"2 + c) - (a*b*d~2
*x"4 + b72%d*x”2 - a*b*c”2 + b"2*c)*sinh(d*x~2 + c)~2)*log(-cosh(d*x"2 + c
) - sinh(d*x~2 + c) + 1) + 12*%(a*b*cosh(d*x~2 + c)~2 + 2%a*b*cosh(d*x~2 +
c)*sinh(d*x~2 + c) + a*b*sinh(d*x~2 + c)~2 - a*b)*polylog(3, cosh(d*x"2...

-

3.8.6 Sympy [F]

/z5(a+bcsch(c+dx2))2 dx = /x5(a+bcsch (c+da:2))2 dx

inputLintegrate(x**5*(a+b*csch(d*x**2+c))**2,x)

output

N

-/

Integral (x*x*5x(a + b*csch(c + d*x**2))**x2, x)

38.  [a%(a+ besch(c + dz?))? da

_
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3.8.7 Maxima [A] (verification not implemented)

Time = 0.36 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.38

/z5 (a + besch(c + dacz))2 dx

1 5 4 b2zt
= ax -
de(2dz?+2¢) _

&4 log ( (do?+e) 4 1) + 2d:c2L12< <dw2+c>> - 2Li3(—e(d“’2+"))>ab
d3
d?z* log ( elde*+e) 4 1) + 2dx2L12< (d””2+c)) — 2Li3(e(dz2+c))>ab

K
< 3
Lo
K

2]og ( (da?+c) 4 1) n L12< (dw2+c))>b2
FR)
dz?log ( (do?+e) 4 1) + Li, (e(d””2+°)>>b2
2 abd3z® + 3 b d%xt d:; abd3z® — 3b?d?z*
- 6 & * 6L

~—

inputLintegrate(x“5*(a+b*csch(d*x‘2+c))“2,x, algorithm="maxima")

output | 1/6+%a~2*x~6 - b~2*xx"4/(d*e” (2*%d*x"2 + 2%c) - d) - (d"2*x"4xlog(e”(d*x~2 +
c) + 1) + 2+d*xx"2*dilog(-e~(d*x~2 + c)) - 2*polylog(3, -e~(d*x"2 + c)))*a*
b/d"3 + (d"2*x"4*log(-e~(d*x"2 + c) + 1) + 2*d*x"2*dilog(e~(d*x"2 + c)) -
2+polylog(3, e~ (d*x~2 + c)))*axb/d"3 + (d*x"2*log(e~(d*x"2 + c) + 1) + dil
og(-e~(d*x~2 + ¢)))*b~2/d"3 + (d*x"2*log(-e~(d*x~2 + c) + 1) + dilog(e~(d*
X"2 + ¢)))*b"2/d"3 - 1/6%(2%axb*d"3%x"6 + 3*b~2%d"2*x"4)/d"3 + 1/6%(2*axbx*
d"3*x"6 - 3*b~2+%d"2%x"4)/4"3

3.8.8 Giac [F]

/935 (a + besch (c + d:):z))2 dxr = / (b csch (dm2 + c) + a)2x5 dzx

.
integrate(x~5*(atbxcsch(d*x"2+c))~2,x, algorithm="giac")

outputLintegrate((b*csch(d*x‘Q + ¢c) + a)~2*x”75, x) J

38.  [a%(a+ besch(c + dz?))? da
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3.8.9 Mupad [F(-1)]

Timed out.

/:v5 (a + bcsch(c + dacQ))2 dr =

t/ﬁ(a+$m“

dz?+c

b

)>2dx

inputtint(x‘S*(a + b/sinh(c + d*x~2))"2,x)

output Lint(x‘S*(a + b/sinh(c + d*x~2))"2, x)

38.  [a%(a+ besch(c + dz?))? da
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3.9 [ z*(a + besch(c + da?))’ dz

3.9.1 Optimalresult . . .. .. .. .. ... ... . e 88|
3.9.2 Mathematica [N/A] . . . . .. . . . ’Y
393 Rubi [N/A] . . . oo 89
3.9.4 Maple [N/A] (verified) . . . . . . ... .. L o 89
3.9.5 Fricas [N/A] . . . . . 90
3.9.6 Sympy [N/A] . . . . 90
3.9.7 Maxima [N/A] . . . . . e 90
3.9.8 Giac [N/A] . . . . o OT]
3.99 Mupad [N/A] . .. OT]

3.9.1 Optimal result

Integrand size = 18, antiderivative size = 18

/x4 (a + bcsch(c + dxz))2 dr = Int (z4 (a + bcsch(c + dzz))2 ,z)

output LUnintegrable (x74* (at+b*csch(d*x™2+c)) ~2,x)

~—

3.9.2

Mathematica [N/A]

Not integrable

Time = 22.47 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a;4(a + besch (e + d:c2))2 dx = /x4(a + besch(c + d:vz))2 dx

p

input | Integrate[x”4*(a + bxCschl[c + d*x~2])~2,x]

~—

-

output LIntegrate [x"4*(a + b*Csch[c + d*x~2])72, x]

~—

3.9.

[ z*(a + besch(c + da?))? dz
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3.9.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z? (a + bcsch(c + dm2))2 dr
l 5962

/x4 (a + bcsch(c + d:c2))2 dz

input LInt [x~4*(a + bxCschlc + d*x~2])"2,x]

~—

output ‘ $Aborted

3.9.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (@ )1*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, xI

3.9.4 Maple [N/A] (verified)
Not integrable

Time = 0.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/x4(a+b csch (dz? +c))2dz

input

int (x~4* (a+b*csch(d*x~2+c))~2,x)

N\

output Lint (x~4* (a+b*csch(d*x~2+c))~2,x)

39.  [z*(a+ besch(c+ dz?))? da
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3.9.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.33

/x4 (a + besch(c + dx2))2 dx = / (besch (da? + ¢) + a)2x4 dx

-

input Lintegrate (x~4* (atb*csch(d*x~2+c))~2,x, algorithm="fricas")

~—

output‘ integral (b~ 2*x"4*csch(d*x"2 + c)~2 + 2%a*b*x~4*csch(d*x"2 + c) + a"2*x74,

x)

N\

3.9.6 Sympy [N/A]
Not integrable

Time = 0.49 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/m4(a+bcsch(c+dx2))2 dr = /w4(a+bcsch (c+d:1:2))2 dz

input Lintegrate (x**4* (a+b*csch (dxx*x*2+c) ) **2,x)

~—

output LIntegral(x**‘l*(a + bkcsch(c + dxx**2))**2, x)

3.9.7 Maxima [N/A]

Not integrable

Time = 0.42 (sec) , antiderivative size = 108, normalized size of antiderivative = 6.00

/x4 (a + besch(c + dx2))2 dx = / (besch (do® +¢) + a)2x4 dx

input Lintegrate (x~4* (atb*csch(d*x~2+c))~2,x, algorithm="maxima")

-/

output‘l/S*a‘Q*x‘S - b"2*x73/(d*e” (2*d*x~2 + 2*c) - d) + integrate(1/2%(4*a*xbxd*x
“4 - 3%b"2*x72)/(d*e~(d*x"2 + c) + d), x) + integrate(1/2*(4*a*b*d*x~4 + 3
*b"24x72)/(d*e”(d*x"2 + ¢) - d), X)

39.  [z*(a+ besch(c+ dz?))? da
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3.9.8 Giac [N/A]
Not integrable

Time = 0.81 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/:c4 (a + besch (c + d:vQ))2 dr = / (b csch (dm2 + c) + a)2x4 dzx

inputLintegrate(x‘4*(a+b*csch(d*x‘2+c))‘2,x, algorithm="giac")

output Lintegrate((b*csch(d*x‘Q + c) + a)72*x"4, x)

3.9.9 Mupad [N/A]
Not integrable

Time = 2.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

b 2
Ya+ h(c + dz? 2 —/ 4 -
/:c (a besc (c dx )) dx 5 |l a+ sinh (d2? 1 0) dx

input Lint(x‘4*(a + b/sinh(c + d*x~2))"2,x)

output Lint(x‘4*(a + b/sinh(c + d*x~2))"2, x)

39.  [z*(a+ besch(c+ dz?))? da



CHAPTER 3. LISTING OF INTEGRALS 92

3.10 [ z3(a + besch(c + da?))* dz

3.10.1 Optimal result . . . . . . . . . . . . e 92]
3.10.2 Mathematica [B] (verified) . . . . . . . ... ... Lo 92
3.10.3 Rubi [A] (verified) . . . . ... . . . ... 93]
3.10.4 Maple [F] . . . . . . o 94
3.10.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 95
3.10.6 Sympy [F] . . . . . 95
3.10.7 Maxima [F] . . . . . . . . 90
3.10.8 Giac [F] . . . . . o 961
3.10.9 Mupad [F(-1)] . . . . oo 96

3.10.1 Optimal result

Integrand size = 18, antiderivative size = 108

2.4 2abrlarctanh (ecJ“d“”z)

/x3(a+bcsch(c+dx2))2 dr = a4x — 1
_ b*2%coth (c+dz?) | blog (sinh (c + dz?))
2d 2d2
ab PolyLog (2, —ec+d“’2> ab PolyLog (2, ec+d$2>
- iz * E

e

output | 1/4*a”~2*x~4-2*a*b*x~2*arctanh (exp(d*x~2+c))/d-1/2*b~2*x"2*coth(d*x~2+c) /d+
‘1/2*b‘2*1n(sinh(d*x‘2+c))/d‘2—a*b*polylog(2,—exp(d*x‘2+c))/d‘2+a*b*polylog

L(Q,exp(d*x“2+c))/d“2

~

3.10.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 276 vs. 2(108) = 216.

Time = 0.73 (sec) , antiderivative size = 276, normalized size of antiderivative = 2.56

/x?’ (a + besch(c + dwz))2 dx

csch (3 (c + da?)) sech (3 (c + dz?)) sinh(c)(cosh(c) + sinh(c)) (—2b2dac2 cosh (¢ + dz?) + 2b%dz? sinh (c +

3.10. [ a3(a+ besch(c + dz?))? da
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input ‘ Integrate[x~3*(a + b*Cschlc + d*x~2])"2,x] ‘

output| (Csch[(c + d*x~2)/2]*Sech[(c + d*x~2)/2]*Sinh[c]*(Cosh[c] + Sinh[c])*(-2*b
~2xd*x"2xCosh[c + d*x~2] + 2*b~2*d*x"2#Sinh[c + d*x~2] + a~2*xd"2*x~4*Sinhl[
c + d*x"2] + 2*¥b"2xLog[l - E"(-c - d*x"2)]*Sinh[c + d*x~2] + 4*axb*d*x~2xL
ogll - E"(-c - d*x"2)]*Sinh[c + d*x~2] + 2*b~2*Log[l + E~(-c - d*x~2)]*Sin
hlc + d*x"2] - 4*axbxd*x~2*Log[l + E“(-c - d*x~2)]*Sinh[c + d*x~2] + 4*axb
*PolyLog[2, -E~(-c - d*x~2)]*Sinh[c + d*x~2] - 4*a*b*PolyLog[2, E~(-c - d*
x72)]*Sinh[c + d*x72]))/(4*%d"2%(-1 + E~(2%c)))

3.10.3 Rubi [A] (verified)
Time = 0.39 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, number of rules _ 0.222, Rules used

integrand size
= {5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m3 (a + bcsch(c + dx2))2 dr
l 5960

% /a:z (a+ bcsch(d:r:2 + c))2 dx?
l 3042

% / z?(a + ibesc (idz® + ic))2 dx?
J’4678

% / (aznr:2 + b%csch? (da:2 + c) % + 2abcsch(dav2 + c) a:2) dz?

l 2009

- - + d2 d2

( a2z4  4dabz?arctanh (ec"'d”Q) 2ab PolyLog (2, —ede"'C) 2abPolyLog (2, ed””2+c) b2 log (sinh (c + da
+
2 d d?

input" Int[x~3%(a + b*Cschlc + d*x~2])"2,x]

3.10. [ a3(a+ besch(c + dz?))? da
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0utput‘((a“2*x“4)/2 - (4*xaxb*x"2kArcTanh[E~(c + d*x~2)])/d - (b~2*x"2*Coth[c + d*
‘x“2])/d + (b~2xLog[Sinh[c + d*x~2]1])/d"2 - (2xa*b*PolyLog[2, -E~(c + d*x~2
)1)/d2 + (2*a¥bxPolylogl2, E™(c + d*x~2)1)/d"2)/2

3.10.3.1 Defintions of rubi rules used

ruka2009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruka3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
thu, x]

ruka4678‘Int[(csc[(e_.) + (f_)*x(x)I*xM_.) + (@)~ (@_.)*((c_.) + (@_)*(x))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
' x] /; FreeQ{a, b, c, d, e, £, m}, x] & IGtQ[m, 0] && IGtQ[n, O]

ruk35960‘Int[((a_.) + Cschl(c_.) + (A_.)*(x_)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)7p, x1, x, x"n], x] /; FreeQl{a, b, ¢, d, m, n, p}, x] & IGtQ[Simplify[(m
‘ + 1)/n], 0] && IntegerQ[pl

3.10.4 Maple [F]

/w3(a+b csch (dz® +c))2dz

inputLint(x‘3*(a+b*csch(d*x‘2+c))A2,X)

outputLint(x‘3*(a+b*csch(d*x*2+c))*2,x)

3.10. [ a3(a+ besch(c + dz?))? da
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3.10.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 683 vs. 2(97) = 194.
Time = 0.28 (sec) , antiderivative size = 683, normalized size of antiderivative = 6.32
/x3 (a+ besch(c + da?))? de =

a?d?z* — 4b%c — (ad?z* — 4b%dx? — 4b2¢) cosh (da? + ¢)? — 2 (a2d?z* — 4b2da? — 4b2c) cosh (dz? +

~—

inputLintegrate(x‘S*(a+b*csch(d*x“2+c))‘2,x, algorithm="fricas")

output | -1/4*(a~2*xd"2*x"4 - 4%b"2%c - (a~2*%d"2*xx"4 - 4*b"2*d*x"2 - 4*xb~2*c)*cosh(d
*X"2 + ¢c)72 - 2*%(a”2xd"2*x"4 - 4xb"2%d*x"2 - 4%b~2*c)*cosh(d*x"2 + c)*sinh
(@*x~2 + c) - (a”2%d"2*x"4 - 4xb~2%d*x~2 - 4%b~2*c)*sinh(d*x"2 + c)~2 - 4x%
(axb*cosh(d*x~2 + c)~2 + 2xa*b*cosh(d*x~2 + c)*sinh(d*x"2 + c) + a*b*sinh(
d*x"2 + c)”2 - a*b)*dilog(cosh(d*x"2 + c) + sinh(d*x"2 + c)) + 4x(axbxcosh
(d*x"2 + c)~2 + 2*axbxcosh(d*x"2 + c)*sinh(d*x~2 + c) + a*bxsinh(d*x"2 + c
)72 - axb)*dilog(-cosh(d*x~2 + c) - sinh(d*x~2 + c)) - 2*(2xa*xb*d*x~2 - (2
*axb*d*x~2 - b~2)*cosh(d*x"2 + c)72 - 2x(2*a*bxd*x"2 - b"2)*cosh(d*x"2 + c
)*sinh(d*x~2 + c) - (2%a*b*d*x"2 - b~2)*sinh(d*x"2 + c)~2 - b~2)*1log(cosh(
d*x”2 + c) + sinh(d*x"2 + c) + 1) - 2% (2*axb*c - (2*axb*c - b~2)*cosh(d*x”
2 + c)72 - 2x(2*axbxc - b~2)*cosh(d*x~2 + c)*sinh(d*x~2 + c) - (2xaxbxc -
b~2)*sinh(d*x"2 + c)”2 - b~2)*log(cosh(d*x"2 + c) + sinh(d*x"2 + c) - 1) +
4x (a*xb*d*x~2 + a*b*c - (axbxd*x~2 + axbxc)*cosh(d*x~2 + c)~2 - 2*(axb*d*x
~2 + axb*xc)*cosh(d*x~2 + c)*sinh(d*x"2 + c) - (a*b*d*x”2 + a*b*c)*sinh(d*x
2 + c)"2)*log(-cosh(d*x"2 + c) - sinh(d*x"2 + c) + 1))/(d"2*cosh(d*x~2 +
c)"2 + 2*xd"2*cosh(d*x"2 + c)*sinh(d*x"2 + c) + d"2*sinh(d*x"2 + ¢c)~2 - d~2
)

3.10.6 Sympy [F]

/av?’(oz-I—bcsch(c—l—dﬂvQ))2 dr = /x3(a+bcsch (c+da:2))2 dz

e A
integrate (x**3* (a+b*csch(d*x**2+c) ) **2,x)

N J

input

output Integral(x**3%(a + bkcsch(c + d¥x#%2))**2, x) |

3.10. [ a3(a+ besch(c + dz?))? da
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3.10.7 Maxima [F]

/x3 (a + besch (c + de))2 dr = / (b csch (daﬂ2 + c) + a)2x3 dx

inputLintegrate(x“S*(a+b*csch(d*x“2+c))“2,x, algorithm="maxima")

output‘ 1/4%a~2*%x~4 - 1/2%(2*x"2xe~ (2*d*x~2 + 2%c)/(d*e” (2*d*x~2 + 2*c) - d) - log
((e™(a*x™2 + ¢) + 1)¥e”(-c))/d™2 - log((e”(d*x"2 + c) - 1)*e~(-c))/d"2)*b"
‘2 + 4xaxbx(integrate(1/2*x73/(e”(d*x"2 + c) + 1), x) + integrate(1/2*x"3/(
‘e“(d*x”2 +c) - 1), x))

3.10.8 Giac [F]

/x3 (a + besch (c + de))2 dr = / (b csch (dz2 + c) + a)2x3 dx

inputLintegrate(x“S*(a+b*csch(d*x‘2+c))“2,x, algorithm="giac")

output Lintegrate((b*csch(d*x? + ¢c) + a)~2*x”3, x)

3.10.9 Mupad [F(-1)]

Timed out.

2
3 N A
/x (a + besch(c + dz?)) dx_/m (a+sinh(d$2+0)> &

inputtint(x“B*(a + b/sinh(c + d*x~2))"2,x)

output Lint(x"B*(a + b/sinh(c + d*x72))72, x)

3.10. [ a3(a+ besch(c + dz?))? da
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3.11 [ z%(a + besch(c + da?))* dz

3.11.1 Optimal result . . . . . . . . . . . . e 97l
3.11.2 Mathematica [N/A] . . . . . . . . . 97
3113 Rubi [N/A] . . o oo 08
3.11.4 Maple [N/A] (verified) . . . . . . ... ... L 98
3.11.5 Fricas [N/A] . . . . . o 99
3.11.6 Sympy [N/A] . . . o 99
3.11.7 Maxima [N/A] . . . . . o 99
3.11.8 Giac [N/A] . . . o o 100
3.11.9 Mupad [N/A] . . . . 100

3.11.1 Optimal result

Integrand size = 18, antiderivative size = 18

/x2 (a + bcsch(c + dxz))2 dr = Int (z2 (a + bcsch(c + dzz))2 ,z)

output LUnintegrable (x72* (at+b*csch(d*x™2+c)) ~2,x)

~—

3.11.2 Mathematica [N/A]

Not integrable

Time = 20.55 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a;2 (a + besch(c + d:c2))2 dx = /x2 (a + besch(c + d:vz))2 dx

p

input | Integrate[x"2*(a + b*Csch[c + d*x~2])~2,x]

~—

-

output LIntegrate [x"2%(a + b*Csch[c + d*x~2])72, x]

~—

311. [ a?(a+ besch(c + dz?))? da
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3.11.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z2 (a + bcsch(c + dm2))2 dr
l 5962

/xz (a + bcsch(c + d:c2))2 dz

input LInt [x~2*(a + b*Cschlc + d*x~2])"2,x]

~—

output ‘ $Aborted

3.11.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (@ )1*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, xI

3.11.4 Maple [N/A] (verified)
Not integrable

Time = 0.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/x2(a+b csch (dz? +c))2dz

input

int (x~2* (a+b*csch(d*x~2+c))~2,x)

N\

output Lint (x~2* (a+b*csch(d*x~2+c))~2,x)

311. [ a?(a+ besch(c + dz?))? da
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3.11.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.33

/x2 (a + besch(c + dx2))2 dx = / (besch (da? + ¢) + a)2x2 dx

p
input Lintegrate (x~2* (atb*csch(d*x~2+c))~2,x, algorithm="fricas")

~—

output‘integral(b“2*x‘2*csch(d*x“2 + ¢c)72 + 2%axbxx"2*xcsch(d*x™2 + c) + a~2%x"2,

x)

N\

3.11.6 Sympy [N/A]

Not integrable

Time = 0.47 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/m2(a—|—bcsch(c+dx2))2 dr = /wz(a—i-bcsch (c+d:1:2))2 dz

input Lintegrate (x**2% (a+b*csch (dxx*x*2+c) ) **2,x)

~—

output LIntegral(x**2*(a + bkcsch(c + dxx**2))**2, x)

3.11.7 Maxima [N/A]

Not integrable

Time = 0.42 (sec) , antiderivative size = 98, normalized size of antiderivative = 5.44

/x2 (a + besch(c + dx2))2 dx = / (besch (do® +¢) + a)2x2 dx

input Lintegrate (x~2* (atb*csch(d*x~2+c))~2,x, algorithm="maxima")

-/

output‘l/B*a‘2*x‘3 - b"2xx/(d*e” (2xd*x~2 + 2xc) - d) + integrate(1/2*(4*a*b*d*x"2
‘ - b™2)/(d*e~(d*x"2 + ¢c) + d), x) + integrate(1/2*(4*axb*d*x~2 + b~2)/(d*e
“(d*x™2 + ¢) - d), x)

311. [ a?(a+ besch(c + dz?))? da
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3.11.8 Giac [N/A]
Not integrable

Time = 0.55 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/:c2 (a + besch (c + d:vQ))2 dr = / (b csch (dm2 + c) + a)2x2 dzx

inputLintegrate(x‘2*(a+b*csch(d*x‘2+c))‘2,x, algorithm="giac")

output Lintegrate((b*csch(d*x‘Q + c) + a)72*x"2, x)

3.11.9 Mupad [N/A]
Not integrable

Time = 2.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

b 2
2 h 2\ 2 :/ 2
/:c (a+ besch(c+ dz?))” d x a+—sinh(d:c2+c) dx

input Lint(x‘Q*(a + b/sinh(c + d*x~2))"2,x)

output Lint(x‘Q*(a + b/sinh(c + d*x~2))"2, x)

311. [ a?(a+ besch(c + dz?))? da
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3.12 [ z(a + besch(c + da?))* dz

3.12.1 Optimal result . . . . . . . . . . .. 10711
3.12.2 Mathematica [A] (verified) . . . . . . . . .. .. .. L 107
3.12.3 Rubi [A] (verified) . . . . ... . . . ... 1021
3.12.4 Maple [A] (verified) . ... ... ... . 104
3.12.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 104
3.12.6 Sympy [F] . . . . . o 105
3.12.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 105
3.12.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 106!
3.12.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... ..

3.12.1 Optimal result

Integrand size = 16, antiderivative size = 45

a?z®  abarctanh(cosh (c + dz?))  b%coth (c + dz?)

/az(a—l—bcsch(c—|—dav2))2 dr = 5~ g — 5

output L1 /2%a~2%x~2-axb*arctanh (cosh (d*xx~2+c))/d-1/2%b~2*coth (d*x~2+c) /d J

3.12.2 Mathematica [A] (verified)

Time = 0.51 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.89

/z(a+bcsch(c+da:2))2 dx =

b? coth (3(c+ dz?)) — 2a(ac + adz? — 2blog (cosh (3(c + dz?))) + 2blog (sinh (1 (c + dz?)))) + b* ta
4d

-

input LIntegrate [xx(a + b*Cschlc + d*x~2])"2,x]

-/

output‘ -1/4%(b"2*Coth[(c + d*x"2)/2] - 2*a*x(a*c + a*d*x"2 - 2%b*Log[Cosh[(c + d*x
L‘2)/2]] + 2xbxLog[Sinh[(c + d*x~2)/2]]) + b~2*Tanh[(c + d*x~2)/2])/d

~

312.  [z(a+ besch(c+ da?))? d
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3.12.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98, number

of steps used = 12, number of rules used = 11, Bumber of rules _ , 6e8 Ryles used =
integrand size

{5960, 3042, 4260, 25, 26, 3042, 25, 26, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z(a+ besch(c + do?))? da
| 5960
% / (a + besch (da? + ¢))* da?
| 3042
/ (a + ibesc (idz® + zc)) 2
| 4260
<2mb / —icsch(dz® + ¢) dz® + b° ( —csch?(dz? + ¢) da:2> + a2m2>
| 25
% <2iab / —icsch(dz? + ¢) dz? + b° / csch?(dz? + ¢) dz”® + a2x2>
| 26
;(2ab / csch(dz? + ¢) dz? + b? / csch?(dz? + ¢) dz® + a2a:2)
| 3042

% <2ab / icsc (z’da:2 + ic) dz? + b? / —csc (idax2 + ic)2 dz? + a2x2>

<2ab/zcsc zdac + ic) dm +b2( esc ( zdm + ic) dm2> +a2w2>
| 26

<2zab/csc zda: +zc dm +b2< csc zdm +zc) dac2> +a2m2>
| 4254

312.  [z(a+ besch(c+ da?))? d
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.79 1d(—i h 2
% <2iab/csc (z’dar:2 + ic) dz? — ib* [ 1d( ZC(:; (da” +c)) + a2m2>
l 24

1
3 <2iab / csc (z’da:2 + ic) dz? + a®z? —

b2 coth (c + dx2) )
d

J'4257

d d

1 ( 9 o 2abarctanh (cosh (c + dwz)) b2 coth (c + dxz) )
a‘z’ —
2

input LInt [xx(a + b*Csch[c + d*x~2])~2,x]

output L (a"2*%x"2 - (2*axbxArcTanh[Cosh[c + d*x~2]])/d - (b~2*Coth[c + d*x~2])/d)/2

3.12.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 26 ‘ Int [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
ntl[Fx, x], x] /; FreeQ[a, x] & EqQ[a~2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4254 Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

rule 4257 Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xI]

312.  [z(a+ besch(c+ da?))? d
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rule 4260 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2#*x, x] +
(Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]~2, x]
, x]1) /; FreeQ[{a, b, c, d}, x]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)~(n_)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.12.4 Maple [A] (verified)

Time = 0.94 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98

method result size
. . L. a?(dz%+c)—4ab arctanh e?2>+¢) _p2 coth dz?+c
derivativedivides ( ) g ’ ) ( ) 44
a2 (d z2+c)—4ab arctanh 63‘1“”24'C —b2 coth(d z2+c
default ( ) g ’ ) ( ) 44
2
az? b2 COth(dil)z-'rC) abln (tanh(%-{-%))
parts i 2d + p] 44
2a2d 22 —coth M—i-g b2—tanh M—i-g b2+41n( tanh M—i-ﬁ ab
parallelrisch (5 +5) ( = i) (tonn (%5 +5)) 64
z2 c dz2+c
. 22 b2 abln(ed + —1) abln(e +1>
risch - d(e2d12+26—1> + 3 - y 68
inputLint(x*(a+b*csch(d*x‘2+c))“2,x,method=_RETURNVERBUSE) J
outputL1/2/d*(a“2*(d*x“2+c)-4*a*b*arctanh(exp(d*x“2+c))-b“2*coth(d*x“2+c)) J

3.12.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 271 vs. 2(41) = 82.

Time = 0.28 (sec) , antiderivative size = 271, normalized size of antiderivative = 6.02

/z(a + besch (¢ + da:Q))2 dx

a2dz? cosh (dz? + ¢)° + 2 a2dz? cosh (dz? + ¢) sinh (dz? + ¢) + a2dz? sinh (dz? + ¢)° — a?dz? — 2% — 2 <

312.  [z(a+ besch(c+ da?))? d
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input‘integrate(x*(a+b*csch(d*x“2+c))“2,x, algorithm="fricas")

output | 1/2*%(a"~2xd*x"2*cosh(d*x"2 + c)~2 + 2*a”~2xd*x"2*cosh(d*x"2 + c)*sinh(d*x"2
+ c) + a”2xd*x"2*xsinh(d*x"2 + c)72 - a"2*d*x"2 - 2*b"2 - 2*(axb*cosh(d*x"2
+ ¢c)72 + 2*axbxcosh(d*x"2 + c)*sinh(d*x~2 + c) + ax*b*sinh(d*x"2 + ¢c)"2 -
a*b)*log(cosh(d*x"2 + c) + sinh(d*x"2 + c) + 1) + 2*(a*b*cosh(d*x~2 + c)~2
+ 2xaxb*cosh(d*x~2 + c)*sinh(d*x"2 + c) + axb*sinh(d*x"2 + c)~2 - a*b)x*lo
g(cosh(d*x”2 + c¢) + sinh(d*x"2 + c) - 1))/(d*cosh(d*x"2 + c)~2 + 2*d*cosh(
d*x~2 + c)*sinh(d*x"2 + c) + d*sinh(d*x"2 + ¢c)"2 - 4)

3.12.6 Sympy [F]

/ou(a+bcsch(c+clac2))2 dx = /x(a—l—bcsch (c+d:c2))2 dx

inputtintegrate(x*(a+b*csch(d*x**2+c))**2,x) J

outputLIntegral(x*(a + bxcsch(c + d*x**2))**x2, x) J

3.12.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.09

blog (tanh (1 da? + 1 :
/ar:(a—|—bcsch(c—i—da:2))2 dx:%a2x2+a 0 (tan Elz 7 +5¢) +d(e(_2dxl2)_2c)_1)

inputLintegrate(x*(a+b*csch(d*x‘2+c))‘2,x, algorithm="maxima")

~—

p
output\ 1/2*a”~2%x~2 + a*b*log(tanh(1/2*d*x~2 + 1/2%c))/d + b"2/(d*(e” (-2*d*x"2 - 2
*e) - 1)

~

312.  [z(a+ besch(c+ da?))? d
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3.12.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.67

2 2 ablog (eld*+e) 41
/:c(a—}— besch (c + da:Q))2 dr = (da 2—|;ic)a _ ( . )

ablog (‘e(‘”z“) — 1’) b2
d o d(eda*+20) _ 1)

+

-

input‘integrate(x*(a+b*csch(d*x‘2+c))‘2,x, algorithm="giac")

~—

B
output‘ 1/2%(d*x"2 + c)*a~2/d - a*bxlog(e~(d*x"2 + c) + 1)/d + axbxlog(abs(e” (d*x~
2 +¢) - 1))/d - b72/(d*(e”(2+d*x"2 + 2c) - 1))

~

3.12.9 Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.80

2 a2 22 b2 2atan<‘m‘(ﬁl—e\/:—;2/_7d2> Va? b?
/x(a+bcsch(c+dx ) dz = 2 T d(@iEe1) Nars

input‘ int(x*(a + b/sinh(c + d*x~2))"2,x)

output‘ (a"2*%x72) /2 - b2/ (d*(exp(2*c + 2*d*x~2) - 1)) - (2*atan((a*bkexp(d*x~2)*e
‘ xp(c)*(-d~2)~(1/2))/(d*(a"2xb~2)~(1/2)))*(a"2*b~2)~(1/2))/(-d"2)~(1/2)

312.  [z(a+ besch(c+ da?))? d
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(a+bCSCh (c+dz?) ) ?

3.13 | — dx

3.13.1 Optimal result . . . . . . . . . . ... 107
3.13.2 Mathematica [N/A] . . . . . . . . 107
3.13.3 Rubi [N/A] . . o oo 108
3.13.4 Maple [N/A] (verified) . . . . . . .. ... . 108}
3.13.5 Fricas [N/A] . . . . . 109
3.13.6 Sympy [N/A] . . . . e 109
3.13.7 Maxima [N/A] . . . . . . 109
3.13.8 Giac [N/A] . . . . o 1101
3.13.9 Mupad [N/A] . . .. 110

3.13.1 Optimal result

Integrand size = 18, antiderivative size = 18

212 2112
/(a—i—bcscha(cc—l—dm )) dp — Int<(a+bcscha(:c+dx )) ,m)

e

outputLUnintegrable((a+b*csch(d*x‘2+c))“2/x,x)

3.13.2 Mathematica [N/A]

Not integrable

Time = 58.64 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/ (a + besch(c + dz?))? dp — / (a + besch(c + dz?))?

T T

inputLIntegrate[(a + b*Cschlc + d*x~2])72/x,x]

outputtlntegrate[(a + b*Csch[c + d*x~2])72/x, x]

(a-{—bCSCh (c—i—dav2 ) ) ?

T

313. [ dx

~—  /
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3.13.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + bcsch(c + dnlcz))2

dx
x
l 5062
2\ 2
/ (a+ bcschic—i— dz?)) s

input‘ Int[(a + bxCschlc + d*x~2])"2/x,x]

output L$Aborted

3.13.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.13.4 Maple [N/A] (verified)
Not integrable

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (a+ b csch (dz? + ¢))”

T

dz

input ‘ int ((a+b*csch(d*x~2+c)) ~2/x,x)

output Lint ((at+b*csch(d*x~2+c)) ~2/x,x)

(a-{—bCSCh (c—i—dav2 ) ) ?

T

313. [ dx
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3.13.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

2))2 2 2
(a+ bcscha(cc + dz?)) dp — / (besch (dxx+ c)+a) i

input‘integrate((a+b*csch(d*x“2+c))“2/x,x, algorithm="fricas")

outputLintegral((b“2*csch(d*x‘2 + ¢c)"2 + 2%axbxcsch(d*x”2 + c) + a~2)/x, x)

3.13.6 Sympy [N/A]
Not integrable

Time = 3.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

21)2 2\1\2
(a + besch(c + dz?)) dx_/(a+bcsch(c+dx ) I

T T

input

integrate ((a+bxcsch(d*x**2+c))**2/x,x)

N\

outputLIntegral((a + bkcsch(c + d*x**2))**2/x, x)

3.13.7 Maxima [N/A]

Not integrable

Time = 0.42 (sec) , antiderivative size = 112, normalized size of antiderivative = 6.22

21)2 2 2
(a + besch(c + dz?)) dp — / (besch (dz? + ¢) + a) d

T T

inputLintegrate((a+b*csch(d*x‘2+c))‘2/x,x, algorithm="maxima")

output‘a‘Q*log(x) - b72/(d*x"2*%e” (2*d*x~2 + 2*%c) - d*x"2) + integrate((2*axb*d*x~
‘2 + b72)/(d*x"3%e” (d*x"2 + c) + d*x"3), x) + integrate((2*a*b*d*x~2 - b~2)
‘/(d*x‘s*e“(d*x‘2 + ¢c) - d*x”3), x)

(a—|—bCSCh (c—i—dav2 )) ?

T

313. [ dx
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3.13.8 Giac [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

212 2 2
/(a—i—bcsch(c—l—dm ) dw:/(bCSCh (dz*+c¢)+a) s

T T

inputLintegrate((a+b*csch(d*x‘2+c))‘2/x,x, algorithm="giac")

output Lintegrate((b*csch(d*x? +c) + a)"2/x, x)

3.13.9 Mupad [N/A]

Not integrable

Time = 2.39 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
b
h 2)? a+sin x+c
(a + besc ic-l—dx ) dx=/( };(d 2+)> d

input Lint((a + b/sinh(c + d*x~2))~2/x,x)

output Lint((a + b/sinh(c + d*x~2))"2/x, x)

(a+bCSCh (c—i—dav2 )) ?

T

313. [ dx
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(a+bCSCh (c+dz?) ) ?

2

3.14 | dz

3.14.1 Optimal result . . . . . . . . . ...
3.14.2 Mathematica [N/A] . . . . . .. . .
3.14.3 Rubi [N/A] . . . oo
3.14.4 Maple [N/A] (verified) . . . . . . . . ... L
3.14.5 Fricas [N/A] . . . . .
3.14.6 Sympy [N/A] . . . .
3.14.7 Maxima [N/A] . . . . . .
3.14.8 Giac [N/A] . . . . o
3.14.9 Mupad [N/A] . . .o

3.14.1 Optimal result

Integrand size = 18, antiderivative size = 18

h 2))? h 2))?
/(a—i—bcsc (c+ dz?)) dx:Int<(a+bCSC (c+ dz?)) ,m)

2 2

e

output LUnintegrable ((atb*csch(d*x~2+c))~2/x72,x)

~—  /

3.14.2 Mathematica [N/A]

Not integrable

Time = 33.33 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/ (a + besch(c + dz?))? dp — / (a + besch(c + dz?))?

z2 T2

input LIntegrate [(a + b*Cschlc + d*x~2])"2/x"2,x]

output LIntegrate [(a + b*Csch[c + d*x~2])~2/x~2, x]

(a-{—bCSChic—i—dm2 ) ) ? de

314 [

T
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3.14.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + bcsch(c + dnlcz))2

22 dx
l 5062
2\ 2
/ (a+ bcschm(2c+ dz?)) s

input‘ Int[(a + b*Cschl[c + d*x~2])"2/x"2,x]

output L$Aborted

3.14.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.14.4 Maple [N/A] (verified)
Not integrable

Time = 0.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (a+ b csch (dz? + ¢))”

xr2

dz

input ‘ int ((a+b*csch(d*x~2+c))~2/x"2,x)

output Lint ((a+b*csch(d*x~2+c))~2/x"2,%)

(a-{—bCSChic—i—dm2 ) ) ? dr

314 [

T
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3.14.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

2))2 2 2
/(a+bcsch(c+dx )) dx=/(bCSCh (dz® +¢) + a) i

2 2

input‘integrate((a+b*csch(d*x“2+c))“2/x“2,x, algorithm="fricas")

outputLintegral((b“2*csch(d*x‘2 + ¢)72 + 2%axbxcsch(d*x"2 + c) + a”2)/x"2, x)

3.14.6 Sympy [N/A]
Not integrable

Time = 0.59 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

2112 2Y)2
/(a+bcsch(c+dx )) dxz/(a+bcsch(c+dx ) I

T2 T2

input

integrate ((a+b*csch(d*x**2+c) ) **2/x**2,x)

N\

output LIntegral((a + bxcsch(c + d*x**2))**2/x**2, Xx)

3.14.7 Maxima [N/A]

Not integrable

Time = 0.44 (sec) , antiderivative size = 118, normalized size of antiderivative = 6.56

21)2 2 2
(a + besch(c + dz?)) dp — / (besch (dz? + ¢) + a) d

2 2

input Lintegrate ((atbxcsch(d*x~2+c))"2/x"2,x, algorithm="maxima")

output‘—b‘2/(d*x‘3*e‘(2*d*x‘2 + 2%c) - d*x"3) - a"2/x + integrate(1/2*(4xaxbkxd*x”
‘2 + 3%b~2)/(d*x"4*e~(d*x"2 + c) + d*x"4), x) + integrate(1/2*(4*a*b*d*x"2
|- 34b72)/(d*x"4%e~(d*x"2 + c) - d*x"4), X)

(a—|—bCSCh£c+dz2 )) ? dr

3.14.

T
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3.14.8 Giac [N/A]
Not integrable

Time = 0.87 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

212 2 2
/(a—i—bcsch(c—l—dm ) dw:/(bCSCh (dz*+c¢)+a) s

2 2

inputLintegrate((a+b*csch(d*x‘2+c))‘2/x“2,x, algorithm="giac")

output Lintegrate((b*csch(d*x? + c) + a)”2/x72, x)

3.14.9 Mupad [N/A]

Not integrable

Time = 2.39 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2

b

(a + besch(c + dz?))? (a + sinh(dz2+c)>

5 dr = 5 dx
z x

inputtint((a + b/sinh(c + d*x~2))~2/x"2,x)

output Lint((a + b/sinh(c + d*x~2))"2/x"2, x)

(a+bCSCh£c+dz2 )) ? dr

314 [

T
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3.15 [ zcsch(a + bx?) dx

3.15.1 Optimal result . . . . . . .. ... ... 115l
3.15.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 115
3.15.3 Rubi [C] (verified) . . ... ... ... . ... 116
3.15.4 Maple [A] (verified) . . . .. .. ... ... 119
3.15.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 119
3.15.6 Sympy [F] . . . . .. 120
3.15.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 1211
3.15.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 121
3.15.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 122

3.15.1 Optimal result

Integrand size = 12, antiderivative size = 90

2 9 )
/a:csch7 (a n be) do — 5arctanh(c§;2 (a + bx?)) 5 coth (a + bx32)bcsch(a + bz?)

N 5 coth (a 4 baz?) csch®(a + bz?®)  coth (a + bz?) csch®(a + ba?)
48b 120

e B

5/32*arctanh (cosh(b*xx~2+a)) /b-5/32*coth(b*x~2+a)*csch(b*x~2+a) /b+5/48*coth
‘ (b*x~2+a)*csch(b*x~2+a) ~3/b-1/12*coth (b*xx~2+a) *csch (b*x~2+a) “5/b

output

3.15.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.86

5csch? (1 (a + bz?)) N csch®(3(a + bz?)) B csch®(3(a + bz?))

/xcsch7 (a + b:c2) dr = —

128b 128b 768b
5log (cosh (3(a +bz?)))  5log (sinh (3(a + bz?)))
* 32b - 32b
5sech®(1(a+b2?)) sech*(3(a+b2?)) sech®(}(a+ ba?))
- 128b B 128b B 768b

input LIntegrate [xxCsch[a + b*x~2]77,x]

~—

3.15. [ mcsch(a + bx?) dx
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output‘ (-5*%Csch[(a + b*x"2)/2]°2)/(128%b) + Cschl[(a + b*x"2)/2]"4/(128%b) - Cschl[

‘ (a + b*x~2)/2]°6/(768*b) + (5xLogl[Cosh[(a + b*x~2)/2]])/(32%b) - (5*Logl[Si
‘nh[(a + b*x~2)/2]1])/(32%b) - (5*Sech[(a + b*x~2)/2]72)/(128*b) - Sech[(a +
‘ bxx~2)/2]~4/(128%b) - Sech[(a + b*x"2)/2]76/(768*b)

3.15.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.51 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.27,

_ _ number of rules _
number of steps used = 17, number of rules used = 16, integrand size 1.333, Rules

used = {5960, 3042, 26, 4255, 26, 3042, 26, 4255, 26, 3042, 26, 4255, 26, 3042, 26, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ zesch’ (a + ba?) do
| 5960
% / csch’ (ba® + a) dz®
| 3042
% / —icsc (iba® + i) da?
l 26
—%i / csc (iba® + ia)7 da?
l 4255
~ % i ( g / esch® (ba? + ) do” i coth (a + bx?; bcsch5 (a+ b2?) )
l 26
~ % i (_ gi / esclt (ba? 1+ a) da? — i coth (a + bx?; bcsch5 (a+b2?) )
| 3042

; h 2 ho 2
—1i<—2z’/icsc (iba? + ia)” do? — % (a+bo ébcsc (a+bz )>

2

3.15. [ mcsch(a + bx?) dx
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l 2
; coth bx? h° bx?
—%i (2/080 (ibw2+ia)5dx2 _ e (a+ i f)ibcsc (a+ v )>

l 4255

. h 2 h3 2 . h 2 h5 2
—;i(g(i/icsch3(bm2+a)dx2+ZCOt (a-l—bxi;sc (a—i—baz))_zcot (a+bx€)i£:sc (a—i—baz))

| 26

; h 2 h3 2 ; h 2 h5 2
—11'(5<3i/csch3(bm2+a)d:v2+w()t (a+ bz?) csc (a-l—bx))_zcot (a+ bz?) csc (a-l—bx))

2°\6\4 4b 6b

l 3042

1.(5(38. [ . 5 . \3, o f4coth(a+ bz?)csch?(a+ bz?) _ icoth (a+ba?) csch® (a + ba?)
21( <4z/ icsc (ibz” +ia)” do’ + 1 6b
| 26

6
; 2 3 2 ; 2 5 2
—%i (2 (i /csc (iba? —|—ia)3dm2 + icoth (a + bz L)Lbcsch (a+bz )> __ icoth (a+bz ()jbcsch (a+bz ))

l 4255

(; / —icsch(bac2 + a) da? — 7 coth (a + bx22)bcsch (a + bz2) ) + i coth (a + b:c?u;:sch3 (a + bz2) ) o

l 26

(—;i / esch(bs? + a) da? — icoth (a + ba:22)bcsch (a + bz?) ) N icoth (a + bmzi;sch3 (a + bz?) ) B

l,3042

_L
2

; h 2 h 2 ; h 2 h3 2
1'<5<3<—1'/icsc(z’bw2+ia)dw2—ZCOt (a + bz?) csc (a+bx)>+zcot (a + bz?) csc (a+bx))_
2 2b 4b
| 26

3.15. [ mcsch(a + bx?) dx



input

output

rule 26

rule 3042

rule 4255

rule 4257

rule 5960
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1 g2 N g2
( 5 / cse (zba: + 'La) dr 2%

l’4257

icoth (a + bz?) csch(a + bz?) ) N i coth (a + bz?) csch? (a + bz?)
4b

2b 2b

1. <5 (3 (iarctanh(cosh (a + bx2)) i coth (a + bxz) csch(a + ba:2) ) + 4 coth (a + bxz) csch® (a + ba:2)
_72 — — —
6\4

p

Int[x*Csch[a + b*x~2]"7,x]

~—

‘/(—1/2*I)*(((—1/6*1)*Coth[a + b*x~2]*Csch[a + b*x~2]75)/b + (5%(((I/4)*Coth
'[a + b*xx~2]*Cschla + b*x~2]1"3)/b + (3%(((I/2)*ArcTanh[Cosh[a + b¥x~2]11)/b
L— ((I/2)*Coth[a + b*x~2]*Cschla + b*x~2])/b))/4))/6)

~

3.15.3.1 Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b™2*((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, 4}, x] && GtQ[n, 1]
&% IntegerQ[2#n]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x"(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.15. [ mcsch(a + bx?) dx
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3.15.4 Maple [A] (verified)

Time = 0.91 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.69

method result
2
csch(b z2+a)5 5csch(bz2+a) 5 csch b2 +a. 5 arctanh( ba +a>
— 5 + 51 coth bx +a —
derivativedivides
2
csch(b z2+a)5 5csch(b z2+a) 5 csch b2 +a 5 arctanh (ebz +a>
- 5 o7 coth bz +a —_——
default
2 6 2 4 2 2 2 2
. — coth(b%+%) +tanh<b%+%> +9 coth(b%—i-%) —9tanh(b%+%) —45 coth(b%—i-%) +45 tanh(b%+%) :
parallelrisch =68k
. eb12+a (15 elObzz+10a_85 eSb 12+8a+198 66b12+6a+198 e4bz2+4a_85 e2b 12+2a+15> 51n(ebz2+a+1) 511
risch — 5 + o N
48 (o7 +20-1)

input Lint (x*csch(b*x~2+a) "7,x,method=_RETURNVERBOSE)

output‘1/2/b*((—1/6*csch(b*x‘2+a)“5+5/24*csch(b*x‘2+a)“3—5/16*csch(b*x‘2+a))*coth

L(b*x‘2+a)+5/8*arctanh(exp(b*x‘2+a)))

3.15.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2590 vs. 2(82) = 164.

Time = 0.27 (sec) , antiderivative size = 2590, normalized size of antiderivative = 28.78

/ zesch’ (a + bz®) dz = Too large to display

p
input Lintegrate (x*csch(b*x~2+a)~7,x, algorithm="fricas")

-/

3.15. [ mcsch(a + bx?) dx



output

input

output
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-1/96*(30*cosh(b*x~2 + a)~11 + 330*cosh(b*x~2 + a)*sinh(b*x~2 + a)~10 + 30
*sinh(b*x~2 + a)~11 + 10*%(165*%cosh(b*x™2 + a)~2 - 17)*sinh(b*x"2 + a)~9 -
170*cosh(b*x"2 + a)~9 + 90*(55*cosh(b*x"2 + a)~3 - 17*cosh(b*x"2 + a))*sin
h(b*x"2 + a)~8 + 36*x(275*%cosh(b*x"2 + a)~4 - 170*cosh(b*x"2 + a)~2 + 11)x*s
inh(b*x~2 + a)~7 + 396*cosh(b*x~2 + a)~7 + 84%(165*cosh(b*x"2 + a)~5 - 170
*cosh(b*x"2 + a)~3 + 33*cosh(b*x"2 + a))*sinh(b*x"2 + a)~6 + 36*(385*cosh(
b*x"2 + a)”6 - 595*cosh(b*x”"2 + a)~4 + 231*cosh(b*x"2 + a)~2 + 11)*sinh(b*
x"2 + a)”5 + 396*cosh(b*x”2 + a)~5 + 180*(55*cosh(b*x”2 + a)~7 - 119*cosh(
b*x~2 + a)~5 + 77*cosh(b*x"2 + a)~3 + 11xcosh(b*x"2 + a))*sinh(b*x~2 + a)~
4 + 10%(495%cosh(b*x~2 + a)~8 - 1428%cosh(b*x~2 + a)~6 + 1386*cosh(b*x"2 +
a)~4 + 396*cosh(b*x~2 + a)~2 - 17)*sinh(b*x~2 + a)~3 - 170*cosh(b*x~2 + a
)~"3 + 6*%(275*cosh(b*x”2 + a)~9 - 1020*cosh(b*x”2 + a)~7 + 1386*cosh(b*x~2
+ a)”5 + 660*cosh(b*x"2 + a)~3 - 85*cosh(b*x”2 + a))*sinh(b*x"2 + a)"2 - 1
5% (cosh(b*x"2 + a)~12 + 12*cosh(b*x"2 + a)*sinh(b*x"2 + a)~11 + sinh(b*x"2
+ a)”12 + 6*(11*cosh(b*x"2 + a)~2 - 1)*sinh(b*x"2 + a)~10 - 6*cosh(b*x"2
+ a)~10 + 20*(11*cosh(b*x"2 + a)~3 - 3*cosh(b*x™2 + a))*sinh(b*x"2 + a)~9
+ 15%(33*cosh(b*x"2 + a)~4 - 18*cosh(b*x™2 + a)~2 + 1)*sinh(b*x"2 + a)~8 +
15*cosh(b*x"2 + a)~8 + 24*(33*cosh(b*x”2 + a)~5 - 30*cosh(b*x"2 + a)~3 +
5xcosh(b*x~2 + a))*sinh(b*x~2 + a)~7 + 4%(231*cosh(b*x~2 + a)~6 - 315*cosh
(b*x™2 + a)~4 + 105*cosh(b*x”2 + a)~2 - 5)*sinh(b*x"2 + a)~6 - 20*cosh(...

3.15.6 Sympy [F]

/ zesch’ (a + bz?) dz = / zesch’ (a+ bz?) dz

-

Lintegrate(x*csch(b*x**2+a)**7,x)

Integral(x*csch(a + b*x**2)*x7, x)

N

3.15. [ wcsch’(a+ br?) dx

-/

_
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3.15.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(82) = 164.

Time = 0.23 (sec) , antiderivative size = 205, normalized size of antiderivative = 2.28

5 log (e("’*“” + 1) 5 log (e(—W—a> — 1)
7 2 _ B
/xcsch (a+b2?) dz = 2 oL

156(—bz2—a) _ 856(—3bx2—3a) + 198 e(—5bx2—5a) + 1986(—7bx2—7a) _ 856(—9bx2—9a) + 156(_11 bxz—lla)

+ 48 b(6 e(—2bz2-2a) _ 1§ e(—4bz%—4a) + 20 e(—6bz?—6a) _ 15 ¢(—8bz%2—8a) +6 e(—10bz2-10a) _ o(—12bz2—12a) _

/

inputLintegrate(x*csch(b*x‘2+a)“7,x, algorithm="maxima")

~—  /

output | 5/32*log(e”(-b*x"2 - a) + 1)/b - 5/32%log(e”~(-b*x~"2 - a) - 1)/b + 1/48%(15
*e” (-b*x"2 - a) - 85xe” (-3*b*x"2 - 3*a) + 198*e” (-5*b*x"2 - 5*a) + 198*e”(
—-7T*b*x~2 - 7*a) - 85%e”(-9%b*x~2 - 9%a) + 15%e”(-11*b*x~2 - 11*a))/(b*(6*e
~(-2xb*x~2 - 2%a) - 15%e”(-4*b*xx"2 - 4%a) + 20%e”(-6%b*x~2 - 6%a) - 15%e”(
-8%b*x~2 - 8%a) + 6%e”(-10%b*x~2 - 10*a) - e~ (-12%b*x~2 - 12%a) - 1))

3.15.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.76

/ zesch’(a + bz?) dz

5 lOg (e(bm2+a) 4 e(—bm2—a) 4 2> 5 log (e(bz2+a) + e(—bzz—a) _ 2)
B 640 - 640
2 2 5 2 2 3 2 2
15 (e(bx +a) 4 e(—bac —a)) — 160 (e(bx +a) 4 e(—bac —a)) + 5286(bm +a) + 5286(—bm —a)

3
48 ((e(bx2+a) + e(—bx2—a))2 _ 4) b

-

input Lintegrate (x*csch(b*x~2+a) ~7,x, algorithm="giac")

-/

output‘ 5/64*x1log(e”(b*x"2 + a) + e~ (-b*x"2 - a) + 2)/b - 5/64*xlog(e”(b*x"2 + a) +
‘e‘(—b*x‘2 - a) - 2)/b - 1/48%(15%(e”(b*x"2 + a) + e~ (-b*x"2 - a))~5 - 160%
‘(e“(b*x‘2 + a) + e"(-b*x"2 - a))”~3 + 528*e” (b*x"2 + a) + 528*e” (-b*x"2 - a
1)/ (((e”(b*x™2 + a) + e~ (-b*x"2 - a))"2 - 4)"3%b)

-

3.15. [ mcsch(a + bx?) dx
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3.15.9 Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 399, normalized size of antiderivative = 4.43

a z2
; \ 5atan<% V_1’2)
xesch' (a + bx*) dz =
/ ( ) 16 v/ —b?
863bx2+3a
- 3b (5 e2ba:2+2a —10 e4ba:2+4a + 1066bw2+6a _ 568b$2+8a + e10b$2+10a _ 1)
bz2+a
e

b (6 e4bmz+4a _ 4e2b:v2+2a _ 4eﬁbz2+6a + eSbm2+8a + 1)
2
5eb9: +a

24 b (e4bm2+4a _ 2e2b.’v2+2a + ]_)

_|_

16 esz2+5a

3b (15 e4bw2+4a _ 6€2bm2+2a —920 eﬁbz2+6a +15 e8bw2+8a _ 6elobw2+10a + el2baz2+12a + 1)

eb:c2+a 5 ebw2+a

T 6b (3e2baP+2a _ 3etbaPtda 4 g6ba%+6a _ 1) 16 (e2be7+2a — 1)

input | int(x/sinh(a + b*x~2)77,x%)

N

output | (6xatan((exp(a)*exp(b*x~2)*(-b~2)~(1/2))/b))/(16%x(-b"2)~(1/2)) - (8*exp(3*
a + 3*%b*x~2))/(3*b*(5*exp(2*a + 2xb*x~2) - 10*exp(4*a + 4*bxx~2) + 10*exp(
6xa + 6*%b*x"2) - b¥exp(8xa + 8*bxx~2) + exp(1l0*a + 10*bxx~2) - 1)) - exp(a
+ b*x~2) /(b*(6*exp(4*a + 4*b*xx"2) - 4*exp(2*a + 2xb*x~2) - 4xexp(6*a + 6%
b*x”2) + exp(8+*a + 8*b*x"2) + 1)) + (5xexp(a + b*x72))/(24*b*(exp(4*a + 4%
b*x72) - 2xexp(2*a + 2%b*x~2) + 1)) - (16*exp(b*a + 5*b*x~2))/(3*b*(15*exp
(4*a + 4xb*x”2) - 6xexp(2*a + 2*%bxx"2) - 20*exp(6*a + 6xb*x~2) + 1b5*exp(8*
a + 8%b*x"2) - 6xexp(1l0*a + 10*%b*x~2) + exp(12*a + 12%b*xx~2) + 1)) - exp(a
+ b*x72)/(6%b* (3*exp(2%a + 2*%b*x~2) - 3*exp(4*a + 4*b*x"2) + exp(6*a + 6%
b*x~2) - 1)) - (5*exp(a + b*x72))/(16%b*(exp(2*a + 2%b*x~2) - 1))

N\

3.15. [ mcsch(a + bx?) dx
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)
X
3.16 f a+bcsch (c+dz?) dz
3.16.1 Optimal result . . . . . . . . . .. . ... 123]
3.16.2 Mathematica [A] (verified) . . . . . . . . ... ... L 124
3.16.3 Rubi [A] (verified) . . . . . . . . . . . .. 124
3.16.4 Maple [F] . . . . . . o o 126
3.16.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 1261
3.16.6 Sympy [F] . . . . . 127
3.16.7 Maxima [F] . . . . . . . . 127
3.16.8 Giac [F] . . . . . o o 127
3.16.9 Mupad [F(-1)] . . . . oo 128

3.16.1 Optimal result

Integrand size = 18, antiderivative size = 325

.5 oo botlog (142550 )  botlog (1+ 22
/ a + besch (¢ + dz?) de = 6a 2a+/a? + b2d 2a+va? + b2d
bx? PolyLog (2, —%) bz? PolyLog (27 —%>
B ava? + b2d? * ava? + b2d?
.\ b PolyLog (3, —%) ~ b PolyLog (3, —%>
ava? + b2d3 ava? + b2d3

output | 1/6*x~6/a-1/2%bxx~4*1n(1+a*exp(d*x~2+c)/(b-(a~2+b~2)"(1/2)))/a/d/(a"2+b"2)
~(1/2)+1/2xbxx~4*1n(1+a*xexp (d*x~2+c) / (b+(a~2+b~2)~(1/2))) /a/d/(a"2+b"2) " (1
/2) -b*x~2*polylog(2,-a*exp(d*x~2+c)/(b-(a~2+b~2)~(1/2)))/a/d~2/(a~2+b~2) ~(
1/2) +b*x~2xpolylog(2,-axexp (d*x~2+c)/(b+(a"2+b~2)~(1/2)))/a/d~2/(a"2+b"2)"
(1/2) +b*polylog(3,-a*exp(d*x~2+c)/(b-(a~2+b"2)~(1/2)))/a/d"3/(a"2+b"2)~(1/
2) -bxpolylog(3,-a*exp(d*x~2+c)/(b+(a~2+b"2)"(1/2)))/a/d"3/(a"2+b"2)~(1/2)

5

3.16. f a+bCSCalvl(c+dz2) dz




input LIntegrate [x"5/(a + b*Cschlc + d*x~2]),x]

output
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3.16.2 Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 256, normalized size of antiderivative = 0.79

5
/ dz
a + besch (¢ + dz?)
ae’ da? ae’ da? ae’ da?
- Va2 + b2d3x% — 3bd?z* log (1 + ﬁ) + 3bd%z* log (1 + MW) — 6bdz? PolyLog (2, #m)
6ava? + b*d

~—

(Sgrt[a”2 + b~2]*d"3*x"6 - 3*bxd~2+x"4*Logl[l + (a*E~(c + d*x~2))/(b - Sart
[a”2 + b"2])] + 3*bxd~2*x"4*Log[1l + (a*E~(c + d*x72))/(b + Sqrt[a”2 + b~2]
)] - 6xbxd*x~2%PolyLog[2, (a*E~(c + d*x72))/(-b + Sqrt[a”2 + b~2])] + 6xbx
d*x~2*PolyLog[2, -((a*E~(c + d*x~2))/(b + Sqrt[a”2 + b"2]))] + 6xb*PolyLog
[3, (a*E~(c + d*x"2))/(-b + Sqrt[a~2 + b~2])] - 6%b*PolyLog[3, -((a*E~(c +
d*x~2))/(b + Sqrt[a”2 + b~2]))])/(6*axSqrt[a”2 + b~2]*d~3)

3.16.3 Rubi [A] (verified)
Time = 1.07 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Lumber of rules _ ( 999 Ry e used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

25
dx
/ a + besch (¢ + dz?)
l 5960

1 / zt 9
= dz
2 J a+ besch (dz? + )

| 3042

1 / zt 9
5 . . —dz
2 J a+ibesc (idx? + ic)

l 4679

5

3.16. f a+bCSCalvl(c+dz2) dz
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1 / xi — bz dx?
2 a a(b+ asinh (dz? + ¢))

| 2009
aedz2+c aedzz+c aedz2+c
2 ad3va? + b? ad3va? + b? ad?va? + b? ad?/

input | Int[x~5/(a + b*Cschlc + d*x~2]),x]

output | (x76/(3%a) - (b*x"4*Logl[l + (a*E~(c + d*x72))/(b - Sqrt[a”2 + b~2])])/(axS
grt[a”2 + b"2]1*d) + (b*x"4xLog[l + (a*E~(c + d*x~2))/(b + Sqrt[a"2 + b~2])
1)/(a*Sqrt[a”2 + b"2]*d) - (2%b*x~2xPolyLogl[2, -((a*E~(c + d*x~2))/(b - Sq
rt[a”2 + p72]1))]1)/(a*Sqrt[a~2 + b~2]1*d"2) + (2*bxx~2*PolyLog[2, -((a*E~(c

+ d*x72))/(b + Sart[a~2 + b~2]))])/(a*xSqrt[a”2 + b~"2]*d"2) + (2*b*PolyLogl
3, -((a*E~(c + d*x"2))/(b - Sqgrt[a”2 + b"2]))])/(a*Sqrt[a"2 + b~2]*d"3) -

(2%b*PolyLog[3, -((a*E~(c + d*x~2))/(b + Sqrt[a™2 + b~2]))])/(a*Sqrt[a~2 +
b~2]*d~3))/2

3.16.3.1 Defintions of rubi rules used

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])™n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)~(n_)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschl[c + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

5

3.16. f a+bCSCalvl(c+dz2) dz
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3.16.4 Maple [F]

5
dz
/a-l—b csch (dz2 + ¢)

e

inputLint(x‘5/(a+b*csch(d*x‘2+c)),X)

\ J

output Lint (x~5/ (a+b*csch(d*x~2+c)) ,x)

~—

3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 686 vs. 2(287) = 574.

Time = 0.27 (sec) , antiderivative size = 686, normalized size of antiderivative = 2.11

5
dx
/ a + besch (¢ + dz?)

2,112 . b cosh (dz2+-c)+bsinh(dz2+c)+ (a cosh (dz2+c)+a sinh (dz?+c a2 462
(a2 + b))z — 6 abda?, /=5 le( (da? o) +bsinh (do? )+ (a cosh (de? +o) Fasinh (da+¢)) \/ "5

a

_“+1) + 6al

inputLintegrate(x“5/(a+b*csch(d*x“2+c)),x, algorithm="fricas") J

output | 1/6*%((a”2 + b~2)*d"3*x"6 - 6*axb*d*x"2*sqrt((a”2 + b~2)/a"2)*dilog((b*cosh
(d*x~2 + c) + bxsinh(d*x"2 + c) + (a*cosh(d*x”2 + c) + a*sinh(d*x™2 + c))*
sqrt((a”2 + b"2)/a"2) - a)/a + 1) + 6*xa*bxd*x"2*sqrt((a”2 + b~"2)/a"2)*dilo
g((bxcosh(d*x"2 + c) + b*sinh(d*x"2 + c) - (a*cosh(d*x"2 + c) + a*sinh(d*x
"2 + c))*sqrt((a”2 + b72)/a"2) - a)/a + 1) + 3*xaxbxc"2*sqrt((a”2 + b72)/a”
2)*log(2*a*xcosh(d*x"2 + c) + 2%axsinh(d*x”~2 + c) + 2xaxsqrt((a”2 + b~2)/a”
2) + 2%b) - 3%axbxc”2*sqrt((a”2 + b~2)/a"2)*log(2*a*cosh(d*x~2 + c) + 2*ax
sinh(d*x~2 + c) - 2*axsqrt((a™2 + b72)/a"2) + 2xb) + 6xa*b*sqrt((a”2 + b~2
)/a"2)*polylog(3, (bxcosh(d*x"2 + c) + b*sinh(d*x~2 + c) + (a*cosh(d*x"2 +
c) + a*sinh(d*x"2 + c))*sqrt((a™2 + b~2)/a"2))/a) - 6*axb*sqrt((a”2 + b~2
)/a~2)*polylog(3, (b*cosh(d*x~2 + c) + b*sinh(d*x~2 + c) - (a*cosh(d*x~2 +
c) + a*sinh(d*x"2 + c))*sqrt((a”2 + b"2)/a"2))/a) - 3*(a*b*d"2*x"4 - axbx
c"2)*sqrt((a”2 + b~2)/a"2)*log(-(b*cosh(d*x"2 + c) + b*sinh(d*x"2 + c) + (
axcosh(d*x"2 + c) + a*sinh(d*x~2 + c))*sqrt((a”2 + b~2)/a"2) - a)/a) + 3x*(
a*b*d~2*x"4 - axbxc”2)*sqrt((a”2 + b~2)/a"2)*log(-(b*cosh(d*x"2 + c) + b*s
inh(d*x"2 + c) - (a*cosh(d*x"2 + c) + a*sinh(d*x~2 + c))*sqrt((a”2 + b~2)/
a”2) - a)/a))/((a”3 + a*b~2)*d"3)

5

3.16. f a+bCSCalvl(c+dz2) dz
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3.16.6 Sympy [F]

zd z®
/ dr = / dz
a + besch (¢ + dz?) a + besch (¢ + dz?)

input Lintegrate (x*x5/ (at+b*csch (d*x**2+c)) ,x)

output LIntegral(x**S/(a + bkcsch(c + d*x**2)), x)

3.16.7 Maxima [F]

zd z°
/ dz = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

input Lintegrate (x~5/ (atb*csch(d*x~2+c)) ,x, algorithm="maxima")

output‘ 1/6%x~6/a - 2*b*integrate(x~5*e”(d*x~2 + c)/(a"2xe~ (2*d*x"2 + 2%c) + 2xaxb
*e"(d*x"2 + ) - a"2), X)

3.16.8 Giac [F]

zd z®
/ dr = / dz
a + besch (¢ + dz?) besch (dz? 4+ ¢) +a

-

input Lintegrate (x~5/ (atb*csch(d*x~2+c) ) ,x, algorithm="giac")

-/

output Lintegrate(x‘5/(b*csch(d*x‘2 +c) +a), x)

5

3.16. f a+bCSCQf1(c+dz2) dz
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3.16.9 Mupad [F(-1)]

Timed out.

5 5

/ T dx—/x—dz
a+ besch (¢ + dx?) a+m

input Lint(x‘S/(a + b/sinh(c + d*x~2)),x)

output Lint(x‘s/(a + b/sinh(c + d*x72)), x)

5

3.16. f m de‘



CHAPTER 3. LISTING OF INTEGRALS 129

3.17 | 2’ dx

a+bcsch (c+dz?)
3.17.1 Optimal result . . . . . . . . . ... 129
3.17.2 Mathematica [N/A] . . . . .. . . . . 129
3.17.3 Rubi [N/A] . . . . 1301
3.17.4 Maple [N/A] (verified) . . . . . . ... ... 130
3.17.5 Fricas [N/A] . . . . . . 131
3.17.6 Sympy [N/A] . . . . 131
3.17.7 Maxima [N/A] . . . . . . 131
3.17.8 Giac [N/A] . . . . o o 132
3.17.9 Mupad [N/A] . . . o 132
3.17.1 Optimal result
Integrand size = 18, antiderivative size = 18
zt zt
/ a + besch (¢ + dz?) do = Int (a + besch (¢ + dz?)’ x)
output LUnintegrable (x~4/ (a+b*csch(d*x™2+c) ) ,x) J
3.17.2 Mathematica [N/A]
Not integrable
Time = 2.70 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11
4 4
/ i dr = / ° dx
a + besch (¢ + dz?) a + besch (¢ + dz?)
input‘ Integrate[x~4/(a + b*Cschlc + d*x~2]),x] ‘
output LIntegrate [x~4/(a + b*Csch[c + d*x~2]), x] J

4

3.17. f a+bCSCT1(c+dz2) dz
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3.17.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A
dz
/ a + besch (¢ + dz?)
| 5962

7
dx
/ a + besch (¢ + dz?)

input ‘ Int[x~4/(a + b*Cschlc + d*x~2]),x]

output L$Aborted

3.17.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (a_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
m, n, p}, x]

N\

3.17.4 Maple [N/A] (verified)

Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

!
dz
/a—i—b csch (dz2 + )

input Lint (x~4/(at+b*csch(d*x~2+c)) ,x)

e

output Lint (x~4/ (a+b*csch(d*x~2+c)) ,x)

~—  /

4

3.17. f a+bCSCT1(c+dz2) dz
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3.17.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt z
/ dr = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

inputLintegrate(x*4/(a+b*csch(d*x‘2+c)),x, algorithm="fricas")

output‘ integral (x~4/(b*csch(d*x™2 + c) + a), x)

3.17.6 Sympy [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

zt zt
/ dr = / dz
a + besch (¢ + dz?) a + besch (¢ + dz?)

input Lintegrate (x**4/ (at+b*csch(d*x**2+c)) ,x)

output LIntegral(x**ll/(a + bkcsch(c + d*x**2)), x)

3.17.7 Maxima [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 3.39

zt zt
/ dz = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

input Lintegrate (x~4/ (atb*csch(d*x~2+c)) ,x, algorithm="maxima")

output‘ 1/5%x75/a - 2¥b*integrate(x~4*e”(d*x~2 + c)/(a"2xe~ (2*d*x"2 + 2%c) + 2%axb
*e"(d*x"2 + ) - a™2), X)

4

3.17. f a+bCSCQf1(c+dz2) dz
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3.17.8 Giac [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt z
/ dr = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

inputLintegrate(x*4/(a+b*csch(d*x‘2+c)),x, algorithm="giac")

output‘ integrate(x~4/(b*csch(d*x"2 + c) + a), x)

3.17.9 Mupad [N/A]

Not integrable

Time = 2.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

z* z!
/ a + besch (¢ + dz?) a+ sinh(dbx2-|—0)

input Lint(x”4/(a + b/sinh(c + d*x~2)),x)

output‘ int(x74/(a + b/sinh(c + d*x~2)), x)

4

3.17. f a+bCSCQf1(c+dz2) dz
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318 [ v d

a+bcsch (c+dz?)
3.18.1 Optimal result . . . . . . . . . ... . 133]
3.18.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 133
3.18.3 Rubi [A] (verified) . . . . . . . . . .. 134
3.184 Maple [F] . . . . . o o 135
3.18.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 1361
3.18.6 Sympy [F] . . . . .
3.18.7 Maxima [F] . . . . . . . 137
3.18.8 Giac [F] . . . . . o 137
3.18.9 Mupad [F(-1)] . . . o o 137

3.18.1 Optimal result

Integrand size = 18, antiderivative size = 225

aeC da? aeC dz?
/ 2 Lo wt betlos (1+5er) | betlog (1+ 3255
T=-——
a + besch (¢ + dz?) 4a 2ava? + b%d 2ava? + b2d
c+dz? c+da?
bPolyLog (2, —%) bPolyLog (2, —ﬁ)

_|_
2av/a? + b2d? 2av/a? + b2d?

output | 1/4*x"4/a-1/2%bxx~2x1n(1+a*exp(d*x~2+c)/(b-(a~2+b~2)~(1/2)))/a/d/(a~2+b"2)
~(1/2)+1/2*b*x~2*1n (1+a*exp (d*x~2+c) / (b+(a~2+b~2)~(1/2)))/a/d/(a~2+b~2)~ (1
/2)-1/2%b*polylog(2,-a*exp (d*x~2+c)/(b-(a~2+b~2)~(1/2)))/a/d~2/(a"2+b"2) " (
1/2)+1/2*b*polylog(2,-a*exp(d*x~2+c)/(b+(a~2+b"2)~(1/2)))/a/d"2/(a"2+b"2)"
(1/2)

3.18.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.78

x3
dx
/ a + besch (¢ + dz?)
da? (V¥ da? - log (1+ ;5 ) +2blog (1+ ;2555 ) ) — 2bPolyLog (2, -2 ) + 2P
4av/a? + b2d?

3

3.18. f a+bCSCaf1(c+dz2) dz
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input‘ Integrate[x~3/(a + b*Cschlc + d*x~2]),x]

p
output‘ (d*x~2*(Sqrt[a”2 + b~2]*d*x"2 - 2%b*Log[l + (a*E~(c + d*x~2))/(b - Sqrt[a”
\2 + b72])] + 2xb*Logl[l + (a*E~(c + d*x~2))/(b + Sqrt[a”2 + b72])]) - 2xbx*P
‘olyLog[2, (a*xE~(c + d*x~2))/(-b + Sgrt[a~2 + b~2])] + 2*b*PolyLogl[2, -((ax*

LEA(C + d*x~2))/(b + Sqrt[a~2 + b~21))1)/(4*a*Sqrt[a~2 + b 2]*d~2)

|

3.18.3 Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 219, normalized size of antiderivative = 0.97,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 5 999 Ryles uged

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

73
dz
/ a + besch (¢ + dz?)
l'5960

1 / z? 9
= dz
2 ) a+ besch (da? + ¢)

| 3042

2

1 ]/ z?
5 . . —-dx
2/ a+ibcesc (idx? + ic)

l 4679
1 2 2
/ r_ .bx dx?
2 a a(b+asinh (dz? +c))
l 2009
bPolyLog (2, — -2 ) pPolyLog (2, — 2= ) pa2log (-2 1 1)  ba2log (-2 11
1 bPoly °g<’—b_¢m>+ oly ‘ﬂ"m)_ x °g<b—\/TW+ ) z Og(er
2 N N N adVa 1 B

input LInt [x"3/(a + bxCsch[c + d*x~2]),x]

3

3.18. f a+bCSCalvl(c+dz2) dz
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output | (x74/(2%a) - (b*x"2+Log[l + (a*E~(c + d*x72))/(b - Sqrt[a™2 + b72])])/(axS
grt[a”2 + b~2]*d) + (b*x"2*Log[l + (a*xE~(c + d*x~2))/(b + Sart[a"2 + b~2])
1)/(a*Sqrt[a”2 + b"2]1*d) - (b*PolyLog[2, -((a*E~(c + d*x~2))/(b - Sqrt[a~2
+ b72]1))]1)/(axSqrt[a”2 + b"2]*d"2) + (bxPolyLogl[2, -((a*xE~(c + d*x~2))/(b
+ Sart[a~2 + b~2]))])/(a*xSqrt[a”2 + b~"2]*d"2))/2

3.18.3.1 Defintions of rubi rules used

ruka2009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 | Int[(csc(e_.) + (f_.)*(x_ )I*(b_.) + (a))~(n_.)*((c_.) + (d_.)*(x))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

e

rule 5960  Int[((a_.) + Cschl[(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d#*x]
‘)‘p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m

L + 1)/n], 0] && IntegerQ([p]

~

3.18.4 Maple [F]

73
dz
/a—i—b csch (dx? + )

inputLint(x“3/(a+b*csch(d*x”2+c)),x)

output Lint (x~3/ (a+b*csch(d*x~2+c)) ,x)

m3
3.18. f m de‘
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3.18.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 505 vs. 2(193) = 386.

Time = 0.28 (sec) , antiderivative size = 505, normalized size of antiderivative = 2.24

3
/ dx

a + besch (¢ + dz?)

(a® + b%)d2z* — 2 abey/ 5 log (2acosh (dz? + c) + 2asinh (da? + ¢) + 2a,/ 52 + 2b> +2abey /<

inputLintegrate(x‘3/(a+b*csch(d*x‘2+c)),x, algorithm="fricas") J

output | 1/4*((a~2 + b~2)*d"2*x"4 - 2%axbxc*sqrt((a”2 + b~2)/a"2)*log(2*a*cosh(d*x"
2 + c) + 2%a*xsinh(d*x"2 + c) + 2*xaxsqrt((a”2 + b~2)/a"2) + 2%b) + 2*axbxc*
sqrt((a”2 + b~2)/a"2)*log(2*a*cosh(d*x~2 + c) + 2*a*sinh(d*x"2 + c) - 2%a*
sqrt((a”2 + b~2)/a"2) + 2%b) - 2*axbksqrt((a”2 + b~2)/a"~2)*dilog((b*cosh(d
*x"2 + c) + bksinh(d*x~2 + c) + (axcosh(d*x~2 + c) + a*sinh(d*x~2 + c))*sq
rt((a”2 + b"2)/a"2) - a)/a + 1) + 2xaxb*sqrt((a”2 + b~2)/a~2)*dilog((b*cos
h(d*x"2 + c) + b*sinh(d*x~2 + c) - (a*cosh(d*x"2 + c) + a*sinh(d*x"2 + c))
xsqrt((a”2 + b"2)/a"2) - a)/a + 1) - 2*(axb*d*x"2 + a*bxc)*sqrt((a”2 + b~2
)/a"2)*log(-(b*cosh(d*x~2 + c) + b*sinh(d*x"2 + c) + (a*cosh(d*x"2 + c) +

ax*sinh(d*x"2 + c))#*sqrt((a”2 + b"2)/a"2) - a)/a) + 2x(a*bxd*x"2 + axb*c)x*s
qrt((a”2 + b~2)/a"2)*log(-(b*cosh(d*x"2 + c) + bxsinh(d*x"2 + c) - (axcosh
(d*x~2 + c) + axsinh(d*x"2 + c))*sqrt((a”2 + b~2)/a"2) - a)/a))/((a"3 + a*
b~2)*d~2)

3.18.6 Sympy [F]

3 3
/ dxr = / dz
a + besch (¢ + dz?) a + besch (¢ + dz?)

-

input Lintegrate (x**3/ (a+b*csch(d*x**2+c)) ,x)

—

-/

output LIntegral(x**S/(a + bkcsch(c + d*x**2)), x)

3

3.18. f a+bCSCalvl(c+dz2) dz
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3.18.7 Maxima [F]

3 3
/ dr = / dz
a + besch (¢ + dz?) besch (dz?2 +c¢) +a

inputLintegrate(x‘3/(a+b*csch(d*x‘2+c)),x, algorithm="maxima")

output‘ 1/4xx"4/a - 2xbkxintegrate(x~3*e~(d*x~2 + c)/(a"2xe” (2xd*x"2 + 2xc) + 2xax*b
*e"(d*x"2 + ) - a"2), X)

3.18.8 Giac [F]

z3 3
/ dz = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

input Lintegrate (x~3/(atb*csch(d*x~2+c)) ,x, algorithm="giac")

output Lintegrate(x‘3/(b*csch(d*x‘2 +c) +a), x)

3.18.9 Mupad [F(-1)]

Timed out.

3 3

T

/ L dxz/—bdz
a + besch (¢ + dz?) O+ ShdaTo)

inputtint(x“B/(a + b/sinh(c + d*x~2)),x)

output Lint(x‘s/(a + b/sinh(c + d*x~2)), x)

3

3.18. f a+bCSCQf1(c+dz2) dz
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319 [ v d

a+bcsch (c+dz?)
3.19.1 Optimal result . . . . . . . . . ... . 138]
3.19.2 Mathematica [N/A] . . . . ... . . 138
3.19.3 Rubi [N/A] . . . . o 139
3.19.4 Maple [N/A] (verified) . . . . . . .. ... . 139
3.19.5 Fricas [N/A] . . . . . 1401
3.19.6 Sympy [N/A] . . . . 1401
3.19.7 Maxima [N/A] . . . . . . . e 1401
3.19.8 Giac [N/A] . . . . o o [141]
3.19.9 Mupad [N/A] . . o o 141

3.19.1 Optimal result

Integrand size = 18, antiderivative size = 18

z? z?
/ a + besch (¢ + dz?) do = Int (a + besch (¢ + dz?)’ x)

outputLUnintegrable(x“2/(a+b*csch(d*x‘2+c)),x) J

3.19.2 Mathematica [N/A]

Not integrable

Time = 2.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dr = / dx
a + besch (¢ + dz?) a + besch (¢ + dz?)

input‘ Integrate[x~2/(a + b*Cschlc + d*x~2]),x]

output LIntegrate [x~2/(a + b*Csch[c + d*x~2]), x] J

2

3.19. f a+bCSCT1(c+dz2) dz
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3.19.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

22
dz
/ a + besch (¢ + dz?)
| 5962

22
dx
/ a + besch (¢ + dz?)

input‘ Int[x"2/(a + b*Cschlc + d*x~2]),x]

output L$Aborted

3.19.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (a_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
m, n, p}, x]

N\

3.19.4 Maple [N/A] (verified)

Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

72
dz
/a—i—b csch (dz2 + )

input Lint (x~2/ (at+b*csch(d*x~2+c)) ,x)

e

output Lint (x~2/ (a+b*csch(d*x~2+c)) ,x)

~—  /

2

3.19. f a+bCSCT1(c+dz2) dz
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3.19.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dr = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

inputLintegrate(x*2/(a+b*csch(d*x‘2+c)),x, algorithm="fricas")

output‘ integral (x~2/(b*csch(d*x™2 + c) + a), x)

3.19.6 Sympy [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

z? z?
/ dr = / dz
a + besch (¢ + dz?) a + besch (¢ + dz?)

input Lintegrate (x**2/ (at+b*csch(d*x**2+c)) ,x)

output LIntegral(x**Q/(a + bkcsch(c + d*x**2)), x)

3.19.7 Maxima [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 3.39

z? z?
/ dz = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

input Lintegrate (x~2/ (atb*csch(d*x~2+c)) ,x, algorithm="maxima")

output‘ 1/3%x73/a - 2¥b*integrate(x~2*e”(d*x~2 + c)/(a"2xe~ (2*d*x"2 + 2%c) + 2%axb
*e"(d*x"2 + ) - a™2), X)

2

3.19. f a+bCSCQf1(c+dz2) dz
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3.19.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dr = / dz
a + besch (¢ + dz?) besch (dz?2 +¢) +a

inputLintegrate(x*2/(a+b*csch(d*x‘2+c)),x, algorithm="giac")

output‘ integrate(x~2/(b*csch(d*x"2 + c) + a), x)

3.19.9 Mupad [N/A]

Not integrable

Time = 2.08 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

x? z’
/ a + besch (¢ + dz?) a+ sinh(dbx2-|—0)

input Lint(x”Z/(a + b/sinh(c + d*x~2)),x)

output‘ int(x"2/(a + b/sinh(c + d*x~2)), x)

2

3.19. f a+bCSCQf1(c+dz2) dz
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I

3.20 f a+bcsch (c+dz?) dz

3.20.1 Optimal result . . . . . . .. . ... .. 142
3.20.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo o 142
3.20.3 Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... ... .. 143
3.20.4 Maple [A] (verified) . . .. ... . ... .. 145
3.20.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 1451
3.20.6 Sympy [F] . . . . . 146
3.20.7 Maxima [A] (verification not implemented) . . ... ... ... ... .... T461
3.20.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 146
3.20.9 Mupad [B] (verification not implemented) . . . .. ... ... ... . ..... 147

3.20.1 Optimal result

Integrand size = 16, antiderivative size = 60

/ ? dz =
a+besch (c +dz?)

2 barctanh(

a—b tanh(% (c+d9:2))

)

T + \/a2 +b2
2a ava? + b%d

output‘1/2*x‘2/a+b*arctanh((a—b*tanh(1/2*d*x‘2+1/2*c))/(a‘2+b“2)‘(1/2))/a/d/(a‘2+

Lb‘2)‘(1/2)

3.20.2 Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.18

/ ad dz =
a + besch (¢ +dx?)

c 2 _
4T

a—b tanh(% (c+dz2) )

2b arctan( —5 3

)

v—a2-b2d

2a

input LIntegrate [x/(a + b*Cschlc + d*x~2]),x]

~—

output‘((c/d + x72 - (2xb*ArcTan[(a - b*Tanh[(c + d*x~2)/2])/Sqrt[-a~2 - b~2]1])/(S

‘ grt[-a”2 - b~2]*d))/(2*a)

—

3.20.

f a+bcsch(c+dz?) dz
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3.20.3 Rubi [A] (warning: unable to verify)

Time = 0.37 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.02, number

of steps used = 8, number of rules used = 7, Bumber of rules _ , 438 Ryjes used = {5960,
integrand size

3042, 4270, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a: dx
a + besch (¢ + dz?)
l 5960

E / ! dz?
2 ) a+ besch (dz? + ¢)
| 3042

2

1 / 1 da
2 J a+ibesc (idx? + ic)

l_4270
1 dx?
([ e
21 a a
l 3042
S SRR
e f1_<;j+) *
21 a a
l 3139
. 1 . 1
2 2zfx4+mrm(%lw+ld(ztanh(2(dx2+c)))
2| @ " ad
l 1083
a2 4ij‘i;Z:Z%%§;de(2itanh(%(dmZ—FC))—-Q%Q
21 a ad
l 217

3.20. f a+bCSCﬁ(c+dz2) dz



input

output

rule 217

rule 1083

rule 3042

rule 3139

rule 4270

rule 5960
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1
1 22 2barctanh (%)
2l a adva? + b2

-

LInt [x/(a + b*Csch[c + d*x~2]),x]

~—

‘ (x~2/a - (2*b*ArcTanh[(b*Tanh[(c + d*x~2)/2])/(2*Sqrt[a~2 + b~2])]1)/(a*Sqr
t[a™2 + b~2]*d))/2

N\

3.20.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*xx + a
*e"2%x"2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

/Int[(csc[(c_.) + (d_)*(x_)1*(b_.) + (a_))"(-1), x_Symbol] :> Simpl[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a~2 - b~2, 0]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m

+ 1)/n], 0] && IntegerQ[p]

3.20. f m de‘
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3.20.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.48

method result size
—2btanh(%+§) +2a
2b arctanh
2v/a2+b2 1n(1+tanh(i%3+%>> 1n<tanh<i23£+%>—1)
+ —
. . .. a2 102
derivativedivides b S E— - 89
—2btanh<i2’£+%) +2a
2b arctanh 55 2 2
2\/‘1 +b 1n(1+tanh(%+%)) ln<tanh<d%+%>—l)
+ p—
a\/a2+b2 a a
default 53 89
2 a5+ a2 152 2 VaZTb%—a2 b2
bl dxz“+c bVa“+b“+a“+b bl dz+c bVa“+ )
risch 2 “(e I e G =2 139
2a 2va2+b2 da 2va2+4b2 da

inputLint(x/(a+b*csch(d*x‘2+c)),x,method=_RETURNVERBOSE)

-/

output \ 1/2/d*(2*b/a/(a"~2+b"2) ~(1/2) *arctanh (1/2% (-2*b*tanh (1/2*d*x~2+1/2*c) +2*a) / \
‘(a“2+b‘2)“(1/2))+1/a*1n(1+tanh(1/2*d*x“2+1/2*c))—1/a*1n(tanh(1/2*d*x“2+1/2
‘ *c)-1)) ‘

3.20.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 213 vs. 2(55) = 110.

Time = 0.27 (sec) , antiderivative size = 213, normalized size of antiderivative = 3.55

/ i dz
a + besch (¢ + dz?)

(a2 + b2 ) d.’L'2 +vaZF+ b2blo a? cosh(dz?+c) % 4a2sinh (dz?+c) 242 abcosh (dz?+c)+a?+2b2+2 (a? cosh(dz?+c)+ab) sinh (dw?+
g a cosh(dz2+c)?+a sinh(dz2+c) 242 b cosh(dz2+c)+2 (a cosh(dz2+c)+

2 (a®+ ab?)d

inputkintegrate(x/(a+b*csch(d*x‘2+c)),x, algorithm="fricas") J

output | 1/2%((a”2 + b~2)*d*x"2 + sqrt(a”2 + b~2)*b*log((a~2*cosh(d*x"2 + c)~2 + a~
2*sinh(d*x”"2 + c)~2 + 2*a*b*cosh(d*x"2 + c) + a~2 + 2*b~2 + 2x(a"2*cosh(d*
X"2 + c) + a*b)*sinh(d*x"2 + c) + 2xsqrt(a”2 + b"2)*(a*xcosh(d*x"2 + c) + a
*sinh(d*x~2 + c) + b))/(a*cosh(d*x~2 + c)~2 + a*sinh(d*x~2 + c)~2 + 2xbxco
sh(d*x~2 + c) + 2*%(a*cosh(d*x”"2 + c) + b)*sinh(d*x"2 + c) - a)))/((a"3 + a
*b~2) *d)

3.20. f a+bCSClz1(c+dz2) dz
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3.20.6 Sympy [F]

/ ° dxr = / ° dz
a+besch (c+dx?) ~ ) a+besch(c+ dz?)

inputLintegrate(x/(a+b*csch(d*x**2+C)),X)

outputtlntegral(x/(a + bxcsch(c + d*x**2)), x)

3.20.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.53

blog “e(_dzz_c) mboiuteh 2
/ x dr = — ae 42 =¢) _y o JarreE N dz? + ¢
a+ besch (¢ +dx?) 2+va? + b2ad 2ad

inputLintegrate(x/(a+b*csch(d*x“2+c)),x, algorithm="maxima")

output‘—1/2*b*1og((a*e‘(-d*x‘2 - c) - b - sqgrt(a™2 + b"2))/(a*e”(-d*x"2 - c) - b
‘+ sqrt(a”™2 + b72)))/(sqrt(a™2 + b"2)*a*xd) + 1/2x(d*x"2 + c)/(a*xd)

3.20.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.53

2ae(°+e) Lop o Ve TH
blog
dz? +c¢

T 20¢(°+) 12b 10 varTEe
dr = —
/a+bcsch(c+dx2) o 22 + Bad + 2 ad

input Lintegrate (x/ (atb*csch(d*x~2+c)) ,x, algorithm="giac")

output‘—1/2*b*log(abs(2*a*e‘(d*x‘2 + c) + 2%b - 2*sqrt(a”2 + b~2))/abs(2*a*xe” (d*x
\‘2 + c) + 2%b + 2*sqrt(a”2 + b72)))/(sqrt(a”2 + b~2)*a*xd) + 1/2*%(d*x"2 + ¢
)/ (axd)

3.20. f a+bCSClz1(c+dz2) dz
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3.20.9 Mupad [B] (verification not implemented)

Time = 2.78 (sec) , antiderivative size = 175, normalized size of antiderivative = 2.92

/ a dx
a + besch (¢ + dz?)

ad Vb be?®’ e V_aT Z—a? b2 d2 | a’bde?®” ¢ VB2 v—al d®—aZbZd® 2
72 atan(\/_a4 TR wZd Vo + oS d2+al b2 42 Vb
2a V—atd? — a2 b d2

input Lint(x/(a + b/sinh(c + d*x"2)),x)

e

x"2/(2*%a) - (atan((axd*(b"2)"(1/2))/(- a~4*d"2 - a~2xb"2*xd"2)~(1/2) - (b*e
‘Xp(d*x‘2)*exp(c)*(- a~4*d"2 - a"2xb~2xd"2)~(1/2))/(a”2*d*(b~2)"(1/2)) + (a
"2*b*d*exp(d*x“2)*exp(c)*(b‘2)‘(1/2)*(— a~4*d~2 - a~2*xb~2xd"2)"(1/2))/(a"6
L*d‘z + a™4xb"2%d"2))*(b72)"(1/2)) /(- a"4*d™2 - a~2%b~2xd"2)"(1/2)

output

~——

3.20. f a+bCSCﬁ(c+dz2) dz
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3.21 [ L dz
x (a—l—bCSCh (c+dz?) )

3.21.1 Optimal result . . . . . . .. . ... . 148]
3.21.2 Mathematica [N/A] . . . ... ... . 148
3.21.3 Rubi [N/A] « .« o oo oo e e 149
3.21.4 Maple [N/A] (verified) . . . . . . . . ... 149
3.21.5 Fricas [N/A] . . . . . 150
3.21.6 Sympy [N/A] . . . . 1501
3.21.7 Maxima [N/A] . . . . . . . 150
3.21.8 Giac [N/A] . . . . . o 1511
3.21.9 Mupad [N/A] . . . 151

3.21.1 Optimal result

Integrand size = 18, antiderivative size = 18

1 1
/ z (a + besch (¢ + dz?)) de = Int (z (a + besch (¢ + dz?))’ x)

output ‘ Unintegrable (1/x/(atb*csch(d*x~2+c)) ,x)

3.21.2 Mathematica [N/A]

Not integrable

Time = 2.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ z (a + besch (¢ + dx?)) de = / z (a + besch (¢ + dz?)) de

input LIntegrate [1/(x*(a + b*Csch[c + d*x~2])),x] J

-

output LIntegrate [1/(x*(a + bxCsch[c + d*x~2])), xI]

~—

1
3.21. J x(a+bCSCh(c+dx2)) dz
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3.21.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ z (a + besch (¢ + dz?)) dz
| 5962

1
/ 7 (a+ bosch (c + dz?))

inputLInt[l/(x*(a + bxCschlc + d*x~2])),x]

-

output L$Aborted

~—

3.21.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (d_)*x_)" (@ )1*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
\m, n, p}, xl

3.21.4 Maple [N/A] (verified)

Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/x(a-l—b csch (d z? +c))dac

N

input |int (1/x/ (a+bkcsch(d*x~2+c)) »X)

~—

-

output Lint (1/x/ (a+b*csch(d*x~2+c)) ,x)

-/

1
3.21. J x(a+bCSCh(c+dx2)) dz
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3.21.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

1 1
/ z (a + besch (¢ + dx?)) de = / (besch (dz? + ¢) 4+ a)z de

input Lintegrate (1/x/ (atb*csch(d*x~2+c)) ,x, algorithm="fricas")

output Lintegral(i/(b*x*csch(d*x“2 + ¢c) + a*x), x)

3.21.6 Sympy [N/A]
Not integrable

Time = 0.78 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

1 1
/ z (a + besch (¢ + dx?)) de = / z (a + besch (¢ + dx?)) de

input Lintegrate (1/x/ (a+b*csch (d*x**2+c)) ,x)

output LIntegral(i/(x*(a + b*csch(c + d*x*x2))), x)

3.21.7 Maxima [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 59, normalized size of antiderivative = 3.28

1 1
/ z (a + besch (¢ + dx?)) de = / (besch (dz? + ¢) 4+ a)z de

input Lintegrate (1/x/ (at+b*csch(d*x~2+c)) ,x, algorithm="maxima")

output‘ -2xbxintegrate (e~ (d*x~2 + c)/(a”2*x*e” (2%d*x~2 + 2%c) + 2kaxb*x*e”(d*x"2 +
‘ c) - a"2xx), x) + log(x)/a

1
321 x<a+bCSCh(c+dx2)) dz
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3.21.8 Giac [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ z (a + besch (¢ + dz?)) de = / (besch (dz? +¢) + a)x de

-

input Lintegrate (1/x/ (atb*csch(d*x~2+c)) ,x, algorithm="giac")

-/

output Lintegrate(l/((b*csch(d*x"2 + c) + a)*x), x)

3.21.9 Mupad [N/A]

Not integrable

Time = 2.26 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/:c(a—i—bcscll1(c+dx2))d$:/x <a+;> dz

sinh(d z2+c)

input Lint(l/(x*(a + b/sinh(c + d*x~2))),x)

output Lint(l/(x*(a + b/sinh(c + d*x~2))), x)

1
3.21. f x<a+bCSCh(c+dx2)) dz
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2

3.99 f a+bCSC£(c+dx ) do

3.22.1 Optimal result . . . . . . . . . ... .. 152
3.22.2 Mathematica [N/A] . . . . .. . . . 152
3.22.3 Rubi [N/A] . . o oo 153
3.22.4 Maple [N/A] (verified) . . . . . . . ... L 154
3.22.5 Fricas [N/A] . . . . . 154
3.22.6 Sympy [N/A] . . . . 154
3.22.7 Maxima [N/A] . . . . . . 155
3.22.8 Giac [N/A] . . . . . e 1551
3.22.9 Mupad [N/A] . . . . 155

3.22.1 Optimal result

Integrand size = 16, antiderivative size = 16

xr2

a + besch(c + dx?)
72

2
do = =2 + bInt <—CS°h(C *do ),x>

-

output L—a/x+b*Unintegrab1e (csch(d*x~2+c) /x"2,x)

-/

3.22.2 Mathematica [N/A]

Not integrable

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ a + besch(c + dx?) dp — / a + besch(c + dx?)

z2 z2

dz

-/

input LIntegrate [(a + b*Csch[c + d*x~2])/x"2,x]

output LIntegrate[(a + bxCschlc + d*x72])/x72, x] J
392, [ onesdilrds) 5
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3.22.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
/a+bcschgc+dac ) i
T

l 2010
2
/ <a2+ bcsch(c;—da: )) s
T T
l 2009
2
b/csch(daz +c) dr a
T T

input LInt[(a + b*Cschl[c + d*x~2])/x"2,x]

output | $Aborted

N\

3.22.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

322. | a+bcsch (c+dz?) dz

x2
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3.22.4 Maple [N/A] (verified)

Not integrable

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a—|—bcsch(dm2—|—c)

x2

dz

input Lint ((at+b*csch(d*x~2+c))/x"2,%)

output Lint ((atb*csch(d*x~2+c)) /x"2,x)

3.22.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ a + besch(c + dz?) s = / besch (dz? +¢) +a e

2 x2

inputLintegrate((a+b*csch(d*x“2+c))/x“2,x, algorithm="fricas")

outputLintegral((b*csch(d*x“2 +c) +a)/x"2, x)

3.22.6 Sympy [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/ a + besch(c + dz?) i — / a + besch (¢ + dz?) i

2 x2

inputtintegrate((a+b*csch(d*x**2+c))/x**2,x)

-

output tIntegral((a + bkcsch(c + dxx**x2))/x**2, x)

e—

a+bCSCh (c+dx2) dx

x2

322. [
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3.22.7 Maxima [N/A]

Not integrable

Time = 0.32 (sec) , antiderivative size = 40, normalized size of antiderivative = 2.50

dz

/ a + besch(c + dz?) i — / besch (dz? +¢) +a

2 x2

inputLintegrate((a+b*csch(d*x‘2+c))/x“2,x, algorithm="maxima"

outputL2*b*integrate(1/(x“2*(e‘(d*x‘2 +¢c) - e"(-d*x"2 - ©))), x) - a/x

3.22.8 Giac [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/ a + besch(c + dz?) d — / besch (dz? 4+ ¢) + a

T2 z2

inputLintegrate((a+b*csch(d*x‘2+c))/x‘2,x, algorithm="giac")

-

outputtintegrate((b*csch(d*x‘Q +c) +a)/x"2, x)

—

3.22.9 Mupad [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ a + besch(c + dz?) dr = / a_+ Sinh(_dbx2+c) dx

2 x2

inputtint((a + b/sinh(c + d*x~2))/x"2,x)

outputtint((a + b/sinh(c + d*x~2))/x"2, x)

322. | a+bcsch (c+dz?) dz

x2
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20
3.23 5 dx
(a-l—bCSCh (c+dz?) )
3.23.1 Optimal result . . . . . . . . . .. .. 157
3.23.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo oL 158
3.23.3 Rubi [A] (verified) . . . . . ... .. 150
3.23.4 Maple [F] . . . . . . 161]
3.23.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... . 161l
3.23.6 Sympy [F] . . . . . 162
3.23.7 Maxima [F] . . . . . . .. 163
3.23.8 Giac [F] . . . . . . e 163
3.23.9 Mupad [F(-1)] . . . . o 163
z°
323 J (a+beschetda?))”
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3.23.1 Optimal result

Integrand size = 18, antiderivative size = 922

C z2
z° p b2t 26 b2 log (1 + —bfi/;%>
(a + besch (¢ + da?))? T T (a® +b%)d " 6a? " a? (a? + b%) d?
aec dz? aec dz?
atlog (1+ 2 ) botlog (14527555 )
22 (a2 + b2)** d a’va? + b*d
2,2 aectdz® 3, 4 aectds?
+b$ 10g<1+b+\/m) _b$ 10g<1+b+\/m)
a? (a? + b?) d? 202 (a2 + b2)** d
batlog (1+ 27} 12 PolyLog (2, — % e
n d 0g< b+\/m) n oy og( ’_b—\/a2+b2)
a?v/a? + b2d a’ (a® + b?) d?
b2 PolyLog (2, —bff/%)
+
a2 (a2 + b2)** 2
2ba? PolyLog (2, ~ ;4 )
B a2v/a? + b2d?
b? PolyLo (2 —ﬂ) b3z? PolyLo (2 —ae ﬂ)
+ y g ) b+ /a2+b2 _ y g Y b+ a2+b2
a? (a% + b%) d3 a2 (a2 + 0?)** @2
C 132
2ba? PolyLog (2, —;2555;
+
V@ T P
ae’ dz? ae’ dz?
B b% PolyLog (3, —ﬁ) 2b PolyLog (37 —b_:ﬁ)
a2 (a? + b2)%% @3 a’va? + b*d3
ae’ dz? ae’ dz?
.\ b® PolyLog (3, _W%W> ~ 2b PolyLog (37 _—bJﬂ/;ﬁ)
& @+ CER
b%z* cosh (c + dz?)

2a (a? + %) d (b + asinh (¢ + dz?))

z‘5
323. f (a+beschetda?))”
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-1/2%b"2%x~4/a"~2/(a"2+b"2) /d+1/6*x~6/a"2+b~2xx~2*1n(1+a*exp (d*x~2+c) / (b-(a
~2+b72)"(1/2)))/a"2/(a"2+b~2) /d"2+1/2*b"3*x"4*1n (1+a*exp (d*x~2+c) / (b-(a~2+
b"2)"(1/2)))/a~2/(a"2+b"2) " (3/2) /d+b~2*x~2*1n(1+a*exp (d*x~2+c)/(b+(a~2+b"2
)"(1/2)))/a"2/(a"2+b"2) /d"2-1/2%b"3*x"4*1n (1+a*exp (d*x~2+c)/ (b+(a~2+b~2) ~ (
1/2)))/a"2/(a"2+b~2)~(3/2) /d+b~2*polylog(2,-a*exp(d*x~2+c)/(b-(a~2+b~2) " (1
/2)))/a~2/(a~2+b"2) /d~3+b"3*x"2*polylog(2,-a*exp(d*x~2+c)/(b-(a~2+b~2) ~(1/
2)))/a~2/(a~2+b~2)~(3/2) /d"2+b"2xpolylog(2,-a*exp (d*x~2+c)/ (b+(a~2+b~2) ~ (1
/2)))/a~2/(a~2+b~2) /d~3-b"3*x"2*polylog(2,-a*exp (d*x~2+c) / (b+(a~2+b~2) ~(1/
2)))/a~2/(a~2+b~2)~(3/2) /d~2-b"3*polylog(3,-a*exp (d*x~2+c)/(b-(a~2+b~2) ~ (1
/2)))/a~2/(a~2+b~2)~(3/2) /d~3+b~3*polylog(3,-a*xexp (d*x~2+c) / (b+(a~2+b~2) ~(
1/2)))/a~2/(a~2+b~2) "~ (3/2)/d"3-1/2*b~2*x"4*cosh(d*x~2+c) /a/(a~2+b~2) /d/ (b+
axsinh(d*x~2+c))-b*x~4*1n(1+axexp(d*x~2+c)/(b-(a"2+b~2)~(1/2)))/a~2/d/(a"2
+b~2) ~(1/2) +b*x~4*1n (1+a*exp (d*x~2+c) / (b+(a~2+b~2)~(1/2)))/a~2/d/(a"2+b"2)
~(1/2)-2xb*x~2*polylog(2,-a*exp(d*x~2+c) / (b-(a"2+b"2)~(1/2)))/a~2/d"2/(a"2
+b72) 7 (1/2) +2%b*x~2*polylog(2,-a*exp(d*x~2+c) / (b+(a~2+b~2)~(1/2))) /a~2/d"2
/(a~2+b~2) " (1/2)+2*b*polylog(3,-a*exp (d*x~2+c)/(b-(a~2+b~2)~(1/2)))/a~2/d"
3/(a~2+b~2) " (1/2) -2*b*polylog(3,-a*exp(d*x~2+c) / (b+(a~2+b~2)~(1/2)))/a~2/4d

~3/(a"2+b"2)"(1/2)

3.23.2 Mathematica [A] (verified)

Time = 4.08 (sec) , antiderivative size = 1502, normalized size of antiderivative = 1.63

5
/ ad 5 dr = Too large to display
(a + besch (¢ + dx?))

e

inputLIntegrate[x“B/(a + b*Cschlc + d*x~2])"2,x]

~—

5
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(Cschlc + d*x~2]"2x(b + a*Sinh[c + d*x~2])*((6%b~2*x~4*Csch[c]*(b*Cosh[c]

+ axSinh[d*x~2]))/((a”2 + b~2)*d) + 2*x"6*(b + a*Sinh[c + d*x"2]) - (6*b*E
~(2%c) * (2%b*d"2+#E” (2xc) *Sqrt [(a”2 + b"2)*E~(2*c)]*x"4 + 2xbxd*Sqrt[(a”2 +
b~2)*E~(2*c)]*x"2xLog[1 + (a*E~(2*c + d*x"2))/(b*E"c - Sqrt[(a”2 + b~2)*E"
(2%xc)])] - 2xbxd*E~(2*c)*Sqrt[(a~2 + b~2)*E~(2*c)]*x"2*Log[1l + (a*xE~(2*c +
d*x~2))/(b*E"c - Sqrtl[(a”™2 + b"2)*E~(2*c)])] - 2*a~2xd"2xE”c*x"4*Logl[l +
(a*E~(2*c + d*x"2))/(b*E~c - Sqrt[(a”2 + b"2)*E~(2*c)])] - b~2*d"2*E~c*x"4
*xLog[1l + (a*E~(2%c + d*x~2))/(b*E"c - Sqrt[(a”2 + b 2)*E~(2*c)])] + 2*a~2#
d~2+E~(3*c) *x"4*Log[1 + (a*E~(2*c + d*x~2))/(b*E"c - Sqrt[(a™2 + b~2)*E~(2
*c)])] + b~2*%d"2*E~(3*c)*x~4*Log[1 + (a*E~(2*c + d*x~2))/(b*E~c - Sqrt[(a”
2 + b72)*E"(2%c)])] + 2%bxd*Sqrt[(a”2 + b~2)*E~(2*c)]*x"2*Log[1 + (axE~(2*
c + d*x72))/(b*E"c + Sqrt[(a”2 + b 2)*E~(2*c)])] - 2%bxd*E~(2*c)*Sqrt[(a~2
+ b"2)*#E"(2xc) ] *x"2xLog[1 + (a*E~(2xc + d*x~2))/(b*E"c + Sqrt[(a”2 + b~2)
*E~(2%c)])] + 2*%a”~2*%d"2*E”c*x"4*Log[l + (a*E~(2*c + d*x~2))/(b*E~c + Sqrtl[
(2”2 + b"2)*E~(2%c)])] + b~2*%d"2*E"c*x"4*Log[1l + (a*E~(2%c + d*x"2))/(b*E~
c + Sqrt[(a”2 + b™2)*E~(2xc)])] - 2xa~2*d"2+E~ (3xc)*x"4xLog[l + (a*E~(2*c
+ d*xx"2))/(b*xE"c + Sqrt[(a”2 + b~2)*E~(2%c)])] - b~2xd"2+E~ (3*c)*x"4*Log[1
+ (a*E~(2xc + d*x~2))/(b*E"c + Sqrt[(a”™2 + b"2)*E~(2*c)])] + 2x(-1 + E~(2
*xc))*(—(b*Sqrt[(a™2 + b"2)*E~(2*c)]) + 2xa~2*d*E~c*x~2 + b~2*d*E”~c*x~2)*Po
lyLogl[2, -((a*E~(2*c + d*x~2))/(b*E"c - Sqrt[(a™2 + b~2)*E~(2*%c)1))] - ...

3.23.3 Rubi [A] (verified)

Time = 2.30 (sec) , antiderivative size = 924, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Lumber of rules _ () 222, Rules used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

25
/ 5 d
(a + besch (¢ + dx?))
| 5960

1 / zt 9
= 5dx
2 ) (a+ besch (dz? + c))

l 3042
1 / 2
2./ (a+ibcsc (Zd.’L‘2 + zc))
l'4679

z.5
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1 2bx* z* b2z 2
= — . 2 + ) + . 2 dl‘
2 a? (b +asinh (dz2 +¢c))  a? a2 (b+ asinh (dz2 + ¢))

l 2009

dz +c

145 2log(; f};;§;,+-1) b log (; ijggﬁ;,+-1) % log (b+vfflgf4-1>

dz +c

b3 log <b+W 1

| =- + +
2| 342 a2/a? + b2d @2 (@ + )2 d a?v/a? + P2d

a? (a2 + b2)3/

input | Int[x~5/(a + b*Csch[c + d*x~2])~2,x]

output

(-((®™2*x"4)/(a™2%(a"2 + b™2)*d)) + x"6/(3*a"2) + (2*b~2*x"2xLog[1l + (a*E~
(c + d*x72))/(b - Sqrt[a™2 + b~2])]1)/(a"2*%(a"2 + b~2)*d"2) + (b~3*x"4*Logl
1 + (a*xE~(c + d*x"2))/(b - Sqrt[a”2 + b72])])/(a"2*(a"2 + b72)"(3/2)*d) -
(2#b*x~4xLog[1 + (a*E~(c + d*x"2))/(b - Sqrt[a~2 + b~2])])/(a"2*Sqrt[a~2 +
b~2]*d) + (2+%b~2xx"2*Log[1 + (a*xE~(c + d*x~2))/(b + Sqrt[a”2 + b~2])]1)/(a
“2%(a”2 + b72)*d"2) - (b"3*x"4*Logl[l + (a*E~(c + d*x~2))/(b + Sqrt[a”2 + b
~2])1)/(a~2*(a”2 + b~2)"(3/2)*d) + (2*b*x~4xLogl[l + (a*E~(c + d*x~2))/(b +
Sqrt[a~2 + b~2])])/(a"2*Sqrt[a”2 + b~2]*d) + (2xb~2xPolyLogl[2, -((a*xE~(c
+ d*x~2))/(b - Sqrt[a~2 + b~2]))])/(a~2%(a~2 + b~2)*d~3) + (2%b~3*x~2%Poly
Log[2, -((a*E~(c + d*x72))/(b - Sart[a”2 + b72]1))1)/(a"2*(a"2 + b~2)~(3/2)
*d~2) - (4xb*x~2xPolyLogl[2, -((a*E~(c + d*x~2))/(b - Sqrt[a~2 + b~2]))1)/(
a~2#Sqrt[a”2 + b"2]*d"2) + (2*b~2*PolyLogl[2, -((a*E~(c + d*x~2))/(b + Sqrt
[a”2 + b72]))]1)/(a"2*(a"2 + b~2)*d"3) - (2%b~3*x"2+PolyLog[2, -((a*E~(c +
d*x~2))/(b + Sqrt[a~2 + b72]))]1)/(a"2*(a"2 + b~2)"(3/2)*d"2) + (4*b*x"~2%Po
lyLog[2, -((a*E~(c + d*x~2))/(b + Sqrt[a”2 + b~2]))])/(a"2*Sqrt[a"2 + b~2]
*d"2) - (2xb~3*PolyLogl[3, -((a*E~(c + d*x~2))/(b - Sqrt[a”2 + b~2]))1)/(a"~
2x(a”2 + b"2)7(3/2)*d"3) + (4*b*PolyLogl[3, -((a*E~(c + d*x~2))/(b - Sqrt[a
"2 + b72]))1)/(a"2#Sqrt[a”2 + b~2]1*d"3) + (2%b~3*PolyLogl[3, -((a*E~(c + d*
x72))/(b + Sqrt[a”2 + b~2]))]1)/(a"2*%(a"2 + b~2)~(3/2)*d"3) - (4*b*PolyLogl
3, -((a*E~(c + d*x~2))/(b + Sqrt[a”2 + b~2]))]1)/(a"~2+Sqrt[a~2 + b~2]*d"...

z.5
323 J (a+beschetda?))”
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3.23.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a ))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)~(n_)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

N\ J

3.23.4 Maple [F]

5
/ 5dx
(a+ b csch(dz? + ¢))

inputLint(x“5/(a+b*csch(d*x‘2+c))“2,x) J

e

output tint (x~5/ (a+b*csch(d*x~2+c)) "2, x)

~—

3.23.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3756 vs. 2(834) = 1668.

Time = 0.32 (sec) , antiderivative size = 3756, normalized size of antiderivative = 4.07

5
/ @tb hx( d 2))2 dxr = Too large to display
a CSchl (C X
inputLintegrate(x“5/(a+b*csch(d*x“2+c))“2,x, algorithm="fricas") J
3.23. ad
J (a+beschetda?))”
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-1/6%((a”5 + 2%a”3%b"2 + a*b”4)*d"3*x"6 + 6x(a”~3*b"2 + a*b"4)*c”2 - ((a”5
+ 2*a"3*b"2 + a*b~4)*d"3*x"6 - 6*x(a”3*%b"2 + a¥*b"4)*d"2*xx"4 + 6x(a~3*%b”"2 +
a*b”~4)*c~2)*cosh(d*x"2 + ¢c)72 - ((a”5 + 2*xa”3%b~2 + a*xb~4)*d"3*x"6 - 6*(a”
3*b"2 + a*b”4)*d"2*%x"4 + 6x(a”3*%b"2 + a*b”4)*c"2)*sinh(d*x"2 + c)”2 + 6%(2
*a"~4*b + a~2*%b"3 - (2*%a"4*b + a~2*%b"3)*cosh(d*x"2 + c)~2 - (2*xa~4xb + a2
b~3)*sinh(d*x"2 + c)~2 - 2*(2*a"3*b~2 + a*b~4)*cosh(d*x"2 + c) - 2*(2xa"3x%
b"2 + axb™4 + (2%a”4%b + a"2xb"3)*cosh(d*x~2 + c))*sinh(d*x"2 + c))*sqrt ((
a”2 + b~2)/a"2)*polylog(3, (bxcosh(d*x"2 + c) + b*sinh(d*x~2 + c) + (a*cos
h(d*x~2 + c) + a*sinh(d*x"2 + c))*sqrt((a”2 + b~2)/a"2))/a) - 6%(2*a~4*b +
a~2xb~3 - (2*a~4xb + a~2xb"3)*cosh(d*x"2 + c)~2 - (2%a”4*b + a”~2*b~3)*sin
h(d*x~2 + c)72 - 2%(2%¥a"3%b~2 + a*b~4)*cosh(d*x"2 + c) - 2x(2*a”3*%b"2 + ax
b4 + (2*a"4xb + a"2xb~3)*cosh(d*x"2 + c))*sinh(d*x~2 + c))*sqrt((a”2 + b~
2)/a~2) *#polylog(3, (b*cosh(d*x~2 + c) + b*sinh(d*x"2 + c) - (a*cosh(d*x"2
+ c) + a*sinh(d#x”2 + c))*sqrt((a™2 + b72)/a"2))/a) - 2*%((a"4*b + 2xa~2xb~
3 + b75)*d"3*x"6 - 3*(a"2*%b"3 + b~5)*d"2*x"4 + 6*(a"2*b"3 + b~5)*c”2)*cosh
(d*x"2 + c) + 6*(a"3*b”"2 + a*b”™4 - (a"3*b"2 + a*b”4)*cosh(d*x"2 + c)~2 - (
a~3*b”"2 + a*b”4)*sinh(d*x"2 + c)”2 - 2*%(a”2*b"3 + b~5)*cosh(d*x"2 + ¢c) - 2
*(a"2%b"3 + b75 + (a”3*b"2 + a*b”4)*cosh(d*x"2 + c))*sinh(d*x"2 + c) + ((2
*a~4*b + a~2+b"3)*d*x"2*cosh(d*x"2 + c)~2 + (2%a”4*b + a”~2*b~3)*d*x"2*sinh
(d*x"2 + c)”2 + 2%(2+%a"3*b"2 + a*b~4)*d*x"2*cosh(d*x"2 + c) - (2*%a"4*b ...

-

3.23.6 Sympy [F]

zd "
5 dT ::]/ 5 dT
(a + besch (¢ + dx?)) (a + besch (¢ + dz?))

inputLintegrate(x**5/(a+b*csch(d*x**2+c))**2,x)

output

N

~—

Integral(x**5/(a + b*csch(c + d*x**2))#**x2, x)

J

z.5
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3.23.7 Maxima [F]

zd z°
b/* 2dm-—L/“ 5 dx
(a + besch (¢ + dz?)) (besch (dx? +¢) + a)

inputLintegrate(x‘5/(a+b*csch(d*x‘2+c))‘2,x, algorithm="maxima")

output | -1/6%((a~3xd*e” (2*%c) + a*b~2kdxe~(2*c))*x"6xe” (2xd*x~2) - 6*a*xb~2*xx"4 - (a
~3%d + axb"2*d)*x"6 + 2% (3*xb"3*x"4*e"c + (a~2kbxd*xe”c + b~ 3*d*e”c)*x"6)*e”
(d*x~2))/(a"5*d + a~3*b"2+xd - (a~b*xd*e~(2*c) + a~3*b~2kd*e”(2*c))*e” (2*d*x
~2) - 2x(a"4xbxd*e”c + a"2xb~3*d*e”c)*e”(d*x"2)) - integrate(2x*(2*axb~2*x~
2 - (2*%b"3*x"2*%e"c + (2*a"2xb*d*e”c + b~ 3*d*e”c)*x"4)*e” (d*x"2))*x/(a~5*d
+ a”"3*%b"2+%d - (a~5xd*e”(2*c) + a”“3*b"2*d*e” (2*c))*e” (2xd*x"2) - 2% (a"4*b*d
*e~c + a~2%b~3*d*e~c)*e”~(d*x"2)), x)

3.23.8 Giac [F]

z° x5
b/ﬁ de::b/* 5 dr
(a + besch (¢ + dz?)) (besch (dz? + ¢) + a)

inputLintegrate(x“5/(a+b*csch(d*x“2+c))“2,x, algorithm="giac")

outputLintegrate(x“5/(b*csch(d*x‘2 +c) +a)72, x)

3.23.9 Mupad [F(-1)]

Timed out.

/ (a+b<>sch%(c+dﬂc2))2 dm:/ ( - )gdrc

a+ sinh(d z2+c)

-

input Lint(x‘S/(a + b/sinh(c + d*x~2))"2,x)

-/

outputtint(x“s/(a + b/sinh(c + d*x"2))"2, x)

-/

z‘5
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4
3.24 | z s da
(a-l—bCSCh (c+dz?) )

3.24.1 Optimal result . . . . . . . . . .. 164
3.24.2 Mathematica [N/A] . . . . . .. . . 164
3.24.3 Rubi [N/A] . . . . . e 165
3.24.4 Maple [N/A] (verified) . . . . . . ... ... 165
3.24.5 Fricas [N/A] . . . . . . 1661
3.24.6 Sympy [N/A] . . . . 166
3.24.7 Maxima [N/A] . . . . . . . 166
3.24.8 Giac [N/A] . . . . o 167
3.24.9 Mupad [N/A] . . . o 167

3.24.1 Optimal result

Integrand size = 18, antiderivative size = 18

zt zt
/ 5 dT = Int( D a:)
(a + besch (¢ + dx?)) (a + besch (¢ + dx?))

e

outputLUnintegrable(x‘4/(a+b*csch(d*x‘2+c))‘2,x)

~—

3.24.2 Mathematica [N/A]
Not integrable

Time = 14.95 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ 5 dr = / 5 dx
(a + besch (¢ + dz?)) (a + besch (¢ + dz?))

inputLIntegrate[x“4/(a + b*Csch[c + d*x~2])"2,x] J

outputtlntegrate[x‘4/(a + b*Cschlc + d*x~2])"2, x] J

Z‘4
324 J (a+beschetda?))”
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3.24.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5962}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

7
/ 5 d
(a + besch (¢ + dx?))
| 5962

7
/ 5dx
(a + besch (¢ + dz?))

inputLInt [x"4/(a + b*Csch[c + d*x~2])"2,x]

output t$Aborted

3.24.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (A_.)*(x_)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
}m, n, p}, x]

3.24.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

!
/ sdx
(a+ b csch(dz? + ¢))

-

input Lint (x~4/ (a+b*csch(d*x~2+c))~2,x)

-/

output Lint (x~4/ (a+b*csch(d*x~2+c))~2,x)

-/

1'4
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3.24.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

zt z
/ 5 dr = / 5 dx
(a + besch (¢ + dz?)) (besch (dx? +¢) + a)

inputLintegrate(x‘4/(a+b*csch(d*x‘2+c))‘2,x, algorithm="fricas")

output‘integral(x“4/(b“2*csch(d*x“2 + ¢c)~2 + 2*%axbxcsch(d*x™2 + ¢) + a~2), x)

3.24.6 Sympy [N/A]

Not integrable

Time = 0.49 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

zt z
/ 5 dr = / 5 dx
(a + besch (¢ + dz?)) (a + besch (¢ + dz?))

input Lintegrate (x**4/ (a+b*csch(d*x**2+c) ) ¥*2,x)

output LIntegral(x**ll/(a + bxcsch(c + dxx**2))**2, x)

3.24.7 Maxima [N/A]

Not integrable

Time = 0.43 (sec) , antiderivative size = 304, normalized size of antiderivative = 16.89

zt z
5 dr = / 5 dT
(a + besch (¢ + dz?)) (besch (dx? +¢) + a)

input Lintegrate (x~4/ (atb*csch(d*x~2+c))~2,x, algorithm="maxima")

z_4
324. f (a+bcschc+da2) ) 2
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output | -1/5%((a~3*d*e~(2*c) + a*b~2xd*e” (2*c))*x"5*xe” (2*xd*x~2) - 5*axb~2*%x~3 - (a
~3*d + a*xb”"2+d)*x"5 + (5%b~3*x"3*e"c + 2*x(a"2*bxd*e”c + b~3*d*e”c)*x"5)*e”
(d*x~2))/(a"5*d + a~3*b"2*d - (a~b*xd*e”(2xc) + a”~3*b~2*d*e” (2*c))*e” (2xd*x
~2) - 2%(a"4*b*d*e"c + a"2xb"3*d*e"c)*e”(d*x"2)) - integrate((3*axb”2*x"2
- (3*%b"3*x"2*xe"c + 2*(2*a”2*b*d*e”c + b~ 3xd*e”"c)*x"4)*e” (d*x"2))/(a"5xd +
a~3*xb"2+d - (a~bxd*e”(2*c) + a”~3*b~2*kd*e”(2*c))*e” (2*xd*x"2) - 2*(a~4*b*d*e
~c + a”2xb~3*d*e"c)*e”(d*x"2)), x)

3.24.8 Giac [N/A]

Not integrable

Time = 0.38 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

4

T / zt
5 dr = 5 dT
(a + besch (¢ + dx?)) (besch (dz? +¢) + a)

p

input‘integrate(x“4/(a+b*csch(d*x‘2+c))“2,x, algorithm="giac")

A

-

output Lintegrate(x“4/(b*csch(d*x‘2 +c) +a)72, x)

-/

3.24.9 Mupad [N/A]

Not integrable

Time = 2.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

z? zt
/ NV dz = / 5 dr
(a + besch (¢ + dx?)) ot b ))

sinh(d z2+c

input Lint(x“4/(a + b/sinh(c + d*x~2))"2,x)

outputtint(x“ll/(a + b/sinh(c + d*x~2))"2, x)

z.4
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3
3.25 | s dz
(a-l—bCSCh (c+dz?) )

3.25.1 Optimalresult . . . ... ... ... .. .. 168]
3.25.2 Mathematica [A] (verified) . . . . . . ... ... ... L L 169
3.25.3 Rubi [A] (verified) . . . . . . . .. ... 170
3.25.4 Maple [F] . . . . . . o 172
3.25.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .... 1721
3.25.6 Sympy [F] . . . . . 173
3.25.7 Maxima [F] . . . . . ... . 173
3.25.8 Giac [F] . . . . . o 174

3.25.9 Mupad [F(-1)] . . . . o

3.25.1 Optimal result

Integrand size = 18, antiderivative size = 519

ae dz?
/ 3 o x_4 N b3z2 log (1 + —b_\/;ﬁ>
(a + besch (¢ + da?))? 4a? 2a2 (a2 + b2)*% d

C 12 C $2
bx? log (1 + &%) b3z? log (1 4 o

a2y/a? + b2d 2a2 (a2 + b2)*/* d

aec+dz2

+ a2‘ /a2 + b2d 20,2 (a2 + b2) d2

b% PolyLog <2, _ _aectds”

bz?log (1 + H\/TW> N b%log (b + asinh (c + dz?))

b—\/—T> bPolyLog (2’ _b—\/—T>

202 (a2 + b2)*/* &2 a*va? + b*d®
3 a,ec+dz2
B b° PolyLog (2, —m) bPolyLog <2a _WTW)
2a2 (a? + b2)*/% @2 a’va? + b2d?
b%z? cosh (c + dz?)

2a (a? + %) d (b + asinh (c + dz?))

z.3
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output | 1/4*x~4/a~2+1/2%b"2x1n(b+a*sinh(d*x~2+c))/a~2/(a"2+b"2) /d~2+1/2%b"3*x"2*1n
(1+a*xexp(d*x~2+c)/(b-(a~2+b"2)"(1/2)))/a"2/(a"2+b~2) ~(3/2) /d-1/2%b"3*x"2%1
n(1l+a*exp(d*x~2+c)/(b+(a~2+b~2)~(1/2)))/a~2/(a"2+b"2) ~(3/2) /d+1/2*b"3*poly
log(2,-axexp(d*x~2+c)/(b-(a~2+b~2)"(1/2)))/a~2/(a"2+b~2)~(3/2) /d"2-1/2*b"3
*xpolylog(2,-a*exp(d*x~2+c)/(b+(a~2+b~2)"(1/2)))/a"2/(a"~2+b"2)~(3/2) /d~2-1/
2xb~2xx~2xcosh (d*x~2+c) /a/ (a"2+b"2) /d/ (b+a*sinh (d*x~2+c) ) -b*x~2*1n (1+a*exp
(d*x~2+c)/(b-(a"2+b"2)~(1/2)))/a~2/d/(a"2+b"2) ~(1/2) +b*x~2*1n(1+a*exp (d*x~
2+c)/ (b+(a~2+b~2)"(1/2)))/a~2/d/(a~2+b~2) " (1/2) -b*polylog(2,-a*exp (d*x~2+c
)/ (b-(a~2+b~2)~(1/2)))/a~2/d~2/(a~2+b~2) ~(1/2) +b*polylog(2,-a*exp (d*x~2+c)
/(b+(a”2+b~2)~(1/2)))/a~2/d"2/(a"2+b~2) " (1/2)

3.25.2 Mathematica [A] (verified)

Time = 3.91 (sec) , antiderivative size = 735, normalized size of antiderivative = 1.42

23
/ 5 dz
(a + besch (¢ + dx?))

2ab?dz? cosh (c+dw2)
- a24b2

csch?(c + dx?) (b + asinh (c + dz?)) + (—c+ dz?) (¢ + dz?) (b + asinh (¢ + dz?)) —

input‘Integrate[x‘S/(a + b*Cschlc + d*x~2])"2,x]

output | (Csch[c + d*x~2]"2*%(b + a*Sinh[c + d*x~2])*((-2*a*b~2*d*x"2*Cosh[c + d*x~2
1D/(@™2 + ©72) + (-c + d*x"2)*(c + d*x"2)*(b + a*Sinh[c + d*x"2]) - (2xbx(
a~2 + b™2)*(-(b*Sqrt[-(a"2 + b~2)"2]*(c + d*x~2)) + 2xb"2xSqrt[a~2 + b~2]*
ArcTan[(b + a*E~(c + d*x~2))/Sqrt[-a”2 - b~2]] + 2*%b~2xSqrt[-a~2 - b 2]*Ar
cTanh[(b + a*E~(c + d*x~2))/Sqrt[a”™2 + b~2]] - 4xa~2*Sqrt[-a”2 - b"2]*c*Ar
cTanh[(b + a*E~(c + d*x~2))/Sqrt[a”2 + b~2]] - 2xb~2*Sqrt[-a~2 - b"2]*c*Ar
cTanh[(b + a*E~(c + d*x~2))/Sqrt[a”2 + b~2]] - 2*a~2xSqrt[-a~2 - b"2]*(c +
d*x~2)*Log[1 + (a*xE~(c + d*x"2))/(b - Sqrt[a"2 + b~2])] - b~2*Sqrt[-a~2 -
b~2]*(c + d*x~2)*Log[l + (a*E~(c + d*x"2))/(b - Sqrt[a~2 + b"2])] + 2x%a~2
*Sagrt[-a”2 - b"2]*(c + d*x~2)*Log[l + (a*E~(c + d*x"2))/(b + Sqrt[a~2 + b~
2])] + b~2xSqrt[-a”2 - b"2]*(c + d*x"2)*Logl[l + (a*E~(c + d*x~2))/(b + Sqr
t[a~2 + b~2])] + b*Sqrt[-(a~2 + b~2)"2]*Log[2*b*E~(c + d*x~2) + ax(-1 + E~
(2x(c + d*x"2)))] - Sart[-a"2 - b~2]*(2*a"2 + b~2)*PolyLog[2, (a*E~(c + d*
x72))/(-b + Sqrt[a”2 + b~2])] + Sqrt[-a”2 - b"2]*(2*a"2 + b~2)*PolyLogl2,
-((a*E~(c + d*x~2))/(b + Sqrt[a”2 + b~2]1))]1)*(b + a*Sinh[c + d*x~2]))/(-(a
"2 + b72)72)7(3/2)))/(4*%a”2*d"2*(a + b*Cschlc + d*x~2])"2)

z.3
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3.25.3 Rubi [A] (verified)

Time = 1.28 (sec) , antiderivative size = 510, normalized size of antiderivative = 0.98,
number of steps used = 5, number of rules used = 4, Mumber of rules _ ( 999 Ry e used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

$3
/ 5 dT
(a + besch (¢ + dx?))

l 5960

1 z?
2
/ 5dx
2/ (a+ besch (dz? + c))
| 3042

1 j/ z? 9
9 . . . \\2 dx
2 ) (a+ibesc (idx? + ic))

| 4679

1 2bx? z? b?z? 2
= - - 3 + 5+ . 7 ) do
2 a? (b +asinh (dz? +¢))  a? a2 (b+ asinh (dz2? + ¢))

| 2009

edz2+c

1?2 c
. _szdyLog(z,-if%ﬁ%ﬁ) 2bPo@Log(2,-;;ﬂﬂ+w)_+b2bg(aﬁnh(c4_dx3_+b) 2bx2bg(5:7§

aect

2 2EVETE | deVe TP a2 (a? + b7)

e

inputLInt [x~3/(a + b*Csch[c + d*x~2])"2,x]

A

z.3
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output

(x~4/(2*a"2) + (b~3*x"2xLog[1l + (a*E~(c + d*x~2))/(b - Sqrt[a~2 + b~2]1)]1)/
(a”2*%(a"2 + b~2)"(3/2)*d) - (2*%b*x~2xLog[1l + (a*xE~(c + d*x~2))/(b - Sqrt[a
"2 + b72])]1)/(a"2*Sqrt[a”2 + b"2]*d) - (b~3*x"2xLogl[l + (a*E~(c + d*x"2))/
(b + Sqgrt[a”2 + b"2])])/(a"2*%(a"2 + b~2)~(3/2)*d) + (2%b*x"2*Log[l + (a*E~
(c + d*x~2))/(b + Sqrt[a”2 + b~2])])/(a~2*Sqrt[a”2 + b~2]*d) + (b~2*Loglb
+ axSinh[c + d*x72]]1)/(a"2*(a”2 + b~2)*d"2) + (b~3*PolyLog[2, -((a*E~(c +
d*x72))/(b - Sqrt[a”2 + b~2]))]1)/(a"2*(a"2 + b~2)"(3/2)*d"2) - (2*b*PolyLo
gl2, -((a*E~(c + d*x~2))/(b - Sqrt[a~2 + b~2]))])/(a~2*Sqrt[a~2 + b~2]*d"2
) - (b"3*PolyLog[2, -((a*E~(c + d*x~2))/(b + Sqrtl[a~2 + b~2]))])/(a"2*(a"2
+ b72)7(3/2)*d"2) + (2¥b*PolyLogl[2, -((a*E~(c + d*x"2))/(b + Sqrt[a™2 + b
~21))1)/(a~2+Sqrt[a”2 + b"2]*d"2) - (b~2*x"2xCosh[c + d*x~2])/(a*(a"2 + b~
2)*d*(b + a*Sinh[c + d*x~2])))/2

-

rule 2009L

rule 3042

N

rule 4679

rule 5960

3.25.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

z.3
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3.25.4 Maple [F]

73
/ 5dx
(a+ b csch (dz? + ¢))

input  int (x~3/(a+b*csch(d*x~2+c))~2,x)

N

output{int(x“3/(a+b*csch(d*x”2+c))”2,x)

3.25.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2383 vs. 2(461) = 922.

Time = 0.31 (sec) , antiderivative size = 2383, normalized size of antiderivative = 4.59

3
/ ad 5 dr = Too large to display
(a + besch (¢ + dz?))

input  integrate(x~3/(a+b*csch(d*x~2+c))~2,x, algorithm="fricas")

output | -1/4*x((a”5 + 2%a”3*b~2 + a*b~4)*d"2*x"4 - ((a”5 + 2*a~3*%b"2 + a*xb™4)*d"2*x
4 - 4%(a”3*b"2 + axb”4)*d*x"2 - 4*(a"3%b”"2 + a*b”4)*c)*cosh(d*x"2 + c)~2
- ((@"5 + 2*%a”3*b”2 + a*b”4)*d"2*x"4 - 4%(a”3%b"2 + axb"4)*d*x"2 - 4x(a”3*
b~2 + a*b~4)*c)*sinh(d*x"2 + c)~2 - 2%(2*xa~4*b + a~2*xb"3 - (2*xa~4xb + a2
b~3)*cosh(d*x"2 + c)~2 - (2*%a”4*b + a”~2*b~3)*sinh(d*x~2 + c)~2 - 2*(2%a”3x%
b"2 + a*xb”4)*cosh(d*x"2 + c) - 2x(2*¥a"3*b"2 + axb™4 + (2*%a~4%b + a~2*b"3)*
cosh(d*x~2 + c))*sinh(d*x"2 + c))*sqrt((a”2 + b~2)/a~2)*dilog((b*cosh(d*x"
2 + c) + bxsinh(d*x”2 + c) + (a*cosh(d*x"2 + c) + a*sinh(d*x~2 + c))*sqrt(
(a”2 + b™2)/a"2) - a)/a + 1) + 2x(2xa~4*b + a~2*b~3 - (2*a"4xb + a~2%b"3)*
cosh(d*x”2 + ¢)72 - (2%¥a"4xb + a~2*b~3)*sinh(d*x~2 + ¢c)~2 - 2*%(2*a~3*b~2 +
axb~4)*cosh(d*x~2 + c) - 2%(2%a~3%b”2 + a*b~4 + (2*a~4*b + a~2*b~3)*cosh(
d*x~2 + c))*sinh(d*x"2 + c))*sqrt((a”2 + b~2)/a"2)*dilog((b*cosh(d*x"2 + ¢
) + b*sinh(d*x~2 + c) - (a*cosh(d*x"2 + c) + a*sinh(d*x~2 + c))*sqrt((a~2
+ b~2)/a"2) - a)/a + 1) - 2*x((2*%a"4*xb + a~2*b~3)*d*x"2 - ((2*a"4*b + a~2+*b
~3)*d*x"2 + (2*%a”~4*xb + a”~2*%b~3)*c)*cosh(d*x"2 + c)~2 - ((2*%a~4*xb + a~2*b~3
)*d*x"2 + (2*%a~4%b + a"2%b"3)*c)*sinh(d*x"2 + c)~2 + (2*xa"4*b + a~2*b~3)*c
- 2%((2%a"3*b"2 + axb”4)*d*x"2 + (2*a~3*b~2 + a*b"4)*c)*cosh(d*x"2 + c) -
2% ((2*a~3*b"2 + a*b~4)*d*x"2 + (2*a~3*b"2 + axb~4)*c + ((2*%a"4*b + a~2*b”
3)*d*x"2 + (2*xa”4xb + a~2*b"3)*c)*cosh(d*x~2 + c))*sinh(d*x~2 + c))*sqrt((
a"2 + b~2)/a"2)*log(-(b*cosh(d*x~2 + c) + b*sinh(d*x~2 + c) + (axcosh(d...

3
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3.25.6 Sympy [F]

z3 3
L/‘ 2dm:=t/m 5 dx
(a + besch (¢ + dz?)) (a + besch (¢ + dz?))

integrate (x**3/ (a+b*csch(d*x**2+c) ) **2,x)

\

‘Integral(x**S/(a + bxcsch(c + d¥x**2))**2, x)

3.25.7 Maxima [F]

z3 3
5 dT ::]/ 5 dT
(a + besch (¢ + dx?)) (besch (dz? +¢) + a)

p
Lintegrate(x‘3/(a+b*csch(d*x‘2+c))‘2,x, algorithm="maxima")

~—

-4%a”2xbxd*integrate(x~3*e” (d*x"2 + c)/(a"bkdxe~ (2xd*x"2 + 2%c) + a~3*b~2*
dxe” (2%d*x"2 + 2%c) + 2*a~4xb*d*e” (d*x"2 + c) + 2*a~24b"3*kd*e”(d*x"2 + c)
- a”bxd - a~3%b"2xd), x) - 2*b"3*d*integrate(x~3*e”(d*x"2 + c)/(a"5xd*e” (2
*d*x"2 + 2%c) + a~3*%b~2xd*e” (2%d*x"2 + 2%c) + 2*a~4sbkd*e”(d*x"2 + c) + 2%
a"2xb"3*d*e~(d*x"2 + c) - a"bxd - a"3*b"2*d), x) + 1/2*a*b”2x(bxlog((axe”(
d*x"2 + c) + b - sqrt(a”2 + b72))/(a*e”(d*x"2 + c) + b + sqrt(a”™2 + b72)))
/((a”5 + a”3*xb"2)*sqrt(a”2 + b"2)*d"2) - 2x(d*x"2 + c)/((a”5 + a~3*%b"2)*d"
2) + log(axe~(2*d*x~2 + 2%c) + 2*b*e~(d*x"2 + c) - a)/((a”6 + a"3*b~2)*d"2
)) - 1/2%b"3xlog((a*e”(d*x"2 + c) + b - sqrt(a™2 + b72))/(axe”(d*x"2 + c)
+ b+ sqrt(a”2 + b72)))/((a”4 + a~2*%b~2)*sqrt(a”2 + b~2)*d"2) - 1/4*((a”~3*
d*e”(2*c) + a*b™2xd*e” (2*xc))*x"4*e” (2*xd*x"2) - 4xaxb”2*x"2 - (a"3*d + a*b”
2xd)*x~4 + 2% (2%b"3*x"2%e”c + (a~2*b*d*e~c + b"3xdxe”c)*x"4)*e”(d*x"2))/(a
~5%d + a~3*%b"2*d - (a~bxd*e”(2*c) + a~3xb"2*dke” (2*c))*e” (2*d*x"2) - 2x(a”
4xbxd*e”c + a~2xb~3xdxe~c)*e” (d*x"2))

3
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3.25.8 Giac [F|

z3 3
dr =
(a + besch (¢ + da?))? / (besch (dz? + ¢) + a)

5 dx

inputLintegrate(x‘S/(a+b*csch(d*x‘2+c))‘2,x, algorithm="giac")

outputLintegrate(x*3/(b*csch(d*x‘2 +c) +a)72, x)

3.25.9 Mupad [F(-1)]

Timed out.

z3 z3
/ 5 dez/ 5 dr
(a + besch (¢ + dx?)) (a—l— b ))

sinh(d z2+c

input Lint(x“s/(a + b/sinh(c + d*x~2))"2,x)

outputtint(x“B/(a + b/sinh(c + d*x~2))"2, x)

3
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2
3.26 | z s dz
(a-l—bCSCh (c+dz?) )

3.26.1 Optimal result . . . . . . .. . ... ... 1775
3.26.2 Mathematica [N/A] . . . . ... .. 175
3.26.3 Rubi [N/A] . . . . . 176!
3.26.4 Maple [N/A] (verified) . . . . . . ... .. . 176
3.26.5 Fricas [N/A] . . . . . . 17
3.26.6 Sympy [N/A] . . . . v
3.26.7 Maxima [N/A] . . . . . . . I
3.26.8 Giac [N/A] . . . . . IVE]
3.26.9 Mupad [N/A] . . . . 178

3.26.1 Optimal result

Integrand size = 18, antiderivative size = 18

z? z?
/ 5 dT = Int( D a:)
(a + besch (¢ + dx?)) (a + besch (¢ + dx?))

e

outputLUnintegrable(x‘2/(a+b*csch(d*x‘2+c))‘2,x)

~—

3.26.2 Mathematica [N/A]
Not integrable

Time = 15.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ 5 dr = / 5 dx
(a + besch (¢ + dz?)) (a + besch (¢ + dz?))

inputLIntegrate[x“2/(a + b*Csch[c + d*x~2])"2,x] J

outputtlntegrate[x‘2/(a + b*Cschlc + d*x~2])"2, x] J

z2
326 J (a+beschetda?))”



CHAPTER 3. LISTING OF INTEGRALS

3.26.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5962}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

22
/ 5 d
(a + besch (¢ + dx?))
| 5962

72
/ 5dx
(a + besch (¢ + dz?))

inputLInt [x"2/(a + b*Csch[c + d*x~2])"2,x]

output t$Aborted

3.26.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (A_.)*(x_)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
}m, n, p}, x]

3.26.4 Maple [N/A] (verified)

Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

72
/ sdx
(a+ b csch(dz? + ¢))

-

input Lint (x~2/ (a+b*csch(d*x~2+c))~2,x)

-/

output Lint (x~2/ (a+b*csch(d*x~2+c))~2,x)

-/

1'2
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3.26.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

z? z?
/ 5 dr = / 5 dx
(a + besch (¢ + dz?)) (besch (dx? +¢) + a)

inputLintegrate(x‘2/(a+b*csch(d*x‘2+c))‘2,x, algorithm="fricas")

output‘integral(x‘Q/(b“2*csch(d*x“2 + ¢c)~2 + 2*%axbxcsch(d*x™2 + ¢) + a~2), x)

3.26.6 Sympy [N/A]

Not integrable

Time = 0.49 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

z? z?
/ 5 dr = / 5 dx
(a + besch (¢ + dz?)) (a + besch (¢ + dz?))

input Lintegrate (x**2/ (a+b*csch(d*x**2+c) ) ¥*2,x)

output LIntegral(x**Q/(a + bxcsch(c + dxx**2))**2, x)

3.26.7 Maxima [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 292, normalized size of antiderivative = 16.22

z? z?
5 dr = / 5 dT
(a + besch (¢ + dz?)) (besch (dx? +¢) + a)

input Lintegrate (x~2/ (atb*csch(d*x~2+c))~2,x, algorithm="maxima")

z,2
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output | -1/3*((a~3*d*e” (2*c) + axb~2xd*e” (2*xc))*x"3*e” (2*d*x~2) - 3*axb~2*x - (a3
*d + a*b~2*d)*x”~3 + (3*b"3*x*ke”c + 2*(a~2*b*d*e”"c + b~ 3*d*e”c)*x"3)*e” (d*x
~2))/(a"5xd + a“3*b"2*%d - (a"b*d*xe”(2xc) + a”~3*b"2*d*e” (2*c))*e” (2xd*xx"2)
- 2x(a"4xb*d*e"c + a"2*b~3*d*e”c)*e” (d*x"2)) - integrate((a*b”2 - (b~3*e"c
+ 2% (2*a"2%b*d*e”c + b~ 3*xd*e”c)*x"2)*e” (d*x"2))/(a"5*d + a"3*b"2+%d - (a5
*dxe” (2xc) + a~3*b"2xd*ke” (2xc))*e” (2*d*x"2) - 2*x(a"4xbxd*e”c + a~2xb”3*d*e
~c)*e”~ (d*x~2)), x)

3.26.8 Giac [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2

T / z?
5 dr = 5 dT
(a + besch (¢ + dx?)) (besch (dz? +¢) + a)

p

input‘integrate(x“2/(a+b*csch(d*x‘2+c))“2,x, algorithm="giac")

A

-

output Lintegrate(x“2/(b*csch(d*x‘2 +c) +a)72, x)

-/

3.26.9 Mupad [N/A]

Not integrable

Time = 2.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

z? z?
/ NV dz = / 5 dr
(a + besch (¢ + dx?)) ot b ))

sinh(d z2+c

input Lint(x“2/(a + b/sinh(c + d*x~2))"2,x)

outputtint(x“Q/(a + b/sinh(c + d*x~2))"2, x)

1'2
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3.27 | z sdz

(a-l—bCSCh (c+dz?) )
3.27.1 Optimal result . . . . . . . . . ... .. 1779
3.27.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 179
3.27.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... ... ... TR0
3.27.4 Maple [A] (verified) . . . . ... . ... 184
3.27.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 184
3.27.6 Sympy [F] . . . . . 185
3.27.7 Maxima [A] (verification not implemented) . . ... ... ... ... .... 1851
3.27.8 Giac [A] (verification not implemented) . . . ... ... ... ........
3.27.9 Mupad [B] (verification not implemented) . . . .. ... . ... ... ... ..

3.27.1 Optimal result

Integrand size = 16, antiderivative size = 113

9 9 a—b tanh(% (c+dz?))
_ 2 b(2a*+b )arctanh( Tt )

dz +
/ (a + besch (¢ + da?))? 2a? a2 (a? + b2)*% d
B b% coth (c + dz?)
2a (a2 4+ b?) d (a + besch (¢ + dz?))

T T

output‘1/2*x‘2/a“2+b*(2*a‘2+b‘2)*arctanh((a-b*tanh(1/2*d*x“2+1/2*c))/(a‘2+b“2)A(1
1/2))/a"2/(a~2+b~2)"(3/2) /d-1/2xb"2%coth(d*x~2+c) /a/ (a~2+b~2) /d/ (a+b*csch(d |
*x72+c)) |

3.27.2 Mathematica [A] (verified)

Time = 0.78 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.42

T

5 dx
(a + besch (¢ + dx?))
2b(2a2+b2) arctan il lGag) (a-+bCse
h da? ab? coth (c+dz?) da? besch di? —a2 12

csch(c+dz?) | ——— 23z + (c+dz?) (a + besch(c + dz?)) + (—a2—b2)32
N 2a2d (a + besch (¢ + dz?))?
3.27. - p

J (a+bCSCh(c+dz2)>
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input‘ Integrate[x/(a + b*Cschlc + d*x~2])"2,x] ‘

p
output‘ (Cschlc + d*x~2]*(-((a*b~2*Coth[c + d*x~2])/(a"2 + b~2)) + (c + d*x"2)*(a

‘+ b*Csch[c + d*x~2]) + (2*%b*(2*a~2 + b~2)*ArcTan[(a - b*Tanh[(c + d*x~2)/2
‘])/Sqrt [-a~"2 - b"2]]1*(a + b*Csch[c + d*x~2]))/(-a"2 - b~2)"(3/2))*(b + a*S
Linh[c + d*x"2]))/(2%a~2*d*x(a + b*Csch[c + d*x~2])"2)

|

3.27.3 Rubi [A] (warning: unable to verify)

Time = 0.74 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.18,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 0.875, Rules

used = {5960, 3042, 4272, 25, 3042, 4407, 26, 3042, 26, 4318, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

x
/ 5 dz
(a + besch (¢ + dz?))
l 5960

1
dx?

1

2 / (a + besch (dz? + ¢))?
| 3042

1 j/ 1 )
9 . . . \\2 dx
2 ) (a+ibesc (idx? + ic))

l 4272
a?-besch (dz?4c)a+b? ; o
1 _f ~arbcsch(@iig  F B b? coth (c + dz?)
2 a(a? +b?) ad (a? + b?) (a + besch (¢ + dz?))

| 25

i a?—besch (dz?+c)a+b? da?

1 a+besch(dz?te) % _ b2 coth (c + da:2)
2 a (a2 + b?) ad (a? + b2) (a + besch (¢ + dz?))
| 3042
a? —ibcsc(idm2+ic)a+b2
1 . b% coth (C + dwz) + f a+1ib csc(idz?+ic) dz®
2\ ad(a?+ b2) (a + besch (¢ + dz?)) a(a? + b?)
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| 4407
icsch (dz?+c)
ib(2a2+4b2) [ ———— g2
1 b coth (c + dz?) T WS AT TCI
2| ad(a?+ b?) (a + besch (c + dz?)) + a (a? + b?)
| 26
csch (daz?+c)
b(2a24+b?) [ ————3F—2dx?
[ ey T s ¥ coth (c + da?)
2 a (a? + b2) ad (a2 + b2) (a + besch (¢ + dz?))
| 3042
. 2.
b 2a2+b2 zcsc(zdz +zc) d;z)2
1 b* coth (c + dz?) z?(a®+b%) _ ( I artibcsc(ida?-+ic)
— — a a
2| ~ad(a? +52) (a+ bosch (c + da?)) o (@ + )
| 26
9.
ib(2 2 b2 csc(zdm +1c) 2
1 b2 coth (¢ + da?) ) _ )] e
2| ad(a? + b2) (a + besch (¢ + dz2?)) + a (a? + b?)
| 4318
(2a2+b2) f a sin 31:2 c d.’L’2
1 :E2(a2a_|_b2) _ ah(: + )+1 b2 COth (C+ d,’L'z)
2 a(a? + b2) ad (a2 + b2) (a + besch (¢ + dz?))
| 3042
(2a2+b2) f ia sin ].idx2+ic de
1 b2 coth (C+dIE2) . x2(az+b2) _ 174a (b )
2| ad(a?+b?) (a+ besch (¢ + dz?)) a(a? + b?)

l 3139
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2i(2a%4b%) [

4 2atanh(£(dm2+ﬂ)) d(itanh(%(dxz_kc)))

1 ~ b2 coth (C + d.’I}Q) N 2 (az—l—bz) n i S— - +1
2| ad(a?+ b2) (a+ besch (¢ + dz?)) a(a?+b?)
| 1083
4i(2a%+b?) [ #d(m tanh (3 (dz?+c))—22)
1 b? coth (c + dz?) N 2 (az+b2) - 4("7“2(1
2| ad(a?+b?) (a+ besch (¢ + dz?)) a(a? + b?)
| 217
btanh( 1 (c+dz?
22 (a242) 2b(2a%+b?)arctanh (W)
1 a advVaE T2 B b? coth (¢ + dz?)
2 a (a? + b2) ad (a2 + b2) (a + besch (¢ + dz?))

inputLInt[x/(a + bxCsch[c + d*x~2])"2,x]

~—

outpu‘ﬁ‘(((((a’? + b"2)*x"2)/a - (2*b*(2*a”2 + b~2)*ArcTanh[(b*Tanh[(c + d*x~2)/2])
‘/(2*Sqrt [a”2 + b~2])])/(a*Sqrt[a~2 + b~2]*d))/(ax(a"2 + b"2)) - (b~2*Coth[
‘c + d*x~2])/(a*(a~2 + b 2)*d*(a + b*Cschlc + d*x~2])))/2

————————

3.27.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 26 ‘ Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al]) I ‘
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1] \

( N

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
‘-D)*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
\&(mq&,o]llmaw,oD

rule 217

|\
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rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

rule 4272 Int[(csc[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*xd*(n + 1)*(a”2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csc[c + d*x])~(n + 1)*Simp[(a~2 -
b™2)*(n + 1) - a*bx(n + 1)*Cscl[c + d*x] + b~ 2*x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

rule 4318 Int[cscl[(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a~"2 - b~2, 0]

rule 4407 Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

N\

rule 5960 Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x”(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]
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3.27.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.67

method result
2
—2btanh( 22° 4 ¢ ) 424
2 d1:2 c 2,,;2 (T 7)
a tanh(TJr?) ab 2(2(1 +b )arctanh 2 a2+b2
2 2a242b2 + 2a2+2b2
tanh<#+%> ,b tanh( @22 L c )b (2a2+2b2) e 9
- 2 tatan (T+§)+§ 1n<tanh(%+g>—1) 4
derivativedivides o 53 =
9 a 2 2. 9 —2btanh<i2"£+%>+2a
a tanh(%Jr?) b 2(2a +b )arctanh a2
2b 2a2+22b2 + 2a2+2b2 _
tanh<#+%> b ) (2a24202) Va2 +b2
-5 7 +atanh<%+%)+% dz? | ¢
ln(tanh(T-k?)—l) .
default o 5 =
3
2.2\, 4,522, ,4
2 bln | ed=+ey (a i )2b+a +23a L b3 1n edm2+c+&
. h 22 b2 (_edz +cb-|—a> i a,(a,z-f-bz)7 +
T1SC. 55 —
2a? a2(a2+b2)d(e2dm2+2ca+2 eda:2+cb_a) (a2+b2)%d 2(a
input tint (x/ (a+b*csch(d*x~2+c)) ~2,x,method=_RETURNVERBOSE) J

output | 1/2/d*(-2/a~2*%b* ((1/2*a~2/(a"2+b"2) *tanh (1/2*d*x~2+1/2*c)+1/2*xb*a/(a~2+b~2
))/(-1/2*%tanh (1/2*%d*x~2+1/2%c) ~2xb+a*tanh (1/2*d*x"2+1/2*c)+1/2%b) -2* (2*a~2
+b~2) / (2%a~2+2%b"2) /(a~2+b~2) ~(1/2) *arctanh (1/2* (-2*b*tanh (1/2*d*x~2+1/2%*c
)+2¥a)/(a~2+b~2)"(1/2)))-1/a"2*1n(tanh(1/2*d*x~2+1/2*c)-1)+1/a~2*x1n(1+tanh
(1/2%d*x~2+1/2%c)))

3.27.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 711 vs. 2(106) = 212.

Time = 0.27 (sec) , antiderivative size = 711, normalized size of antiderivative = 6.29

z
5 dx
(a + besch (¢ + dx?))

(a® + 2 a®b® + ab*)dz? cosh (dz? + ¢)* + (a® + 2 a3b® + ab?)dz? sinh (dz? + ¢)* — 2a3b? — 2ab?* — (a° + 2

inputLintegrate(x/(a+b*csch(d*x“2+c))“2,x, algorithm="fricas") J

321.  f (a+bcschc+da2) ) 2
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1/2%((a”5 + 2*a~3%b~2 + a*b~4)*d*xx"2*cosh(d*x"2 + c)~2 + (a5 + 2*%a~3*xb~2
+ a*b”~4)*d*x”"2*sinh(d*x~2 + c)~2 - 2*%a”~3%b~2 - 2*a*xb”4 - (2”5 + 2*a~3*xb"2
+ a*b”4)*d*x"2 - (2*%a"3*b + a*b”3 - (2*a"3%b + a*b~3)*cosh(d*x"2 + ¢c)"2 -
(2*%a"3*b + a*b~3)*sinh(d*x"2 + c)~2 - 2*x(2*a"2*%b"2 + b~4)*cosh(d*x"2 + c)
- 2%(2%a"2%b"2 + b"4 + (2*%a"3%b + a*b~3)*cosh(d*x"2 + c))*sinh(d*x"2 + c))
*sqrt (a2 + b~2)*log((a~2*cosh(d*x"2 + c)~2 + a"2*sinh(d*x"2 + c)~2 + 2*ax
b*cosh(d*x"2 + c) + a™2 + 2*xb"2 + 2*(a"2*cosh(d*x"2 + c) + a*b)*sinh(d*x"2
+ ¢) + 2*sqrt(a”2 + b~2)*(axcosh(d*x"2 + c) + a*sinh(d*x~2 + c) + b))/ (a*
cosh(d*x”2 + ¢)~2 + a*sinh(d*x”2 + c)~2 + 2¥b*cosh(d*x~2 + c) + 2x*(a*cosh(
d*x"2 + c) + b)*sinh(d*x"2 + c) - a)) + 2x(a"2*%b"3 + b"5 + (a~4xb + 2%a~2x
b3 + b~5)*d*x"2)*cosh(d*x”"2 + c) + 2*(a"2*b~3 + b~5 + (a”5 + 2*a~3*xb"2 +
a*b~4) *d*x~2*cosh(d*x~2 + c) + (a”4*b + 2*a~2%b~3 + b~5)*d*x"2) *sinh(d*x~2
+ ¢))/((a”7 + 2*¥a~5xb"2 + a"3*b"4)*d*cosh(d*x"2 + c)~2 + (2”7 + 2*a”5%b"2
+ a~3%b~4)*d*sinh(d*x"2 + c)~2 + 2x(a”6*b + 2*xa~4%b~3 + a~2*b~5)*d*cosh(d
*x"2 + ¢c) - (a7 + 2*%a”5*%b"2 + a~3*%b"4)*xd + 2*%((a”7 + 2*a"5*b"2 + a~3*b~4)
*d*xcosh(d*x™2 + c) + (a"6%b + 2*¥a~4*b~3 + a~2*xb"5)*d)*sinh(d*x~2 + c))

3.27.6 Sympy [F]

T z
/ 5 dr = / 5 dx
(a + besch (¢ + dz?)) (a + besch (¢ + dz?))

;
integrate (x/ (at+b*csch (d*x**2+c))**2,x)

‘Integral(x/(a + bxcsch(c + d¥x**2))**2, x)

3.27.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.77

i d
/ (a + besch (¢ + da?))? v
2 3 ae=%" =) _y_/argp
(2a°b + b°) log (ae(_de_c) _b+%>
2 (a* + a?b?)va? + b%d
bel-d*=¢) 4 g2 dz? +c
o (a® + a3b? + 2 (a%b + a2b3)e(-477—¢) — (a5 + a3b?)e(-2d22-20))d + 2a2d
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input‘integrate(x/(a+b*csch(d*x“2+c))“2,x, algorithm="maxima") ‘

output(—1/2*(2*a“2*b + b~"3)*log((a*e”(-d*x"2 - ¢c) - b - sqrt(a™2 + b~2))/(axe~(-d
‘*x‘2 - ¢c) - b+ sqrt(a™2 + b72)))/((a"4 + a~2+%b"2)*sqrt(a”2 + b"2)*d) - (b
“3*e“(—d*x’"2 - c) + a*b”2)/((a”5 + a"3*xb"2 + 2*%(a"4*b + a~2*b~3)*e” (-d*x"2
‘ - c) - (a”5 + a”3*b"2)*xe” (-2xd*x"2 - 2*c))*d) + 1/2*%(d*x"2 + c)/(a"2*d)

|

3.27.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.57

(2ab + )1 <2ae(dm2+c)+2b—2\/7a2+b2)
a“b + og

T 2ae (da%-+e) +2b+2Va?+b2
dr = —
/ (a + besch (¢ + dx?))? 2 (a*d + a?b?d)va? + b2
beldz®+c) _ 4p2 dz? + ¢

+ (a*d + a2b2d)(ae(2d=*+2¢) 4 2 peldz?+c) — q) a4

-

inputLintegrate(x/(a+b*csch(d*x“2+c))“2,x, algorithm="giac")

~—

output‘—1/2*(2*a‘2*b + b~3)*log(abs(2*a*e~(d*x~2 + c) + 2*%b - 2xsqrt(a™2 + b~2))/
|abs(2%axe™(d*x™2 + c) + 2%b + 2xsqrt(a”2 + b72)))/((a”4*d + a~2%b~2*d)*sqr
t(a™2 + b™2)) + (b™3%e”(d*x™2 + c) - a*b™2)/((a™4xd + a"2¥b~2xd)*(a*e™ (2%d
‘*x*z + 2%c) + 2%bxe~(d*x"2 + c) - a)) + 1/2%(d*x"2 + c)/(a"~2+d) J

3.27.9 Mupad [B] (verification not implemented)

Time = 2.72 (sec) , antiderivative size = 290, normalized size of antiderivative = 2.57

X
/ 5 dx
(a + besch (¢ + dx?))
9 b2 b3 eda:2+c
_Z d(a3+ab?) ~ ad(a3+ab?)
- 2 a2 o 2pheda?tec _ g + ae2dz?+2c

z24c bz (2a2+b2 a—be"“‘2"'C
bln (meed +c (2a2+b2) . 2bz (2a%+ )( )) (2a2+b2)

a3 (a24b?) a3 (a2-+b2)3/2

2a2d (a? + b2)%/?

2h dz?+c 2021 b2 2b:p(2a2+b2) a—be‘”c2+c
bl < xeas (a2J£b;) = + a3 (a2+€)2)3/2 ) (2a® +0%)

202 d (a2 + b2)*/*

+

321 J (a+beschetda?))”
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input‘int(x/(a + b/sinh(c + d*x~2))"2,x)

output | x72/(2+¥a"2) - (b~"2/(d*(a*b”2 + a~3)) - (b"3*xexp(c + d*x"2))/(a*d*(a*b~2 +
a~3)))/(2xbxexp(c + d*x"2) - a + axexp(2*c + 2*d*x"2)) - (bxlog((2*b*x*exp
(c + d*x"2)*(2*xa"2 + b72))/(a"3*%(a"2 + b~2)) - (2*b*x*(2*¥a"2 + b~2)*(a - b
xexp(c + d*x72)))/(a"3x(a"2 + b72)7(3/2)))*(2*a"2 + b~2))/(2*a"2*d*(a"2 +
b~2)~(3/2)) + (bxlog((2xb*x*exp(c + d*x~2)*(2*a~2 + b~2))/(a"3*(a"2 + b~2)
) + (2xbxx*(2*a~2 + b~2)*(a - bxexp(c + d*x~2)))/(a"3*(a”2 + b72)7(3/2)))*
(2%¥a™2 + b~2))/(2*a~2+d*(a~2 + b~2)~(3/2))

\

327. [ ( z

2
a+bCSCh(c+dz2)>
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3.28 | - 7 dz
T (a+bCSCh (c+dz?) )

3.28.1 Optimal result . . . . . . ... ... . 188]
3.28.2 Mathematica [N/A] . . . . ... .. 188
3.28.3 Rubi [N/A] . . . . . 139
3.28.4 Maple [N/A] (verified) . . . . . . ... ... 189
3.28.5 Fricas [N/A] . . . . . . 1901
3.28.6 Sympy [N/A] . . . . 190
3.28.7 Maxima [N/A] . . . . . . . 190
3.28.8 Giac [N/A] . . . . . o e 191
3.28.9 Mupad [N/A] . . . . 191

3.28.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ 1 5 dT = Int( 1 D
z (a + besch (¢ + dz?)) z (a + besch (¢ + dx?))

/)

e

outputLUnintegrable(1/x/(a+b*csch(d*x‘2+c))‘2,x)

~—

3.28.2 Mathematica [N/A]
Not integrable

Time = 32.77 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
dr =
/ z (a + besch (¢ + dz?))? / z (a + besch (¢ + dz?))?

dz

p
input

Integrate[1/(x*(a + b*Cschlc + d*x~2])"2),x]

N\

output LIntegrate [1/(x*(a + b*Csch[c + d*x~2])72), x]

1
3.28. f x(a+bcsch(c+dm2)>2



CHAPTER 3. LISTING OF INTEGRALS

3.28.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5962}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dz
z (a + besch (¢ + dz?))
| 5962

/ 1 5dT
z (a + besch (¢ + dz?))

input LInt [1/(xx(a + b*Csch[c + d*x~2])"2),x]

~—

-

output | $Aborted

N\

i

3.28.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (@ )1*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, 4,
‘m, n, p}, xI]

3.28.4 Maple [N/A] (verified)

Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ ! 5dx
z(a + b csch (dx? + ¢))

-

input Lint (1/x/ (a+bxcsch(d*x~2+c)) "2,x)

~—/

output Lint (1/x/ (a+b*csch(d*x~2+c))~2,x)

~—

1
3.28. f x<a+bcsch(c+dm2)>2
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3.28.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

/ ! 5 dr = / ! 5— dx
z (a + besch (¢ + dx?)) (besch (dz? +¢) +a)’x

input Lintegrate (1/x/(atb*csch(d*x~2+c))~2,x, algorithm="fricas")

output Lintegral(1/(b“2*x*csch(d*x"2 + ¢c)~2 + 2*axb*x*csch(d*x™2 + c) + a~2*x), x)

-/

3.28.6 Sympy [N/A]

Not integrable

Time = 1.06 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/ ! 5 dr = / ! 5 dr
z (a + besch (¢ + dz?)) z (a + besch (¢ + dz?))

input ‘ integrate(1/x/ (atbxcsch(d*x**2+c))**2,x)

output LIntegral(l/(x*(a + bkcsch(c + dxx*%2))**2), x)

3.28.7 Maxima [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 246, normalized size of antiderivative = 13.67

/ L 5 dr = / L 5— dx
z (a + besch (¢ + dz?)) (besch (dx? +¢) +a)’z

input Lintegrate (1/x/(atb*csch(d*x~2+c))~2,x, algorithm="maxima")

1
3.28. f x<a+bcsch(c+dm2)>2



CHAPTER 3. LISTING OF INTEGRALS 191

output | (b~3*e~(d*x"2 + c) - a*b~2)/((a"~b*d*e~(2*c) + a~3*b~2kd*e” (2*c))*x"2%e” (2%
d*x72) + 2x(a”4*bxd*e”c + a"2*b"3*d*e”c)*x"2*e” (d*x"2) - (a”5xd + a~3*b"2*
d)*x~2) + log(x)/a"2 - integrate(2*(a*b~2 - (b~3*e”"c - (2*a"2*bxd*e”c + b~
3kd*xe~c)*x"2) *e~ (d*x"2) )/ ((a~b*d*e” (2*xc) + a~3*xb~2*d*e” (2*c))*x"3*e” (2*d*x
~2) + 2x(a~4xbxd*e”~c + a"2*b"3*d*e”c)*x"3*e” (d*x"2) - (a”5*d + a~3*xb~2*d)*
x"3), x)

3.28.8 Giac [N/A]

Not integrable

Time = 0.94 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ ! 5 dr = / ! 5— dz
z (a + besch (¢ + dz?)) (besch (dz? +¢) +a)°x

inputLintegrate(1/x/(a+b*csch(d*x‘2+c))*2,x, algorithm="giac")

output integrate(1/((bxcsch(d*x™2 + c) + a)~2%x), x)

3.28.9 Mupad [N/A]

Not integrable

Time = 2.60 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/:B(a—l-bcscli(c—kdx?))2 dz:/x< ! \ )2dx

a+ sinh(d z2+c)

input Lint(l/(x*(a + b/sinh(c + d*x~2))"2),x)

e

outputLint(l/(x*(a + b/sinh(c + d*x~2))"2), x)

~—  /

1
3.28. f x<a+bcsch(c+dm2)>2
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3.29 | L > dz
2 (a-l-bCSCh (c+dw2)>

3.29.1 Optimalresult . . . . . . ... ... ..
3.29.2 Mathematica [N/A] . . . . ... .. 192
3.29.3 Rubi [N/A] . . o o oot 193
3.29.4 Maple [N/A] (verified) . . . . . . ... ... 193
3.29.5 Fricas [N/A] . . . . . . 194
3.29.6 Sympy [N/A] . . . . 194
3.29.7 Maxima [N/A] . . . . . . . 194
3.20.8 Giac [N/A] . . . . . o 195
3.20.9 Mupad [N/A] . . . . 195

3.29.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ L 5 dT = Int( 1 5 z)
x2 (a + besch (¢ + dz?)) x2 (a + besch (¢ + dz?))

e

outputLUnintegrable(1/x‘2/(a+b*csch(d*x‘2+c))‘2,x)

~—

3.29.2 Mathematica [N/A]

Not integrable

Time = 19.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 5 dr = / 5 dx
x2 (a + besch (¢ + dz?)) z2 (a + besch (¢ + dz?))

- hY
input  Integrate[1/(x"2*(a + b*Cschlc + d*x~2])72),x]
output LIntegrate [1/(x"2%(a + bxCschlc + d*x~2])"2), x] J

1
3.29. f 22 (a+bcsch(c+d:1:2)>2



input

output

rule 5962

input

output
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3.29.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dz
x2 (a + besch (¢ + dz?))
| 5962

/ 1 5dT
x2 (a + besch (¢ + dz?))

LInt[l/(x"2*(a + b*Cschlc + d*x~2])"2),x]

~—

-

i

$Aborted

N\ J

3.29.3.1 Defintions of rubi rules used

‘Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (0 )]1*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, 4,
‘m, n, p}, xI]

3.29.4 Maple [N/A] (verified)

Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ ! 5dx
x%(a+ b csch (dx? + ¢))

-

Lint(1/x"2/(a+b*csch(d*x"2+c))"2,x)

~—/

Lint (1/x~2/ (a+b*csch(d*x~2+c))~2,x)

~—

1
3.29. f 22 (a+bcsch(c+dm2)>2
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3.29.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

/ ! 5 dr = / ! 5 dx
x2 (a + besch (¢ + dz?)) (besch (dz? + ¢) + a)“x?

inputLintegrate(1/x‘2/(a+b*csch(d*x‘2+c))‘2,x, algorithm="fricas")

Output‘integral(l/(b“2*x“2*csch(d*x“2 + ¢)72 + 2%axb*x"2%kcsch(d*x™2 + c) + a"2%x”
‘2), x)

3.29.6 Sympy [N/A]

Not integrable

Time = 0.83 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ ! 5 dr = / ! 5 dx
z2 (a + besch (¢ + dz?)) z2 (a + besch (¢ + dz?))

inputLintegrate(1/x**2/(a+b*csch(d*x**2+c))**2,x)

outputLIntegral(l/(x**2*(a + b*csch(c + d*x**2))*%2), x)

3.29.7 Maxima [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 313, normalized size of antiderivative = 17.39

/ 1 5 dr = / 1 5— dx
x2 (a + besch (¢ + dz?)) (besch (dz? + ¢) + a) 2

inputLintegrate(1/X“2/(a+b*csch(d*x‘2+c))“2,x, algorithm="maxima")

1
3.29. f 22 (a+bcsch(c+dm2)>2
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output | -((a”~3*d*e” (2*c) + a*xb~2kd*e”(2*c))*x"2*e”~ (2*%d*x~2) + a*b”2 - (a"3*d + a*b
“2xd) *x"2 - (b~ 3*%e"c - 2*(a~2*b*d*e”~c + b~ 3*d*e”c)*x"2)*e” (d*x"2))/((a~5*d
*e~ (2xc) + a~3*b"2*d*e” (2*c))*x"3*e” (2xd*x"2) + 2*(a"4*bxd*e"c + a~2xb"3*d
*xe~c)*x"3*%e” (d*x~2) - (a”b*d + a~3*b~2+d)*x"3) - integrate((3*a*b~2 - (3*b
“3xe"c - 2x(2*a”"2*b*d*e”c + b~ 3*d*e”"c)*x"2)*e” (d*x"2))/((a"5xd*xe~(2*c) + a
“3xb"2*d*e” (2%c) ) *x"4*xe” (2xd*x"2) + 2*(a~4*b*d*e”c + a~2*b"3*d*e”c)*x"4*xe”
(d*x~2) - (a”5*d + a~3*b"2*d)*x"4), x)

3.29.8 Giac [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ ! 5 dr = / ! 5 dz
x2 (a + besch (¢ + dz?)) (besch (dz? + ¢) + a) 2

input‘integrate(1/x”2/(a+b*csch(d*x“2+c))”2,x, algorithm="giac")

output Lintegrate(l/((b*csch(d*x“2 +c) + a)72%x72), x)

3.29.9 Mupad [N/A]
Not integrable

Time = 2.49 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

1 1
/ 2 (@ + besch (¢ + dz2))? dr = / b 7 4
o z? <a' + sinh(dac2+c)>

N

input | int(1/(x~2x(a + b/sinh(c + d*x~2))"2),x)

~—

-

output Lint(l/(x"z*(a + b/sinh(c + d*x~2))"2), x)

-/

1
3.29. f 22 (a+bcsch(c+dm2)>2
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3.30 | L > dz
3 (a-l-bCSCh (c+dw2)>

3.30.1 Optimal result . . . . . . ... ... .. 196
3.30.2 Mathematica [N/A] . . . . ... .. 196
3.30.3 Rubi [N/A] © . oo oottt e 197
3.30.4 Maple [N/A] (verified) . . . . .. .. .. . 197
3.30.5 Fricas [N/A] . . . . . e 198}
3.30.6 Sympy [N/A] . . . . 198
3.30.7 Maxima [N/A] . . . . . . . 198
3.30.8 Giac [N/A] . . . . . 199
3.30.9 Mupad [N/A] . . . o 199

3.30.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ L 5 dT = Int( 1 5 z)
x3 (a + besch (¢ + dz?)) x3 (a + besch (¢ + dz?))

e

outputLUnintegrable(1/x‘3/(a+b*csch(d*x‘2+c))‘2,x)

~—

3.30.2 Mathematica [N/A]
Not integrable

Time = 19.37 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 5 dr = / 5 dx
23 (a + besch (¢ + dz?)) x3 (a + besch (¢ + dz?))

e hY
Integrate[1/(x"3*(a + b*Cschlc + d*x~2])"2),x]

N\

input

output LIntegrate [1/(x"3%(a + bxCschlc + d*x~2])"2), x] J

1
330 f 23 (a_l_bcsch(c-l-dmz))Q



input

output

rule 5962

input

output
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3.30.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dz
x3 (a + besch (¢ + dz?))
| 5962

/ 1 5dT
x3 (a + besch (¢ + dz?))

LInt [1/(x"3%(a + bxCsch[c + d*x~2])"2),x]

~—

i

-

$Aborted

N\ J

3.30.3.1 Defintions of rubi rules used

‘Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (0 )]1*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, 4,
‘m, n, p}, xI]

3.30.4 Maple [N/A] (verified)

Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ ! 5dx
x3(a + b csch (dx? + ¢))

-

Lint (1/x~3/ (at+b*csch(d*x~2+c))~2,x)

~—/

~—

Lint (1/x~3/ (at+b*csch(d*x~2+c))~2,x)

1
330 f 23 (a_l_bcsch(c-l-d:nz))Q
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3.30.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

/ ! 5 dr = / ! 5 dx
x3 (a + besch (¢ + dz?)) (besch (dz? + ¢) + a)

input Lintegrate (1/x~3/(atb*csch(d*x~2+c))~2,x, algorithm="fricas")

Output‘integral(l/(b“2*x“3*csch(d*x“2 + ¢)72 + 2%axb*x"3*kcsch(d*x™2 + c) + a"2%x”
‘3), x)

3.30.6 Sympy [N/A]

Not integrable

Time = 0.73 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ ! 5 dr = / ! 5 dx
x3 (a + besch (¢ + dz?)) z3 (a + besch (¢ + dz?))

input Lintegrate (1/xx*3/ (atbxcsch(d*x**2+c) ) **2,x)

outputLIntegral(l/(x**B*(a + b*csch(c + d*x**2))*%2), x)

3.30.7 Maxima [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 315, normalized size of antiderivative = 17.50

/ 1 5 dr = / 1 5 dx
23 (a + besch (¢ + dz?)) (besch (dz? +¢) + a) a3

input Lintegrate (1/x73/ (at+b*csch(d*x~2+c))~2,x, algorithm="maxima")

1
330 f 23 (a_l_bcsch(c-l-d:nz))Q



CHAPTER 3. LISTING OF INTEGRALS 199

output | -1/2*((a~3*d*e~ (2*c) + axb~2xd*e” (2*c))*x~2*e~ (2*d*x~2) + 2¥a*b~2 - (a~3*d

+ a*b”2*%d)*x"2 - 2x(b"3*e”"c - (a"~2*bxd*e”c + b"3*d*e”c)*x”2)*e”~ (d*x"2))/(
(a~5xd*xe” (2xc) + a”3*b~2*d*e” (2*c))*x"4*xe” (2*d*x"2) + 2*(a"4*bxd*e"c + a”2
*b~3*d*e~c)*x"4*e” (d*x"2) - (a”b*d + a~3*%b"2xd)*x"4) - integrate(2*(2*a*b”
2 - (2%b"3*e"c - (2*xa”"2*b*d*e”c + b~ 3*d*e”c)*x"2)*e” (d*x"2))/((a"5*d*e” (2%
c) + a~3*xb"2+d*xe” (2*c))*x"5*xe” (2*%d*x"2) + 2*(a~4*b*d*xe”c + a~2*b~3*xd*e”c)*
x"5xe” (d*x"2) - (a”5*d + a~3*%b~2*d)*x~5), x)

3.30.8 Giac [N/A]

Not integrable

Time = 2.85 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.17

/ ! 5 dr = / ! 5 dz
x3 (a + besch (¢ + dz?)) (besch (dz? +¢) + a) a3

input‘integrate(1/x”3/(a+b*csch(d*x“2+c))”2,x, algorithm="giac")

outputtsageo*x

3.30.9 Mupad [N/A]
Not integrable

Time = 2.70 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

1 1
/ 3 (@ + besch (¢ + dz?))? dr = / b 7 4
o z? <a' + sinh(dac2+c)>

N

input‘ int(1/(x"3*(a + b/sinh(c + d*x72))~2),x)

A >

-

output Lint(l/(x"S*(a + b/sinh(c + d*x~2))"2), x)

-/

1
330 f 23 (a_l_bcsch(c-l-d:nz))Q
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3.31 [ z*(a+ besch(c+ dy/x)) dz

3.31.1 Optimal result . . . . . . .. . ... . 2011
3.31.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.31.3 Rubi [A] (verified) . . . .. . ... ... 202
3.31.4 Maple [F] . . . . . oo 204
3.31.5 Fricas [F] . . . . o o o o 204
3.31.6 Sympy [F] . . . . . . 204
3.31.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 2051
3.31.8 Giac [F] . . . o o 205
3.31.9 Mupad [F(-1)] . . . . o o 200

3.31.  [a*(a+besch(c+ dy/x)) dz
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3.31.1 Optimal result

Integrand size = 18, antiderivative size = 356

4 7/2 ctdyz 3 Polvl, 9 _ectdVa
/w3(a—|—bcsch(c+d\/5)) g 9T _ dbs arctanh (e )_14bm olyLog (2, —e )

1 d d?
14bz PolyLog (2, ec+4v?)
d2
84bz®/2 PolyLog (3, —e+4v)
+
d3
84b$5/2 PolyLog (3, ec—l—d\/i)
_ =
420bz? PolyLog (4, —ec+4v7)
_ ;-
420bz? PolyLog (4, et4V)
+
d4
1680bx%/2 PolyLog (5, —e*+4v7)
+
d5
1680bz%/2 PolyLog (5, e=+2v*)
_ -
5040bz PolyLog (6, —ectdvT)
_ -
5040bz PolyLog (6, ect4v®)
+ =
10080b+/ PolyLog (7, —ec+4v2)
+ i
10080by/z PolyLog (7, e=+4v7)
_ =
100806 PolyLog (8, —e“t4v7)
_ -
100806 PolyLog (8, e=t4v=)
+ =

output | 1/4*a*x~4-4%b*x~ (7/2) *arctanh (exp(c+d*x~(1/2)))/d-14*b*x~3*polylog(2,-exp(
c+d*x~(1/2)))/d"2+14*b*xx"3*polylog(2,exp (c+d*x~(1/2)))/d~2+84*b*x~ (5/2) *po
lylog(3,-exp(c+d*x~(1/2)))/d"~3-84*b*x~(5/2)*polylog(3,exp(c+d*x~(1/2)))/d"
3-420%b*x~2*polylog(4,-exp(c+d*x~(1/2)))/d~4+420%b*x~2*polylog (4, exp (c+d*x
~(1/2)))/d"4+1680%b*x~ (3/2) *polylog(5,-exp (c+d*x~(1/2)))/d~5-1680*b*x~ (3/2
)*polylog(5,exp(c+d*x~(1/2)))/d"5-5040%b*x*polylog(6,-exp(c+d*x~(1/2)))/d"
6+5040*b*x*polylog(6,exp (c+d*x~(1/2)))/d~6-10080*b*polylog(8,-exp(c+d*x~ (1
/2)))/d"8+10080*b*polylog(8,exp(c+d*x~(1/2)))/d"~8+10080*b*polylog(7,-exp(c
+d*x~(1/2)))*x~(1/2)/d~7-10080*b*polylog(7,exp(c+d*x~(1/2)))*x~(1/2) /d"7

3.31.  [a*(a+besch(c+ dy/x)) dz
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3.31.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.03

az?

/m3(a+bcsch(c+d\/5)) dzr = e

N 2b(d"z7/? log (1 — ec+4v=) — d"z7/2log (1 + e*+4V®) — 7d%z® PolyLog (2, —e“+4V=) + 7d%z3 PolyLog (2

e

input LIntegrate [x"3*(a + b*Cschl[c + d*Sqrt[x]]1),x]

|

output (axx~4)/4 + (2%b*(d~7*x~(7/2)*Log[l - E~(c + d*Sqrt[x])] - d~7*x"(7/2)*Log
[1 + E~(c + d*Sqrt[x])] - 7*d"6*x~3*PolyLog[2, -E~(c + d*Sqrt[x])] + 7*d"6
*x~3*PolyLog[2, E~(c + d*Sqrt[x])] + 42*%d~5*x~(5/2)*PolyLog[3, -E~(c + d*S
qrt[x])] - 42%d~5*x~(5/2)*PolyLogl[3, E~(c + d*Sqrt[x])] - 210%d"4*x"2xPoly
Logl[4, -E~(c + d*Sqrt[x])] + 210%d"4*x"2xPolyLogl[4, E~(c + d*Sqrt[x])] + 8
40*d~3*x"(3/2) *PolyLog[5, -E~(c + d*Sqrt[x])] - 840*d~3+*x~(3/2)*PolyLogl[5,
E~(c + d*Sqrt[x])] - 2520*d~2*x*PolyLogl[6, -E~(c + d*Sqrt[x])] + 2520*d~2
*xx*PolyLog[6, E~(c + d*Sqrt[x])] + 5040*d*Sqrt[x]*PolyLogl[7, -E~(c + d*Sqr
t[x])] - 5040*d*Sqrt [x]*PolyLogl[7, E~(c + d*Sqrt[x])] - 5040*PolyLogl[8, -E
~(c + d*Sqrt[x])] + 5040*PolyLog[8, E~(c + d*Sqrt[x])]))/d"8

3.31.3 Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 356, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.111, Rules used

integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x3 (a + bcsch(c + d\/E)) dx

l 2010
/ (az® + badcsch(c + dy/z)) dz

l 2009

3.31.  [a*(a+besch(c+ dy/x)) dz
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4 4bas"arctanh (ec+dﬁ) 100805 PolyLog (8, —ec+dﬁ) 10080b PolyLog (8, ec+d\/5)

axr
4 d 48 + B +
10080by/Z PolyLog (7, —e*+V%)  10080by/z PolyLog (7,e*+4V* )
d’ d7
5040bz PolyLog (6, —ec+dﬁ) 5040bz PolyLog (6, ec+dx/5)
d6 + 46 +
1680b2%/? PolyLog (5, _ec+d\/5> 1680bz%/2 PolyLog (5, e0+d~/5)
5 d5
420622 PolyLog (4, —eC+dﬁ) 420622 PolyLog (4, ec+dﬁ> 84b25/2 PolyLog (3, _ec+dﬁ>
d4 + d4 + pE —
84bz5/2 PolyLog (3, 6C+d‘ﬁ) 14bz* PolyLog (2, —ect dﬁ) 14b3 PolyLog <2, eC+d\/5)
d3 - d2 + d2

input Int[x~3*(a + b*Csch[c + d*Sqrt[x]]),x] ‘

output | (a*x~4)/4 - (4*b*x~(7/2)*ArcTanh[E~(c + d*Sqrt[x])])/d - (14xb*x~3*PolyLog
[2, -E~(c + d*Sqrt[x])]1)/d"2 + (14*b*x~3*PolyLogl[2, E~(c + d*Sqrt([x])])/4"
2 + (84#bxx~(5/2)*PolyLogl[3, -E~(c + d*Sqrt[x])])/d"3 - (84xb*x~(5/2)*Poly
Log[3, E~(c + d*Sqrt[x])])/d"3 - (420%b*x~2*PolyLogl[4, -E~(c + d*Sqrt[x])]
)/d"4 + (420%b*x~2*PolyLogl4, E~(c + d*Sqrt([x])])/d~4 + (1680*b*x~(3/2)*Po
lyLog[5, -E~(c + d*Sqrt([x])]1)/d"5 - (1680*b*x~(3/2)*PolyLogl[5, E~(c + d*Sq
rt[x])])/d"5 - (5040*b*x*PolyLog[6, -E~(c + d*Sqrt[x])])/d~6 + (5040%b*x*P
olyLogl[6, E~(c + d*Sqrt[x])])/d~6 + (10080%b*Sqrt [x]*PolyLogl[7, -E~(c + d*
Sart[x]1)1)/d°7 - (10080*b*Sqrt [x]*PolyLogl[7, E~(c + d*Sqrt[x]1)]1)/d"7 - (10
080*b*PolyLog[8, -E~(c + d*Sqrt[x])]1)/d"8 + (10080%b*PolyLog[8, E~(c + d*S
qrt[x])]1)/478

3.31.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

|

e

rule 2010 | Int [(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a_)

+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

N

3.31.  [a*(a+besch(c+ dy/x)) dz
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3.31.4 Maple [F]

/x3(a+b csch (c+ dv/z)) dx

input Lint (x~3%(at+b*csch(c+d*x~(1/2))),x)

output Lint (x~3*(a+b*csch(c+d*x~(1/2))) ,x)

3.31.5 Fricas [F]

/x3 (a+besch(c+ dyvz)) do = / (besch (dyz +¢) + a)z’ dz

inputLintegrate(x“3*(a+b*csch(c+d*x“(1/2))),x, algorithm="fricas")

outputtintegral(b*x“3*csch(d*sqrt(x) + c) + a*x”3, x)

3.31.6 Sympy [F]

/m3(a+bcsch(c—|—d\/5)) dx = /x3(a+bcsch (c+d\/9_v)) dx

inputLintegrate(x**B*(a+b*csch(c+d*x**(1/2))),X)

outputLIntegral(x**B*(a + b*csch(c + d*sqrt(x))), x)

3.31.  [a*(a+besch(c+ dy/x)) dz
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3.31.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 349, normalized size of antiderivative = 0.98

/z3 (a + bcsch(c + dﬁ)) dx = i azt

2 <log (e(dﬁ“) + 1) log (e(dﬁ)>7 + 7Liy (—e(d\/ﬂc)) log (e(dﬁ)>6 — 42 log (e(dﬁ))S Lig(—e(@va+e

2 <log <—e(dﬁ+c) 4+ 1) log <e(d\/?c)>7 4 7L (e(dﬁ+c)> log (e(dﬁ))6 42 1og (6@\/5))5 Lis (e(d\/i—i-c))

_|_

input‘integrate(x‘3*(a+b*csch(c+d*x*(1/2))),x, algorithm="maxima")

output

1/4%axx”4 - 2*(log(e”(d*sqrt(x) + c) + 1)*log(e”(d*sqrt(x)))~7 + 7*dilog(-
e~ (d*sqrt(x) + c))*log(e”(d*sqrt(x)))~6 - 42+log(e” (d*sqrt(x))) "5*polylog(
3, —e"(d*sqrt(x) + c)) + 210*log(e~(d*sqrt(x))) "4*polylog(4, -e~(d*sqrt(x)
+ c)) - 840xlog(e”(d*sqrt(x)))~3*polylog(5, -e~(d*sqrt(x) + c)) + 2520%lo
g(e” (d*sqrt(x))) "2*polylog(6, -e~(d*sqrt(x) + c)) - 5040*log(e” (d*sqrt(x))
)*xpolylog(7, -e~(d*sqrt(x) + c)) + 5040*polylog(8, -e~(d*sqrt(x) + c)))*b/
d"8 + 2x(log(-e~(d*sqrt(x) + c) + 1)*log(e”(d*sqrt(x)))~7 + 7xdilog(e~(d*s
art(x) + c))*log(e”(d*sqrt(x)))~6 - 42*log(e” (d*sqrt(x))) 5*polylog(3, e~ (
d*sqrt(x) + c)) + 210*log(e~(d*sqrt(x))) “4*polylog(4, e~ (d*sqrt(x) + c)) -
840xlog (e~ (d*sqrt(x))) "3*polylog(5, e~ (d*sqrt(x) + c)) + 2520*log(e”(d*sq
rt(x))) "2*polylog(6, e~ (d*sqrt(x) + c)) - 5040xlog(e” (d*sqrt(x)))*polylog(
7, e"(d*sqrt(x) + c)) + 5040*polylog(8, e~ (d*sqrt(x) + c)))*b/d"8

3.31.8 Giac [F|

/x3 (a + bcsch(c =+ d\/a?)) dr = / (bcsch (dﬁ + c) + a)x3 dx

inputLintegrate(x‘S*(a+b*csch(c+d*x‘(1/2))),x, algorithm="giac") J

output

integrate ((b*csch(d*sqrt(x) + c) + a)*x~3, x)

N J

3.31.  [a*(a+besch(c+ dy/x)) dz
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3.31.9 Mupad [F(-1)]

Timed out.

3 _ [ .3 b
/x (a+ besch(c+ dv/z)) d:c—/:v <a+sinh(c+d\/5)> dx

input Lint(x‘s*(a + b/sinh(c + d*x~(1/2))),x)

output Lint(x“B*(a + b/sinh(c + d*x~(1/2))), x)

3.31.  [a*(a+besch(c+ dy/x)) dz
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3.32 [ z*(a+ besch(c+ dy/x)) dz

3.32.1 Optimal result . . . . . . .. ... 207
3.32.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 208
3.32.3 Rubi [A] (verified) . . . . . ... .. 208
3.324 Maple [F] . . . . . o 210
3.32.5 Fricas [F] . . . . . o o o 210
3.32.6 Sympy [F] . . . . . 210
3.32.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 21711
3.32.8 Giac [F] . . . . .o 211
3.32.9 Mupad [F(-1)] . . . . o 212

3.32.1 Optimal result

Integrand size = 18, antiderivative size = 260

3 4bad/? h(ec+%v=)  10bz? PolyLog (2, —e+av®
/xz(a+bcsch(c+d\/5)) go = %% bz5/?arctanh (e )_ 0bz? PolyLog (2, —e )

3 d d?
10bz? PolyLog (2, ec+4v?)
d2
40bz°/? PolyLog (3, —ect4v®)
_+_
d3
40bz3/2 PolyLog (3, ect4v®)
_ =
120bz PolyLog (4, —e“t4v®)
_ =
120bz PolyLog (4, etv®)
d4
240b4/z PolyLog (5, —et4v?)
+ e
240b/z PolyLog (5, e*+4v)
_ —
240b PolyLog (6, —e°*4v®) 240 PolyLog (6, et4v=)
B ds + ds

3.32.  [a*(a+besch(c+ dy/x)) dz
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output | 1/3%a*x"~3-4*b*x" (5/2) *arctanh (exp (c+d*x~(1/2)))/d-10*b*x~2*polylog(2,-exp(
c+d*x~(1/2)))/d"2+10*b*xx~2*polylog(2,exp (c+d*x~(1/2)))/d~2+40*b*x" (3/2) *po
lylog(3,-exp(c+d*x~(1/2)))/d~3-40%b*x~(3/2) *polylog(3,exp(c+d*x~(1/2)))/d"
3-120*b*x*polylog(4,-exp(c+d*x~(1/2)))/d~4+120%b*x*polylog(4,exp (c+d*x~(1/
2)))/d"4-240%b*polylog(6,—exp(c+d*x~(1/2)))/d~6+240*b*polylog(6,exp(c+d*x"
(1/2)))/d"6+240*b*polylog(5,-exp(c+d*x~(1/2)))*x~ (1/2) /d~5-240*b*polylog(5
,exp (c+d*x~(1/2)))*x~(1/2)/d"5

3.32.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.05

az®

/z2(a+bcsch(c+d\/5)) dz = 5

2b(dPz%%log (1 — ec+4V) — d5z%/21og (1 + e°+4V=) — 5d*z? PolyLog (2, —e“+4V®) + 5d*z? PolyLog (2

+

input‘Integrate[x“2*(a + b*Csch[c + d*Sqrt[x]]),x]
N

output | (axx~3)/3 + (2*b*(d"5*x~(5/2)*Log[1 - E~(c + d*Sqrt[x])] - d~5*x~(5/2)*Log
[1 + E"(c + d*Sqrt[x])] - 5xd~4*x"2*PolyLogl[2, -E~(c + d*Sqrt[x])] + 5%d"4
*x~2%PolyLog[2, E~(c + d*Sqrt[x])] + 20*d~3*x~(3/2)*PolyLog[3, -E~(c + d*S
grt[x]1)] - 20*%d~3x*x~(3/2)*PolyLog[3, E~(c + d*Sqrt[x])] - 60*d~2*x*PolyLog
[4, -E~(c + d*Sqrt[x])] + 60*d~2xx*PolyLog[4, E~(c + d*Sqrt[x])] + 120%d*S
qrt [x]*PolyLog[5, -E~(c + d*Sqrt[x])] - 120*d*Sqrt[x]*PolyLogl[5, E~(c + d*
Sart[x])] - 120*%PolyLogl[6, -E~(c + d*Sqrt[x])] + 120*PolyLog[6, E~(c + d*S
qrt(x]1)1))/d"6

3.32.3 Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 260, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.111, Rules used

integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x2 (a+ besch(c+ dv/z)) da

3.32.  [a*(a+besch(c+ dy/x)) dz
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l 2010

/ (ax2 + b:vzcsch(c + d\/E)) dx

| 2009
az®  4bz®/2arctanh (ec"’dﬁ) 240b PolyLog (6, —ec“‘dﬁ) 240b PolyLog (6, et dﬁ)
3 d N d6 + db +
240b/z PolyLog (5, —e”dﬁ) 240b+/z PolyLog (5, ec+dﬁ) 120bz PolyLog (4, —eC+dﬁ)
d5 - d5 - d4 +
120bz PolyLog (4, 6”‘”5) 40b2*/* PolyLog (3, —ec+dﬁ) 40bz%/2 PolyLog (3, ec+dﬁ>
7 + = - P _
10bz? PolyLog (2, —ec+dﬁ) 10bz2 PolyLog (2, ec+dﬁ)
d? + d2

-

input LInt [x~2*(a + b*Csch[c + d*Sqrt[x]]),x]

-/

output | (axx~3)/3 - (4*b*x~(5/2)*ArcTanh[E~(c + d*Sqrt[x])])/d - (10xbxx~2*PolyLog
[2, -E~(c + d*Sqrt[x])]1)/d"2 + (10*b*x~2+PolyLog[2, E~(c + d*Sqrt[x])])/d"
2 + (40%b*x~(3/2)*PolyLogl[3, -E~(c + d*Sqrt[x])]1)/d~3 - (40%*b*x~(3/2)*Poly
Log[3, E~(c + d*Sqrt[x])])/d~3 - (120%bxx*PolyLog[4, -E~(c + d*Sqrt[x]1)]1)/
d~4 + (120*bxx*PolyLogl[4, E~(c + d*Sqrt[x])])/d"4 + (240xb*Sqrt[x]*PolyLog
[6, -E~(c + d*Sqrt[x])]1)/d"5 - (240xb*Sqrt[x]*PolyLog[5, E~(c + d*Sqrt[x])
1)/d°5 - (240*b*PolyLog[6, -E~(c + d*Sqrt[x])])/d~6 + (240*bxPolyLogl[6, E~
(c + d*Sqrt[x])]1)/d"6

3.32.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2010 ‘/Int [(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] &% !'MatchQ[u, (a_)
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.32.  [a*(a+besch(c+ dy/x)) dz
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3.32.4 Maple [F]

/x2(a+b csch (c+ dv/z)) dx

input Lint (x~2% (a+b*csch(c+d*x~(1/2))),x)

output Lint (x~2* (a+b*csch(c+d*x~(1/2))) ,x)

3.32.5 Fricas [F]

/x2 (a+besch(c+ dyvz)) do = / (besch (dyz +¢) + a)z® dz

inputLintegrate(x“2*(a+b*csch(c+d*x“(1/2))),x, algorithm="fricas")

outputtintegral(b*x“2*csch(d*sqrt(x) + c) + a*x”2, x)

3.32.6 Sympy [F]

/m2(a+bcsch(c—|—d\/5)) dx = /xZ(a+bcsch (c+d\/9_v)) dx

inputLintegrate(x**2*(a+b*csch(c+d*x**(1/2))),X)

outputLIntegral(x**Q*(a + b*csch(c + d*sqrt(x))), x)

3.32.  [a*(a+besch(c+ dy/x)) dz
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3.32.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.00

/z2 (a + bcsch(c + dﬁ)) dx = % azd
2 <log (e(dﬁ“) + 1) log <e(dﬁ)>5 + 5Liy (—e(d\/ﬂc)) log (e(dﬁ)>4 — 20 log (e(dﬁ)f) Lig(—e(@va+e
_ ~
2 <log <—e(d‘/5+c) + 1) log <e(dﬁ)>5 + 5 Lis (e(dﬁJrc)) log (e(dﬁ))4 — 20 log (e(dﬁ)>3 Lig(e(@VZ+e))
+ —

input‘integrate(x‘2*(a+b*csch(c+d*x*(1/2))),x, algorithm="maxima")

output | 1/3%a*xx~3 - 2*(log(e”~(d*sqrt(x) + c) + 1)*log(e” (d*sqrt(x)))~5 + 5*xdilog(-
e~ (d*sqrt(x) + c))*log(e”(d*sqrt(x)))~4 - 20*log(e” (d*sqrt(x))) ~3*polylog(
3, —e~(d*sqrt(x) + c)) + 60*log(e”(d*sqrt(x))) " 2*polylog(4, -e~ (d*sqrt(x)

+ c)) - 120%log(e”(d*sqrt(x)))*polylog(5, -e~(d*sqrt(x) + c)) + 120*polylo
g(6, -e~(d*sqrt(x) + c)))*b/d"6 + 2x(log(-e~(d*sqrt(x) + c) + 1)*log(e~(d*
sqrt(x)))"5 + b*dilog(e”(d*sqrt(x) + c))*log(e~(d*sqrt(x)))~4 - 20*log(e~(
d*sqrt(x))) ~3*polylog(3, e~ (d*sqrt(x) + c)) + 60*log(e”(d*sqrt(x))) 2*poly
log(4, e~ (d*sqrt(x) + c)) - 120*log(e” (d*sqrt(x)))*polylog(5, e~ (d*sqrt(x)

+ c)) + 120*polylog(6, e~ (d*sqrt(x) + c)))*b/d"6

N\

3.32.8 Giac [F]

/a:2 (a+ besch(c+ dv/z)) dz = / (besch (dy/z +¢) + a)z® dz

/

input‘integrate(x‘2*(a+b*csch(c+d*x‘(1/2))),x, algorithm="giac")

~—  /

p
output Lintegrate((b*csch(d*sqrt(x) + c) + a)*x"2, x)

~—

3.32.  [a*(a+besch(c+ dy/x)) dz
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3.32.9 Mupad [F(-1)]

Timed out.

2 I b
/x (a+ besch(c+ dv/z)) d:c—/:v <a+sinh(c+d\/5)> dx

input Lint(x‘2*(a + b/sinh(c + d*x~(1/2))),x)

output Lint(x“2*(a + b/sinh(c + d*x~(1/2))), x)

3.32.  [a*(a+besch(c+ dy/x)) dz
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3.33 [z(a+besch(c+dy/x)) dx

3.33.1 Optimal result . . . . .. ... ... ... 213]
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 213
3.33.3 Rubi [A] (verified) . . . . . ... .. 214
3.334 Maple [F] . . . . . o o 215
3.33.5 Fricas [F] . . . . . o o o 215
3.33.6 Sympy [F] . . . . . 215
3.33.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 216
3.33.8 Giac [F] . . . o o 216
3.33.9 Mupad [F(-1)] . . . . o o 217

3.33.1 Optimal result

Integrand size = 16, antiderivative size = 164

2 4bg®arctanh(et™®)  6bz PolyLog (2, —e“+ov?
/x(a+bcsch(c+d\/5)) dx:a’;; _ 27 arciln (e ) _ 6bz Poly Ogdg ,—€ )
6bz PolyLog (2,e°t%®)  12b,/z PolyLog (3, —e*t%V7)
* d? + d3
12by/z PolyLog (3, ect4V7)
_ -
12b PolyLog (4, —e“t4v®)  12bPolyLog (4, et%V7)
_ - " s

‘*x‘(1/2)))/d‘2+6*b*x*polylog(2,exp(c+d*x‘(1/2)))/d‘2—12*b*polylog(4,—exp(c
+d*x~(1/2)))/d"~4+12%b*polylog(4,exp(c+d*x™(1/2)))/d"4+12xbxpolylog(3,-exp(

( R
output‘1/2*a*x‘2—4*b*x‘(3/2)*arctanh(exp(c+d*x“(1/2)))/d—6*b*x*polylog(2,—exp(c+d
‘c+d*x“(1/2)))*x“(1/2)/d“3—12*b*polylog(3,exp(c+d*x”(1/2)))*x“(1/2)/d“3

3.33.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.10

az?

/m(a—l—bcsch(c—l—dﬁ)) dr = 53

N 2b(d®z%?log (1 — ec+4V=) — @3z%/21og (1 + e°+4V=) — 3d%z PolyLog (2, —e°*%v7) + 3d2z PolyLog (2, ¢

3.33.  [xz(a+besch(c+dyz)) do



input ‘

output
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Integrate[x*(a + b*Csch[c + d*Sqrt[x]]),x]

(a*x72) /2 + (2*bx(d"3*x~(3/2)*Logl[l - E~(c + d*Sqrt[x])] - d~3*x~(3/2)*Log
[1 + E"(c + d*Sqrt[x])] - 3*d"2*x*PolyLog[2, -E~(c + d*Sqrt[x])] + 3*d"2*x
*PolyLog[2, E~(c + d*Sqrt[x])] + 6*d*Sqrt[x]*PolyLogl[3, -E~(c + d*Sqrt[x])
1 - 6*d*Sqrt[x]*PolyLog[3, E~(c + d*Sqrt[x])] - 6*PolyLogl[4, -E~(c + d*Sqr
t[x]1)] + 6+PolylLogl[4, E~(c + d*Sqrt[x])]))/d"4

3.33.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used

integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w(a + bcsch(c + d\/E)) dx

| 2010
/ (az + bzesch(c + dv/x)) do

| 2009
az? 4bz*/?arctanh (eCerﬁ) 12b PolyLog (4, —eC+d\/5) 12b PolyLog (4, ec+dﬁ)
7 B d - d4 + d4 +
12by/3 PolyLog (3, —e*4V7)  12by/z PolyLog (3,e°+4%) bz PolyLog (2, —e=+v*)

d3 N d3 - d2 +
6bz PolyLog <2, ectdve )
2

input LInt [x*x(a + bxCsch[c + d*Sqrt[x]]),x]

output

(a*x72)/2 - (4*b*x~(3/2)*ArcTanh[E~(c + d*Sqrt[x])])/d - (6%b*x*PolyLogl2,
-E~(c + d*Sqrt[x]1)]1)/d"2 + (6*b*x*PolyLog[2, E~(c + d*Sqrt[x])])/d"2 + (1
2¥b*Sqrt [x] *PolyLog[3, -E~(c + d*Sqrt[x])]1)/d"3 - (12xb*Sqrt[x]*PolyLogl3,
E~(c + d*Sqrt[x])]1)/d"3 - (12xb*PolyLogl[4, -E~(c + d*Sqrt[x]1)])/d"4 + (12
*b*PolyLog[4, E~(c + d*Sqrtl[x])])/d~4

N

3.33.  [xz(a+besch(c+dyz)) do
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3.33.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32010‘Int[(u_)*((c_.)*(x_))”(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.33.4 Maple [F]

/z(a-l—b csch (c—l—d\/E)) dx

input Lint (x* (a+b*csch(c+d*x~(1/2))) ,x)

output Lint (x* (a+b*csch(c+d*x~(1/2))),x)

3.33.5 Fricas [F]

/x(a+bcsch(c+d\/5)) dr = / (besch (dy/z +¢) + a)z dz

inputtintegrate(x*(a+b*csch(c+d*x‘(1/2))),x, algorithm="fricas")

outputLintegral(b*x*csch(d*sqrt(x) + c) + a*x, x)

3.33.6 Sympy [F]

/w(a-l—bcsch(c—l—d\/i)) dzr = /x(a—l—bcsch (c+dvz)) dz

inputLintegrate(x*(a+b*csch(c+d*x**(1/2))),X)

output LIntegral(x*(a + b*csch(c + d*sqrt(x))), x)

3.33.  [xz(a+besch(c+dyz)) do
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3.33.7 Maxima [A] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.05

/z(a + bcsch(c + d\/i)) dr = %amz
2 <log (e(d\/ﬂc) + 1) log (e(dﬁ)>3 +3Li, (—e(d\/ﬂc)) log (e(dﬁ)>2 — 6 log (e(dﬁ)> Lig(—e(@vote))
_ =
2 <log <—e(d‘/5+c) + 1) log <e(dﬁ)>3 + 3 Li, (e(dﬁJrc)) log (e(dﬁ))z — 6 log <e(d‘/5)> Lis(e(@V@+9)) 4
_l.
d4
inputLintegrate(x*(a+b*csch(c+d*x‘(1/2))),x, algorithm="maxima") J

output | 1/2%a*xx~2 - 2*(log(e~(d*sqrt(x) + c) + 1)*log(e”(d*sqrt(x)))~3 + 3*dilog(-
e” (d*sqrt(x) + c))*log(e”(d*sqrt(x)))~2 - 6*log(e”(d*sqrt(x)))*polylog(3,
-e~ (d*sqrt(x) + c)) + 6xpolylog(4, -e~(d*sqrt(x) + c)))*b/d"4 + 2*(log(-e~
(d*sqrt(x) + c) + 1)*log(e~(d*sqrt(x)))~3 + 3*dilog(e~ (d*sqrt(x) + c))*log
(e~ (d*sqrt(x))) "2 - 6xlog(e”(d*sqrt(x)))*polylog(3, e~ (d*sqrt(x) + c)) + 6
*polylog(4, e~ (d*sqrt(x) + c)))x*b/d"4

3.33.8 Giac [F]

/:c(a+bcsch(c+d\/§)) dr = / (besch (dy/z +¢) + a)z dz

-

inputLintegrate(x*(a+b*csch(c+d*x”(1/2))),x, algorithm="giac")

~—

outputLintegrate((b*csch(d*sqrt(x) + ¢) + a)*x, x) J

3.33.  [xz(a+besch(c+dyz)) do
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3.33.9 Mupad [F(-1)]

Timed out.

b
/:v(a-l—bcsch(c—l—d\/i)) d:c:/:v (a—i— o (c—i—d\/i)) dx

input Lint(x*(a + b/sinh(c + d*x~(1/2))),x)

outputtint(x*(a + b/sinh(c + d*x~(1/2))), x)

3.33.  [xz(a+besch(c+dyz)) do
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3.34 [ a+bcsch (c+dy/z) dx

T
3.34.1 Optimal result . . . . . . . . . .. ... e 218
3.34.2 Mathematica [N/A] . . . . . . . .. 218
3.34.3 Rubi [N/A] . . . o o 219
3.34.4 Maple [N/A] (verified) . . . . . . ... ... L 220
3.34.5 Fricas [N/A] . . . . . 2200
3.34.6 Sympy [N/A] . . . . 220
3.34.7 Maxima [N/A] . . . . . . 221]
3.34.8 Giac [N/A] . . . . o 2271
3.34.9 Mupad [N/A] . . ..

3.34.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ a + besch(c + dy/x)

h d
. dz = alog(z) + bInt <CSC (c+ dva) ,x)

X

e

outputLa*ln(x)+b*Unintegrable(csch(c+d*x“(1/2))/X,X)

-

3.34.2 Mathematica [N/A]
Not integrable

Time = 34.83 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ a + besch(c + dy/z) p / a + besch(c + dy/x) p
= x

T T

-

input LIntegrate [(a + bxCsch[c + d*Sqrt[x]1])/x,x]

~—

output LIntegrate [(a + b*Cschlc + d*Sqrt[x]])/x, x] J

334 a+bcsch (c+dy/z) dz

T
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3.34.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a+ besch(c + dy/z) p
x

x

l'2010

/ (Z N bcsch(cm—i- dﬁ)) s

| 2009
b/ csch(c;— dy/z)

dz + alog(x)

input LInt[(a + b*Cschlc + d*Sqrt[x]])/x,x] J

$Aborted

N\ J

output

3.34.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

N

334 a+bcsch (c+dy/z) dz

T
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3.34.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a—l—bcsch(c—l—d\/i)d
z

T

input Lint ((atb*csch(c+d*x~(1/2)))/x,x)

output ‘ int ((a+b*csch(c+d*x~(1/2)))/x,%)

3.34.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
v —

Z Z

input Lintegrate ((at+bxcsch(c+d*x~(1/2)))/x,x, algorithm="fricas")

output Lintegral((b*csch(d*sqrt(x) +c) + a)/x, x)

3.34.6 Sympy [N/A]
Not integrable

Time = 1.59 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

T T

/a+bcsch(c+d\/5) p /a—i—bcsch (c+dvx) p
T = T

input tintegrate ((a+b*csch(c+d*x**(1/2))) /x,x)

output LIntegral((a + bkcsch(c + d*sqrt(x)))/x, x)

334 a+bcsch (c+dy/z) dz

T
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3.34.7 Maxima [N/A]

Not integrable

Time = 0.44 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.39

/a—i—bcscha(cc—l—d\/f) dp — / besch (dy/z + c) +ad:v

T

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x,x, algorithm="maxima")

output‘b*integrate(1/(x*e‘(d*sqrt(x) + ¢c) + x), x) + bxintegrate(1/(x*e” (d*sqrt(x
‘) +c) - x), x) + axlog(x)

3.34.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
Tr =

Z Z

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x,x, algorithm="giac")

outputtintegrate((b*csch(d*sqrt(x) + c) +a)/x, x)

3.34.9 Mupad [N/A]

Not integrable

Time = 2.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ a + besch(c + dy/x) do — / a—+ sinh(c-l:-d\/i) d

T T

input Lint((a + b/sinh(c + d*x~(1/2)))/x,x)

output Lint((a + b/sinh(c + d*x~(1/2)))/x, x)

334 a+bcsch (c+dy/z) dz

T
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3.35 [ a+bcsch (c+dy/z) dx

2
3.35.1 Optimal result . . . . . ... . . ... . . .. 222
3.35.2 Mathematica [N/A] . . . . ... . . 222
3.35.3 Rubi [N/A] . . . o oo 273
3.35.4 Maple [N/A] (verified) . . . . . . . ... . L 227
3.35.5 Fricas [N/A] . . . . . 224
3.35.6 Sympy [N/A] . . . . 224
3.35.7 Maxima [N/A] . . . . . . e 225
3.35.8 Giac [N/A] . . . . o
3.35.9 Mupad [N/A] . . . .

3.35.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ a + besch(c + dy/z)

h(c+d
- dz = _% + bInt(CSC (c+dva) x)

xr2

e

outputL—a/x+b*Unintegrable(csch(c+d*x‘(1/2))/x‘2,x)

-

3.35.2 Mathematica [N/A]
Not integrable

Time = 32.93 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/a+bcsch(c+d\/5) o — / a + besch(c + dy/x)

2 2

-

input LIntegrate [(a + b*Csch[c + d*Sqrt[x]])/x"2,x]

~—

output LIntegrate [(a + bxCsch[c + d*Sqrt[x]])/x~2, x]

335. | a+bcsch (c+dy/z) dz

x2
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3.35.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

a+ besch(c + dy/z)
l/‘ 22 dx
| 2010
/ <(12 N bcsch(c;i—dﬁ)) s
x z
| 2009
b/ csch(c —iz- dy/z) g @
z x

input LInt[(a + b*Csch[c + d*Sqrt([x]])/x"2,x]

output | $Aborted

N\

3.35.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

335. | a+bcsch (c+dy/z) dz

x2
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3.35.4 Maple [N/A] (verified)

Not integrable

Time = 0.16 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a—l—bcsch(c—l—dﬁ)

x2

dz

input Lint ((atb*csch(c+d*x~(1/2)))/x~2,x%)

output ‘ int ((atb*csch(c+d*x~(1/2)))/x"2,x%)

3.35.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
T =

2 2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“2,x, algorithm="fricas")

outputLintegral((b*csch(d*sqrt(x) +c) + a)/x"2, x)

3.35.6 Sympy [N/A]
Not integrable

Time = 0.54 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dz

/a+bcsch(c+d\/5) p /a—i—bcsch (c+dvx)
T =

2 2

inputkintegrate((a+b*csch(c+d*x**(1/2)))/x**2,x)

output LIntegral((a + b*xcsch(c + d*sqrt(x)))/x**2, x)

335. | a+bcsch (c+dy/z) dz

x2
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3.35.7 Maxima [N/A]

Not integrable

Time = 0.47 (sec) , antiderivative size = 53, normalized size of antiderivative = 2.94

/a—i—bcsch(c—l—d\/f) dp — / besch (dy/z + c) +ad:v

T2 T2

inputLintegrate((a+b*csch(c+d*x‘(1/2)))/x‘2,x, algorithm="maxima")

output‘b*integrate(l/(x‘2*e‘(d*sqrt(x) + ¢c) + x72), x) + bxintegrate(1/(x"2%e”(d*
‘sqrt(x) +c¢c) -x72), x) - a/x

3.35.8 Giac [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
Tr =

2 2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“2,x, algorithm="giac")

outputtintegrate((b*csch(d*sqrt(x) + c) +a)/x"2, x)

3.35.9 Mupad [N/A]

Not integrable

Time = 2.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ a + besch(c + dy/x) do — / a—+ sinh(c-l:-d\/i) d

T2 T2

inputtint((a + b/sinh(c + d*x~(1/2)))/x"2,x)

output Lint((a + b/sinh(c + d*x~(1/2)))/x"2, x)

335. | a+bcsch (c+dy/z) dz

x2
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3.36 [ 23(a + besch(c + dv/z))” dz

3.36.1 Optimalresult . . .. .. ... .. . . .. . 227
3.36.2 Mathematica [B] (verified) . . . . . . ... .. ..o 228]
3.36.3 Rubi [A] (verified) . . . ... ... ... 229
3.36.4 Maple [F] . . . . . . o 231
3.36.5 Fricas [F] . . . . . . o o o 231
3.36.6 Sympy [F] . . . . . 232
3.36.7 Maxima [A] (verification not implemented) . .. ... ... ... ......
3.36.8 Giac [F] . . . . . o 233
3.36.9 Mupad [F(-1)] . . . . . oo 234

3.36. [ *(a+ besch(c+ d\/f))2 dr
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3.36.1 Optimal result
Integrand size = 20, antiderivative size = 597

2,.7/2 2,.4 bz 2arctanh (ec+VE
/$3(a+bcsch(c+d\/5))2 dz=—2b§ _'_GZ _SCLIL" arc Zn (e )

20227/ coth (¢ + dy/T) 146%z* log (1 — e2(c+dva) )
= +
d d?
28abz3 PolyLog (2, —e“+4V?)
_ =
28abz? PolyLog (2, et%V7)
+
2
42b%5/? PolyLog (2, ez(c+d‘/‘;))
+ B
168abz®/% PolyLog (3, —ect4v®)
+
B
168abz/% PolyLog (3, et4v7)
_ g
1056222 PolyLog (3, e2(0+dﬁ>)
p7
840abz? PolyLog (4, —e°t%V)
_ i
840abz? PolyLog (4, eT4V?)
+
g7
2106?22 PolyLog (4, 62(C+dﬁ)>
+ B
3360abz>/2 PolyLog (5, —e“+4v7)
+ pE
3360abz>/? PolyLog (5, ect4v®)
_ e
315b%z PolyLog <5, e2(c+d\/i)>
_ 5
10080abz PolyLog (6, —ec+4v®)
_ 5
10080abz PolyLog (6, et4v=)
_+_
b
315b%/z PolyLog (6, 62(C+d\/5))
+ §G
20160aby/z PolyLog (7, —e°+4v?)
+ FG
20160ab+/z PolyLog (7, e*t%V?)
3.36. [ *(a+ besch(c+ d\/i))2 dr d’
31502 PolyLog (7, e2(c+d\/5>>

. wy




output
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228

-840%*axb*x~2*polylog(4,-exp(c+d*x~(1/2)))/d~4+840*a*b*x"~2*polylog(4,exp(c+

d*x~(1/2)))/d"4+3360*axb*x~ (3/2) *polylog(5,-exp(c+d*x~(1/2)))/d"5-3360*a*b
*x~ (3/2)*polylog(5,exp(c+d*x~(1/2)))/d~5-8*axb*x~ (7/2) *arctanh (exp (c+d*x" (
1/2)))/d-28*a*b*x~3*polylog(2,-exp(c+d*x~(1/2)))/d~2+28*a*b*x~3*polylog(2,
exp(c+d*x~(1/2)))/d"2-20160*a*b*polylog(7,exp(c+d*x~(1/2)))*x~(1/2)/d"7-10
080*ax*b*x*polylog(6,-exp(c+d*x~(1/2)))/d~6+10080*a*b*x*polylog(6,exp (c+d*x
~(1/2)))/d"6+20160*a*b*polylog(7,-exp(c+d*x~(1/2)))*x~(1/2) /d"7+168*a*b*x"
(5/2)*polylog(3,-exp(c+d*x~(1/2)))/d"3-168*a*b*x~(5/2) *polylog (3, exp (c+d*x
~(1/2)))/d"3+1/4*a~2xx~4-315/2*b"2*polylog(7,exp (2*c+2*d*x~(1/2))) /d"~8-2*b
~2%x~(7/2) /d+210%b~2*x~ (3/2) *polylog (4, exp(2*c+2*d*x~(1/2))) /d"5-315%b~2*x
*polylog(5,exp(2*c+2xd*x~(1/2)))/d"6-20160*a*b*polylog(8,-exp(c+d*x~(1/2))
)/d~8+20160*a*bxpolylog(8,exp(c+d*x~(1/2)))/d"8+315%b~2*polylog(6,exp (2*c+
2%d*xx” (1/2)))*x~(1/2) /d"7-2%b"2*x~ (7/2) *coth (c+d*x~ (1/2) ) /d+14*b~2*x~3*1n (
1-exp(2%c+2%d*x~ (1/2))) /d~2+42%b~2%x" (5/2) *polylog (2, exp (2*c+2*d*x~ (1/2)))
/d~3-105%b~2*x"2*polylog(3,exp(2*xc+2*d*x~(1/2)))/d"4

3.36.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 1289 vs. 2(597) = 1194.

Time = 7.40 (sec) , antiderivative size = 1289, normalized size of antiderivative = 2.16

/ z®(a + besch(c + d\/E))2 dx = Too large to display

-

inputLIntegrate[x‘B*(a + b*Csch[c + d*Sqrt[x]])~2,x]

~—

3.36. [ *(a+ besch(c+ d\/E))2 dz
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output | (a”2*x"4*(a + b*Csch[c + d*Sqrt[x]])~2*Sinh[c + d*Sqrt[x]1]172)/(4*(b + a*Si
nhlc + d*Sqrt[x]]1)~2) - (2xbx(a + b*Cschlc + d*Sqrt[x]]) ~2*(2*bxd~7*x~(7/2
) - Txbxd"6*(-1 + E~(2%c))*x"3*Log[l - E~(-c - d*Sqrt[x])] - 2*xaxd"7*(-1 +
E~(2%c))*x~(7/2)*Log[1 - E"(-c - d*Sqrt[x])] - 7*bxd"6*(-1 + E~(2%c))*x"3
*xLog[1 + E"(-c - d*Sqrt[x])] + 2%a*d~7*(-1 + E~(2%c))*x"~(7/2)*Logl[1 + E~(-
c - d*Sqrt[x])] + 42xbxd~5x(-1 + E~(2*c))*x~(5/2)*PolyLog[2, -E~(-c - d*Sq
rt[x])] - 14*axd~6%(-1 + E~(2%c))*x"3*PolyLog[2, -E~(-c - d*Sqrt[x])] + 42
*b*d"b* (-1 + E~(2%c))*x~(5/2)*PolyLog[2, E~(-c - d*Sqrt[x])] + 14*xa*xd~6*(-
1 + E~(2%c))*x"3*PolyLog[2, E~(-c - d*Sqrt[x])] + 210*b*d~4*(-1 + E~(2*c))
*x~2xPolyLog[3, -E~(-c - d*Sqrt[x])] - 84xaxd”5x(-1 + E~(2%c))*x"~(5/2)*Pol
yLog[3, -E~(-c - d*Sqrt[x])] + 210%bxd"4*(-1 + E~(2%c))*x"2xPolyLog[3, E~(
-c - dxSqrt[x])] + 84xa*d~5x(-1 + E~(2*c))*x~(5/2)*PolyLog[3, E~(-c - d*Sq
rt[x])] + 840%b*d~3*(-1 + E~(2%c))*x"(3/2)*PolyLog[4, -E~(-c - d*Sqrt[x])]
- 420*a*d”~4*(-1 + E~(2*c))*x"2xPolyLog[4, -E~(-c - d*Sqrt[x])] + 840%bxd"
3x(-1 + E~(2%c))*x~(3/2)*PolyLogl[4, E~(-c - d*Sqrt[x])] + 420*%axd~4*(-1 +
E~(2%c))*x"2*PolyLog[4, E~(-c - d*Sqrt[x])] + 2520%b*d~2*(-1 + E~(2%c))*x*
PolyLog[5, -E~(-c - d*Sqrt[x])] - 1680*a*d~3*(-1 + E~(2xc))*x"(3/2)*PolyLo
gl5, -E~(-c - d*Sqrt[x])] + 2520%b*d~2*(-1 + E~(2%c))*x*PolyLog[5, E~(-c -
d*Sqrt[x])] + 1680*a*d~3x(-1 + E~(2*c))*x"(3/2)*PolyLog[5, E~(-c - d*Sqrt
[x])] + 5040%bxd*(-1 + E~(2%c))*Sqrt [x]*PolyLog[6, -E~(-c - d*Sqrt[x])]...

3.36.3 Rubi [A] (verified)

Time = 1.13 (sec) , antiderivative size = 605, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, Lumber of rules _ 0.200, Rules used

integrand size
= {5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 2%(a + besch(c + dvz))? da
| 5960
2 / 27/ (a + besch(c + dv/))? dv/z
| 3042
2/m7/2(a+ibcsc (ic +idv/z))* dv/z

l 4678

3.36. [ *(a+ besch(c+ d\/E))2 dz
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?/(d%WQ+b%ah%c+d¢§yﬂm—mewdﬂc+dvgyﬂﬂ>dVE

l 2009

- — + = -

( a2zt 4abz™/?arctanh (ec“‘dﬁ > 10080ab PolyLog (8, —ec"'dﬁ) 10080ab PolyLog (8, ec"'dﬁ) 10080¢
2
8 d d8

input‘Int[x“B*(a + bxCsch[c + d*Sqrt[x]])~2,x] ‘

output | 2% (- ((b~2*x~(7/2))/d) + (a"2*x~4)/8 - (4*a*b*x~(7/2)*ArcTanh[E~(c + d*Sqrt
[x1)1)/d - (b~2*x~(7/2)*Coth[c + d*Sqrt[x]])/d + (7*b~2xx"3xLog[1 - E~(2*(
c + d*Sqrt[x]))])/d"2 - (14*a*b*xx~3*PolyLog[2, -E~(c + d*Sqrt[x])])/d"2 +
(14*a*b*x~3*PolyLog[2, E~(c + d*Sqrt[x])])/d"2 + (21%b~2*x~(5/2)*PolyLog[2
» E7(2x(c + d*Sqrt[x]))])/d"3 + (84*a*b*x~(5/2)*PolyLog[3, -E~(c + d*Sqrt[
x]1)1)/d"3 - (84*axbxx~(5/2)*PolyLogl[3, E~(c + d*Sqrt[x])])/d~3 - (105xb~2#
x"2%PolyLog[3, E~(2x(c + d*Sqrt[x]))])/(2*d~4) - (420*axb*x~2*PolyLog[4, -
E~(c + d*Sqrt[x])]1)/d"4 + (420*axbxx~2*PolyLogl[4, E~(c + d*Sqrt[x])]1)/d"4
+ (105%b~2%x~(3/2)*PolyLog[4, E~(2*(c + d*Sqrt([x]))])/d"5 + (1680*a*b*x~(3
/2)*PolyLog[5, -E~(c + d*Sqrt[x])])/d~5 - (1680*a*b*x~(3/2)*PolyLog[5, E~(
c + dxSqrt[x])])/d°5 - (315*%b~2xx*PolyLog[5, E~(2*(c + d*Sqrt[x]))])/(2*d~
6) - (5040*a*b*x*PolyLogl[6, -E~(c + d*Sqrt[x])])/d"6 + (5040*a*b*x*PolyLog
[6, E"(c + d*Sqrt[x])])/d"6 + (315%b~2*Sqrt[x]*PolyLogl[6, E~(2*%(c + d*Sqrt
[x]1))1)/(2%d"7) + (10080*a*b*Sqrt[x]*PolyLogl[7, -E~(c + d*Sqrt[x]1)])/d"7 -

(10080*a*b*Sqrt [x] *PolyLog[7, E~(c + d*Sqrt[x])])/d~7 - (315%b~2*PolyLogl
7, ET(2%(c + d*Sqrt[x]))])/(4%xd"8) - (10080*a*bxPolyLogl[8, -E~(c + d*Sqrt[
x])])/4"8 + (10080*a*b*PolyLog[8, E~(c + d*Sqrt([x])])/d"8)

3.36.3.1 Defintions of rubi rules used

ruk32009llnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

ruk33042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x] J

3.36. [ *(a+ besch(c+ d\/f))2 dr
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rule 4678 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_ )I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)7°p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.36.4 Maple [F]

/x3(a+b csch (c+d\/3_v))2dz

input Lint (x~3*(a+b*csch(c+d*x~(1/2)))"2,x%)

output ‘ int (x~3* (at+b*csch(c+d*x~(1/2)))"2,x)

3.36.5 Fricas [F]

/x3 (a + besch(c + d\/:?))z dr = / (besch (dv/z +¢) + a) 2 d

input Lintegrate (x~3*(atb*csch(c+d*x~(1/2)))~2,x, algorithm="fricas")

-/

output‘ integral (b~2*x"3*csch(d*sqrt(x) + c)~2 + 2*xa*b*x~3*csch(d*sqrt(x) + c) + a
L*z*x*s, x)

——

3.36. [ *(a+ besch(c+ d\/i))2 dr
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3.36.6 Sympy [F]

/ac?’(a+bcsch(c—l-d\/i))2 dzr = /x3(a+bcsch (c+d\/5))2 dx

input Lintegrate (x**3* (a+bxcsch(c+dxx**(1/2))) ¥*2,x) J

output LIntegral(x**S*(a + bxcsch(c + d*sqrt(x)))**2, x) J

3.36.7 Maxima [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 648, normalized size of antiderivative = 1.09

2 1 4b2z3
/x3(a+bcsch(c+d\/5)) dr = Za2x4 @At g

4 (d7:v% log (e(d‘/ﬂc) + 1) +7 d6m3Li2( (V) ) 42 3 Lig(—e(WVT+9) 4 210 d*a?Liy (—e(VF+)

4 <d7a:% log <—e(dﬁ+0) + 1) + 7 d%x3Li, ( (dVate) ) 42 Pz Lig (e H9) 4 210 d*2?Liy(e(WVo+9)) —

+
48

14 (d%?’ log (e(dﬁ+c> + 1) +6d5z3 L, (—e(dﬁ+0>> — 30 d*2?Liz(—e(@a+9)) 4 120 d3z 3 Liy(—e(#Vo+e

+
d8

14 <d6x3 log (—e(d\/ﬂc) + 1) + 6d5z5Li, (e(dﬁJrc)) — 30 d*2?Lis (e(4V7+9)) 4 120 dPz2 Liy (e(4V7+9)) -

+
d8
abd®z* + 4b2d"z3 N abd8z* — 4V2d"x?
2d8 2d8
input Lintegrate (x~3*(atb*csch(c+d*x~(1/2)))"2,x, algorithm="maxima") J

3.36. [ *(a+ besch(c+ d\/i))2 dr
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1/4*a”2%x"4 - 4*b"2%x~(7/2)/(d*e” (2*d*sqrt(x) + 2*c) - d) - 4x(d"7*x~(7/2)
xlog(e” (d*sqrt(x) + c) + 1) + 7xd"6*x"3xdilog(-e~ (d*sqrt(x) + c)) - 42xd"5
*x~ (5/2)*polylog(3, -e~(d*sqrt(x) + c)) + 210*d~4*x"2*polylog(4, -e” (d*sqr
t(x) + c)) - 840%d~3*x"(3/2)*polylog(5, -e~(d*sqrt(x) + c)) + 2520%d~2*x*p
olylog(6, -e~(d*sqrt(x) + c)) - 5040*d*sqrt(x)*polylog(7, -e~(d*sqrt(x) +
c)) + 5040*polylog(8, -e~(d*sqrt(x) + c)))*a*b/d~8 + 4*(d~7*x"(7/2)*log(-e
“(d*sqrt(x) + c) + 1) + 7*d"6*x"3*dilog(e”(d*sqrt(x) + c)) - 42xd~5*x~(5/2
)*polylog(3, e~ (d*sqrt(x) + c)) + 210*d"4*x"2*polylog(4, e~ (d*sqrt(x) + c)
) - 840%d"3xx~(3/2)*polylog(5, e~ (d*sqrt(x) + c)) + 2520%d~2*x*polylog(6,
e~ (d*sqrt(x) + c)) - 5040xd*sqrt(x)*polylog(7, e~ (d*sqrt(x) + c)) + 5040%p
olylog(8, e~ (d*sqrt(x) + c)))*a*b/d"8 + 14*(d"6*x"3*log(e”(d*sqrt(x) + c)
+ 1) + 6+%d"5*x~(5/2)*dilog(-e~(d*sqrt(x) + c)) - 30*d~4*x"2*polylog(3, -e~
(d*sqrt(x) + c)) + 120%d~3*x~(3/2)*polylog(4, -e~(d*sqrt(x) + c)) - 360*d~
2xx*polylog(5, -e~(d*sqrt(x) + c)) + 720*d*sqrt(x)*polylog(6, -e~(d*sqrt(x
) + c)) - 720%polylog(7, -e~(d*sqrt(x) + c)))*b~2/d"8 + 14*(d”~6*x"3*log(-e
“(d*sqrt(x) + c) + 1) + 6+%d"5*x~(5/2)*dilog(e” (d*sqrt(x) + c)) - 30%d~4*x~
2xpolylog(3, e~ (d*sqrt(x) + c)) + 120*d"3*x~(3/2)*polylog(4, e~ (d*sqrt(x)
+ c)) - 360%d"2*x*polylog(5, e~ (d*sqrt(x) + c)) + 720xd*sqrt(x)*polylog(6,
e~ (d*sqrt(x) + c)) - 720*polylog(7, e~ (d*sqrt(x) + c)))*b~2/d"8 - 1/2*(ax
b*d"8%x"4 + 4xb"2xd"T7*x~(7/2))/d"8 + 1/2%(axb*d"8*x"4 - 4xb"2xd"T7*x~(7/...

3.36.8 Giac [F|

/x3 (a + besch(c + d\/E))2 dr = / (besch (dv/z +¢) + a) 1 da

-

Lintegrate(x‘s*(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="giac")

-/

integrate((b*csch(d*sqrt(x) + c) + a)~2*x"3, x)

N

_

3.36. [ *(a+ besch(c+ d\/E))2 dz
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3.36.9 Mupad [F(-1)]

Timed out.

3 2 5 3 b ’
/w (a+bcsch(c—|—d\/5)) dx—/:c (a—l_sinh(c—l—d\/i)) dx

input Lint(x"B*(a + b/sinh(c + d*x~(1/2)))"2,x)

output tint(x“3*(a + b/sinh(c + d*x~(1/2)))"2, x)

3.36. [ *(a+ besch(c+ d\/i))2 dr
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3.37 [ 2*(a + besch(c + dv/z))* dz

3.37.1 Optimalresult . . .. ... ... . .. ... . e
3.37.2 Mathematica [B] (verified) . . . . . . . ... ... Lo 237
3.37.3 Rubi [A] (verified) . . . . . ... .. 238
3.37.4 Maple [F] . . . . . o o 2400
3.37.5 Fricas [F] . . . . . o o o 240
3.37.6 Sympy [F] . . . . o o 240
3.37.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 24T]
3.37.8 Giac [F] . . . . o 242
3.37.9 Mupad [F(-1)] . . . . oo 242

3.37. [ *(a+ besch(c+ d\/f))2 dr
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3.37.1 Optimal result

Integrand size = 20, antiderivative size = 441

202252 @243 8abx5/2arctanh(ec+d\/5)

2
/m2(a+bcsch(c+d\/5)) dr = Tt - ;

9h225/2 coth (c + d\/f) 106?22 log (1 — 62(c+dﬁ))
_ 7 + a2
20abz? PolyLog (2, —e“t4v®)
_ p
20aba? PolyLog (2, e*t4v=)
+
2
20b2$3/2 PolyLog (2, e2(c+d\/5)>
+ B3
80aba®/2 PolyLog (3, —e~+4v7)
+ 3
d
80abz®? PolyLog (3, ec+4v?)
_ 7
30b%z PolyLog (3, 62(C+dﬁ)>
_ 7
240abzx PolyLog (4, —e°+d‘/5)
_ 7
240abz PolyLog (4, ec+d‘/5)
+
d4
30()2\/5 PolyLog (4, e2(c+d\/5)>
+ d5
480aby/z PolyLog (5, —e*T4v7)
+ 5
480ab+/T PolyLog (5, e=+4v7)
_ e
1502 PolyLog <5’ 62(c+d\/5)>
_ T
480ab PolyLog (6, —ec+dﬁ)
_ %
480ab PolyLog (6, e=+V7)
+ 6

3.37. [ *(a+ besch(c+ d\/i))2 dr
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-2xb~2%x~(5/2) /d+1/3*a~2*x"3-8*axb*x~ (5/2) *arctanh (exp (c+d*x~(1/2)))/d-2*b
~2%x7(5/2) *coth (c+d*x~(1/2)) /d+10%b~2*x~2*1n (1-exp (2*c+2*d*x~(1/2))) /d"2-2
Oxa*bxx~2*polylog(2,-exp(c+d*x~(1/2)))/d"2+20*a*b*x~2*polylog(2,exp (c+d*x"
(1/2)))/d"2+20%b~2*x~ (3/2) *polylog (2, exp (2*c+2*d*x~ (1/2))) /d~3+80*a*xb*x~ (3
/2)*polylog(3,-exp(c+d*x~(1/2)))/d~3-80*axb*x~(3/2) *polylog(3,exp (c+d*x~ (1
/2)))/d~3-30*b~2*x*polylog(3,exp (2xc+2*d*x"~(1/2)) ) /d~4-240*a*b*x*polylog (4
,—exp(c+d*x~(1/2)))/d"4+240*a*b*x*polylog(4,exp(c+d*x~(1/2)))/d"4-15%b"2*p
olylog(5,exp(2*c+2*d*x~(1/2)))/d~6-480*a*b*polylog(6,-exp(c+d*x~(1/2)))/d"
6+480*axb*polylog(6,exp(c+d*x~(1/2)))/d"6+30%b~2*polylog(4, exp (2*c+2*xd*x~ (
1/2)))*x~(1/2) /d~5+480*a*b*polylog(5,-exp(c+d*x~(1/2)))*x~(1/2) /d"5-480*ax*
b*polylog(5,exp(c+d*x~(1/2)))*x~(1/2)/d"5

3.37.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 1017 vs. 2(441) = 882.

Time = 7.15 (sec) , antiderivative size = 1017, normalized size of antiderivative = 2.31

22 (a + besch(c z))> x_a2x3(a+bCSCh(C+d\/5))2sinh2 (c+dvx)
/ (a+ besch(c + dv/z))* do = 3 (6 + asinh (c + dy/3))

2b(a + besch(c + d\/i))2 (2bd°2%/2 — 5bd*(—1 + %) 22 log (1 — e7*~47) — 2ad®(—1 + €*¢) z%/%log (1

b*z5/%csch(§) csch(g + %) (a + besch(c+ d\/i))2 sinh® (¢ + dy/z) sinh (%)

_|_

d (b+asinh (c+ d\/i))2
v?z%/%(a + besch(c + d\/a?))2 sech(£) sech(% + %) sinh® (¢ + dy/z) sinh <%5>
- d (b+ asinh (c+d\/§))2

~—

3.37. [ *(a+ besch(c+ d\/i))2 dr
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output | (a”2*x"3*(a + b*Csch[c + d*Sqrt[x]])~2*Sinh[c + d*Sqrt[x]1]172)/(3*(b + a*Si
nhlc + d*Sqrt[x]]1)~2) - (2xbx(a + b*Csch[c + d*Sqrt[x]]) ~2*(2*bxd~5*x~(5/2
) - Bxbxd"4* (-1 + E~(2%c))*x"2+Log[1l - E~(-c - d*Sqrt[x])] - 2*xaxd~5*x(-1 +
E~(2xc))*x~(5/2)*Log[1 - E~(-c - d*Sqrt[x])] - 5*b*d~4x(-1 + E~(2%c))*x"2
*xLog[1 + E"(-c - d*Sqrt[x])] + 2%a*d~5*(-1 + E~(2%c))*x~(5/2)*Logl[1 + E~(-
c - dxSqrt([x])] + 20%b*d~3*(-1 + E~(2*c))*x~(3/2)*PolyLog[2, -E~(-c - d*Sq
rt[x])] - 10*axd~4*(-1 + E~(2%c))*x"2*PolyLog[2, -E~(-c - d*Sqrt[x])] + 20
*b*d"3*% (-1 + E~(2%c))*x~(3/2)*PolyLog[2, E~(-c - d*Sqrt[x])] + 10*a*xd~4x*(-
1 + E~(2%xc))*x"2+PolyLog[2, E~(-c - d*Sqrt[x])] + 60%bxd~2%(-1 + E~(2%c))*
x*PolyLog[3, -E~(-c - d*Sqrt[x])] - 40*a*d~3*(-1 + E~(2%c))#*x"(3/2)*PolyLo
gl3, -E~(-c - d*Sqrt[x])] + 60%b*d~2*(-1 + E~(2xc))*x*PolyLog[3, E"(-c - d
*Sqrt[x])] + 40%a*d”~3*(-1 + E~(2*c))*x~(3/2)*PolyLogl[3, E~(-c - d*Sqrt[x])
1 + 120*%bxd* (-1 + E~(2*c))*Sqrt[x]*PolyLogl[4, -E~(-c - dxSqrt[x])] - 120*a
*d"2x (-1 + E~(2*c))*x*PolyLog[4, -E~(-c - d*Sqrt[x])] + 120*b*d*x(-1 + E~(2
*xc))*Sqrt [x] *PolyLog[4, E~(-c - d*Sqrt[x])] + 120*a*d~2x(-1 + E~(2%c))*x*P
olyLog[4, E~(-c - d*Sqrt[x])] + 120%b*(-1 + E~(2*c))*PolyLog[5, -E~(-c - d
*Sqrt[x])] - 240*axd*(-1 + E~(2xc))#*Sqrt[x]*PolyLog[5, -E~(-c - d*Sqrt[x])
] + 120%bx(-1 + E~(2*c))*PolyLog[5, E~(-c - d*Sqrt[x])] + 240*axd*(-1 + E~
(2%c))*Sqrt [x] ¥PolyLog[5, E~(-c - d*Sqrt[x])] - 240%ax(-1 + E~(2%c))*PolyL
ogl6, -E~(-c - d*Sqrt[x])] + 240%a*(-1 + E~(2%c))*PolyLog[6, E~(-c - dx...

3.37.3 Rubi [A] (verified)

Time = 0.88 (sec) , antiderivative size = 445, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, Lumber of rules _ 0.200, Rules used

integrand size
= {5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 2% (a+ besch(c + dvz))? da
| 5960
2 / /% (a + besch(c + dv/z)) 2 dv/z
| 3042
2/m5/2(a+ibcsc (ic +idv/z))* dv/z

l 4678

3.37. [ *(a+ besch(c+ d\/E))2 dz
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2/ <a2x5/2 + b%csch? (¢ + dy/z) 2%/% 4 2abesch (c+ dvz) x5/2> dvz

l 2009

- — + = +

( a2ad 4abx®/?arctanh (ec“‘dﬁ > 240ab PolyLog (6, —ectdvT ) 240ab PolyLog (6, ectave ) 240ab+/z P
2
6 d ds

input‘Int[x“2*(a + bxCsch[c + d*Sqrt[x]])~2,x] ‘

output 2% (-((b~2*x~(5/2))/d) + (a~2*x"3)/6 - (4*a*b*x~(5/2)*ArcTanh[E~(c + d*Sqrt
[x1)1)/d - (0"2%x~(5/2)*Coth[c + d*Sqrt[x]])/d + (5*¥b~2*x"2xLog[l - E~(2x(
c + d*Sqrt[x]))]1)/d"2 - (10*a*b*x~2%PolyLog[2, -E~(c + d*Sqrt[x])])/d"2 +
(10*a*b*x~2*PolyLog[2, E~(c + d*Sqrt[x])])/d"2 + (10%b~2*x~(3/2)*PolyLog[2
, E7(2x(c + d*Sqrt[x]))])/d"3 + (40*a*b*x~(3/2)*PolyLog[3, -E~(c + d*Sqrt[
x]1)1)/d"3 - (40*a*bxx~(3/2)*PolyLogl[3, E~(c + d*Sqrt[x])]1)/d~3 - (15*b~2*x
*PolyLog[3, E~(2x(c + d*Sqrt[x]))])/d~4 - (120*a*b*x*PolyLogl[4, -E~(c + dx
Sart[x]1)]1)/d"4 + (120%axb*x*PolyLogl[4, E~(c + d*Sqrt[x])]1)/d"4 + (15*%b~2%S
grt [x]*PolyLog[4, E~(2x(c + d*Sqrt[x]))]1)/d~5 + (240*a*b*Sqrt [x]*PolyLog[5
, "E7(c + d*Sqrt[x])])/d"5 - (240*a*b*Sqrt[x]*PolyLog[5, E~(c + d*Sqrt[x])
1)/d°5 - (15%b~2#PolyLog[5, E~(2*(c + d*Sqrt[x]))])/(2*d"6) - (240*a*b*Pol
yLog[6, -E~(c + d*Sqrt[x])])/d"6 + (240%a*b*PolyLogl[6, E~(c + d*Sqrt[x])])
/d76)

3.37.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.37. [ *(a+ besch(c+ d\/f))2 dr
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rule 5960 Int[((a_.) + Cschl[(c_.) + (d_.)*(x_)"(@_)1*(b_.))~(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
‘)‘p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
‘ + 1)/n], 0] && IntegerQ[p]

3.37.4 Maple [F]

/azz(a—i-b csch (c—l—d\/i))zdx

inputLint(x“2*(a+b*csch(c+d*x‘(1/2)))A2,X)

outputLint(x‘2*(a+b*csch(c+d*x‘(1/2)))‘2,x)

3.37.5 Fricas [F]

/w2 (a + besch(c + d\/a_:))2 dr = / (besch (dv/z +¢) + a) ’2? dx

-

inputkintegrate(x‘2*(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="fricas")

e—

output‘ integral (b~2*x~2*csch(d*sqrt(x) + c)~2 + 2*axbxx~2xcsch(d*sqrt(x) + c) + a
“2*x“2, x)

3.37.6 Sympy [F]

/x2(a+bcsch(c+d\/5))2 dx = /xQ(a-i-bcsch (c+d\/§))2 dx

inputLintegrate(x**2*(a+b*csch(c+d*x**(1/2)))**2,x)

outputtlntegral(x**2*(a + b*csch(c + d*sqrt(x)))**2, x)

3.37. [ *(a+ besch(c+ d\/i))2 dr
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3.37.7 Maxima [A] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 496, normalized size of antiderivative = 1.12

2 1 4233
/z2(a+bcsch(c+d\/5)) dr = gazx?’— PRIV E .

4 (d%% log (e(dﬁ+c) + 1) +5 d4x2L12( (av/z+o) ) d3sz13 e( V)Y 4 60 B2z Liy(—e(dVa+)) -

P
4 (d%% log <—e<dﬁ+6> + 1) +5d*?Li, ( (avate ) 20 d%5 Lis (e(™V7+)) + 60 d2zLiy(e(V7+) — 12
+ 76
10 <d4x2 log (e(dﬁ+0> + 1) +4d33Liy (—e<dﬁ+c>) — 12 22 Lis(—e(@a+)) 4 24 d\/TLiy(—e(dVe+o))
+ e
10 <d4x2 log (—e(dﬁ*'c) + 1) + 4 d3z3Li, (e(dﬁ“)) — 12 d%zLig(e(®?+9) + 24 d\/xLiy(e(WVZ+9)) — 2
+ o
2 (abd’s® +30%d°si) 2 (abd’s? - 367dPxt )
B 3d° * 3d°
inputLintegrate(x“2*(a+b*csch(c+d*x“(1/2)))“2,x, algorithm="maxima") J

output

1/3*%a”2xx"3 - 4*b~2*x~(5/2)/(d*e” (2*d*sqrt(x) + 2*c) - d) - 4*(d"5*x~(5/2)
*xlog(e~(d*sqrt(x) + c) + 1) + 5kd~4*x"2*dilog(-e~(d*sqrt(x) + c)) - 20%d~3
*x~ (3/2)*polylog(3, -e~(d*sqrt(x) + c)) + 60*d~2*x*polylog(4, -e~(d*sqrt(x
) + c)) - 120*d*sqrt(x)*polylog(5, -e~(d*sqrt(x) + c)) + 120*polylog(6, -e
~(d*sqrt(x) + c)))*axb/d"6 + 4x(d"5*x~(5/2)*log(-e”~ (d*sqrt(x) + c) + 1) +
5*d~4*x~2*dilog(e~(d*sqrt(x) + c)) - 20*d~3x*x"(3/2)*polylog(3, e~ (d*sqrt(x
) + c)) + 60*d"2*xx*polylog(4, e~ (d*sqrt(x) + c)) - 120*d*sqrt(x)*polylog(5
, e (d*sqrt(x) + c)) + 120*polylog(6, e~ (d*sqrt(x) + c)))*a*b/d~6 + 10*(d”
4xx~2%log(e” (d*sqrt(x) + c) + 1) + 4*d~3*x"(3/2)*dilog(-e~ (d*sqrt(x) + c))
- 12xd"2*x*polylog(3, -e~(d*sqrt(x) + c)) + 24*xd*sqrt(x)*polylog(4, -e~(d
*sqrt(x) + c)) - 24*polylog(5, -e~(d*sqrt(x) + c)))*b”"2/d"6 + 10*(d~4*x"2%
log(-e~(d*sqrt(x) + c) + 1) + 4xd~3*x~(3/2)*dilog(e~(d*sqrt(x) + c)) - 12%
d~2*x*polylog(3, e~ (d*sqrt(x) + c)) + 24xd*sqrt(x)*polylog(4, e~ (d*sqrt(x)
+ c)) - 24%polylog(5, e~ (d*sqrt(x) + c)))*b~2/d"6 - 2/3*(a*b*xd"6*x"3 + 3%
b~2*%d"5*x~(5/2))/d"6 + 2/3*(a*b*d~6%x"3 - 3*¥b~2*d"5xx~(5/2))/d"6

3.37. [ *(a+ besch(c+ d\/i))2
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3.37.8 Giac [F|

/x2 (a + bcsch(c + d\/E))2 dr = / (bcsch (dﬁ + c) + a)2x2 dz

inputLintegrate(x“2*(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="giac")

output Lintegrate((b*csch(d*sqrt(x) + c) + a)~2*x"2, x)

3.37.9 Mupad [F(-1)]

Timed out.

2 2 _ 2 b i
/z (a + besch(c + dv/z)) dx—/a: (a+sinh(c+d\/5)) dx

input Lint(x”2*(a + b/sinh(c + d*x~(1/2)))"2,%)

output Lint(x“2*(a + b/sinh(c + d*x~(1/2)))"2, x)

3.37. [ *(a+ besch(c+ d\/i))2 dr
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3.38 [ z(a+besch(c+ dv/z))* dz

3.38.1 Optimalresult . . .. .. ... .. ... .. .. e 243
3.38.2 Mathematica [A] (verified) . . . . . . . ... Lo L 244
3.38.3 Rubi [A] (verified) . . . . . . ... .. 244
3.384 Maple [F] . . . . . oo 246
3.38.5 Fricas [F] . . . . . . o o 240
3.38.6 Sympy [F] . . . . . o 247
3.38.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 247l
3.38.8 Giac [F] . . . . . o 248
3.38.9 Mupad [F(-1)] . . . . o oo 248

3.38.1 Optimal result

Integrand size = 18, antiderivative size = 287

202232 g2x2 8abx3/2arctanh(ec+d\/5)

/x(a + besch (¢ + d\/E))2 de = —

d 2 d

20223/ coth (c + dy/z)  6b°zlog (1 _ ez(c+dﬁ)>
_ . N .

12abz PolyLog (2, _ec+dﬁ)
_ 2

12abz PolyLog (2, ec+4v?)

2

6b2,/z PolyLog (2’ 62(c+dﬁ)>
+ e

24ab+/z PolyLog (3, —eC+dx/5)
+ =

24ab\/5 POlyLog (3’ ec+d\/5)
_ =

302 PolyLog (3, 62(c+d\/5)>
_ ~

24ab PolyLog (4, —ec+d\/5) 24ab PolyLog ( 4, ec+d\/5)
B d4 + i

3.38.  [x(a-+besch(c+ d\/ﬂ_v))Q dz
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output | -2xb~2*x~ (3/2) /d+1/2*a”~2xx~2-8*axbxx"~ (3/2) *arctanh (exp (c+d*x~(1/2)))/d-2*b
~2%x7(3/2) *coth (c+d*x~ (1/2)) /d+6*b~2*x*1n (1-exp (2*c+2*d*x~(1/2))) /d"2-12%a
*b*x*polylog(2,—-exp(c+d*x~(1/2)))/d"2+12*xa*b*x*polylog(2,exp(c+d*x~(1/2)))
/d~2-3*b~2*polylog (3, exp(2*c+2*d*x~(1/2))) /d~4-24*a*xb*polylog(4,-exp(c+d*x
~(1/2)))/d"4+24*a*xb*polylog(4,exp(ct+d*x~(1/2)))/d"4+6*b~2*polylog(2, exp (2%
c+2xd*x~(1/2)))*x~(1/2) /d~3+24*a*b*polylog(3,—exp(c+d*x~(1/2)))*x~(1/2)/d"
3-24xaxb*polylog(3,exp(c+d*x~(1/2)))*x~(1/2)/4"3

3.38.2 Mathematica [A] (verified)

Time = 3.98 (sec) , antiderivative size = 382, normalized size of antiderivative = 1.33

/x(a + besch (¢ + d\/a?))2 dx
_ APdP? + a?d*z? — 4b2dP2/? coth (¢ + dy/z) + 120%d*x log (1 — e*4V7) 4 8abd®z3/% log (1 — e~V

p
input | Integrate[x*(a + b*Csch[c + d*Sqrt[x]])~2,x]

output | (4xb~2+d"3*x"~(3/2) + a~2+%d"4*x"2 - 4*b~2xd"3*x"(3/2)*Coth[c + d*Sqrt([x]] +

12%b~2+d"2*x*Log[1 - E~(-c - d*Sqrt[x])] + 8*xa*bxd~3*x~(3/2)*Log[1l - E~(-
c - dxSqrt[x])] + 12xb~2*d~2*x*Log[l + E~(-c - d*Sqrt[x])] - 8*axb*d~3*x~(
3/2)*Log[1 + E"(-c - d*Sqrt[x])] + 24x(-(b~2+d*Sqrt[x]) + a*b*d~2#x)*PolyL
ogl[2, -E~(-c - d*Sqrt[x])] - 24xb*d*(b + a*d*Sqrt[x])*Sqrt[x]*PolyLog[2, E
~“(-c - d*Sqrt[x])] - 24xb~2*PolyLogl[3, -E~(-c - d*Sqrt[x])] + 48%a*b*d*Sqr
t [x]*PolyLog[3, -E~(-c - d*Sqrt[x])] - 24*b~2%PolyLog[3, E~(-c - d*Sqrt[x]
)] - 48%axb*d*Sqrt [x]*PolyLog[3, E~(-c - d*Sqrt[x])] + 48%a*b*PolyLogl4, -
E~(-c - d*Sqrt[x])] - 48*a*b*PolyLogl[4, E~(-c - d*Sqrt[x])])/(2%d"4)

3.38.3 Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, number of rules _ 0.222, Rules used

integrand size
= {5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3.38.  [x(a-+besch(c+ d\/ﬂ_v))2 dz
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/:c(a + besch(c + dy/z))? da
| 5960
2 / 2%/ (a + besch(c + dvz))’ dva
| 3042
2/@W%a+amm@c+m¢afd¢z
| 4678
2 / (2%/20% + 260%2csch(c + dv/) a + ba* 2csch? (¢ + dz) ) dv/z

l 2009

- — + g +

( a2z 4abz®/?arctanh (ec“‘dﬁ > 12ab PolyLog (4, —ectdve ) 12ab PolyLog (4, ectdve ) 12ab+/z Poly]
2
4 d d*

input ‘ Int[x*(a + b*Cschlc + d*Sqrt[x]])~2,x]

output | 2% (-((b~2%x~(3/2))/d) + (a~2*x~2)/4 - (4xaxb*x~(3/2)*ArcTanh[E~(c + d*Sqrt
[x]1)1)/d4 - (b~2*x~(3/2)*Coth[c + d*Sqrt[x]]1)/d + (3*b~2*x*Log[l - E~(2*(c
+ d*Sqrt[x]))])/d"2 - (6*a*b*x*PolyLogl[2, -E~(c + d*Sqrt[x])])/d"2 + (6*ax
b*x*PolyLog[2, E~(c + d*Sqrt[x])])/d"2 + (3*%b~2*Sqrt[x]*PolyLogl[2, E~(2*(c
+ d*Sqrt[x]))]1)/d"3 + (12*axb*Sqrt[x]*PolyLogl[3, -E~(c + d*Sqrt[x])])/d~3
- (12xaxb*Sqrt [x]*PolyLog[3, E~(c + d*Sqrt[x])])/d~3 - (3*b~2*PolyLogl3,
E~(2x(c + dxSqrt[x]))]1)/(2%d"4) - (12xa*b*PolyLogl[4, -E~(c + d*Sqrt[x])])/
d~4 + (12*a*b*PolyLogl[4, E~(c + d*Sqrt[x])])/d"4)

N\ J

3.38.3.1 Defintions of rubi rules used

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
LQ[u, x] J

3.38.  [x(a-+besch(c+ d\/ﬂ_v))Q dz
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rule 4678 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQl{a, b, ¢, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_ )I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.38.4 Maple [F]

/w(a + b csch (c—l— dﬁ))2dm

input Lint (x* (a+b*csch(c+d*x~(1/2)))"2,x)

output ‘ int (x* (a+b*csch(c+d*x~(1/2)))"2,%)

3.38.5 Fricas [F]

/ac(a—l—bcsch(c—l—d\/:?))2 dr = / (besch (dv/z + ) +a)2xdx

input Lintegrate (x*(atb*csch(c+d*x~(1/2)))"2,x, algorithm="fricas")

-/

output‘ integral (b~2*x*csch(d*sqrt(x) + c)~2 + 2xaxbxxxcsch(d*sqrt(x) + c) + a™2*x

L, x)

3.38.  [x(a-+besch(c+ d\/ﬂ_v))Q dz
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3.38.6 Sympy [F]

/gv(a-l—bcsch(c—}-d\/g_v))2 dx = /x(a—l—bcsch (c-l-d\/ﬂ_v))z dx

inputLintegrate(x*(a+b*csch(c+d*x**(1/2)))**2,X) J

outputLIntegral(x*(a + bxcsch(c + d*sqrt(x)))**2, x) J

3.38.7 Maxima [A] (verification not implemented)
Time = 0.39 (sec) , antiderivative size = 343, normalized size of antiderivative = 1.20

2,8
/z(a + besch(c + dﬁ)f dz = %a2x2 T d (2déf/l;c+x2c) d
e -

4 <d3x% log (e(dﬁﬂ) + 1) + 3d?zLi, <—e(dﬁ+c)> — 6 dy/zLis(—e(@Vo9)) 4+ 6 Li4(—e(dﬁ+c)))ab

d4

4 <d3x% log <—e(dﬁ+c) + 1) + 3d?zLi, (e(d‘/ﬂc)) — 6.dy/zLig(e(Vo+)) 4 6 Liy (e(d\/ﬂc))) ab
+ pT

6 <d2a: log (e(d\/ﬂc) + 1) + 2dy/zLis <—e(dﬁ+°)> — 2Lig(—e(d\/“?“))>b2
+

d4

6 (@zlog (—e(@®7+9 4 1) + 2dy/aLi (V5 ) — 2 Lig(e(0V2+9)) )2

+
d4

_ abd'z? + 20%d*x> N abd*z? — 2b2d3z2

dt d*

inputLintegrate(x*(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

output | 1/2%a~2%x~2 - 4*b~2xx~(3/2)/(d*e”~ (2*xd*sqrt(x) + 2%c) - d) - 4*(d~3*x~(3/2)
xlog(e” (d*sqrt(x) + c) + 1) + 3xd"2*x*dilog(-e~(d*sqrt(x) + c)) - 6*d*sqrt
(x) *polylog(3, -e~(d*sqrt(x) + c)) + 6*xpolylog(4, -e~(d*sqrt(x) + c)))*a*b
/d”4 + 4x(d"3*x"(3/2)*1log(-e~(d*sqrt(x) + c) + 1) + 3*d"2*x*dilog(e” (d*sqr
t(x) + c)) - 6*d*sqrt(x)*polylog(3, e~ (d*sqrt(x) + c)) + 6%polylog(4, e~(d
*sqrt(x) + c)))*a*b/d"4 + 6%(d"2*x*log(e”(d*sqrt(x) + c) + 1) + 2*xd*sqrt(x
)*dilog(-e~(d*sqrt(x) + c)) - 2xpolylog(3, -e~(d*sqrt(x) + c)))*b~2/d"4 +

6% (d"2*x*log(-e~ (d*sqrt(x) + c) + 1) + 2xd*sqrt(x)*dilog(e”(d*sqrt(x) + c)
) - 2xpolylog(3, e~ (d*sqrt(x) + c)))*b~2/d"4 - (a*bxd"4*x"2 + 2*%b~2*d"3*x"~
(3/2))/d"4 + (a*b*d~4*x"2 - 2xb~2+d~3*x~(3/2))/d"4

3.38.  [x(a-+besch(c+ d\/ﬂ_v))Q dz
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3.38.8 Giac [F|

/310((1—!—bcsch(c—l—d\/E))2 dr = / (bcsch (dﬁ-l—c) —I—a)2xdx

inputLintegrate(x*(a+b*csch(c+d*x“(1/2)))‘2,x, algorithm="giac")

output Lintegrate((b*csch(d*sqrt(x) + c) + a)”2*x, Xx)

3.38.9 Mupad [F(-1)]

Timed out.

2 b i
/x(a-l—bcsch(c-l—d\/o?)) dw:/x<a+sinh(c+d\/5)> dx

input Lint(x*(a + b/sinh(c + d*x~(1/2)))"2,x)

output Lint(x*(a + b/sinh(c + d*x~(1/2)))"2, x)

3.38.  [x(a-+besch(c+ d\/ﬂ_v))Q dz
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2
(a+bcsch (c+dﬁ))
3.39 | dx
T
3.39.1 Optimalresult . . .. .. .. .. . .. ... . e 249
3.39.2 Mathematica [F(-1)] . . . . . . . .. . . 249
3.390.3 Rubi [N/A] © o o oo e e e 250
3.39.4 Maple [N/A] (verified) . . . . . . .. ... 2501
3.39.5 Fricas [N/A] . . . . . 251]
3.39.6 Sympy [N/A] . . . . o 251]
3.39.7 Maxima [N/A] . . . . . . 251]
3.39.8 Giac [N/A] . . . . o o 2521
3.39.9 Mupad [N/A] . . . . 252
3.39.1 Optimal result
Integrand size = 20, antiderivative size = 20
/ (a + besch(c + dﬁ))2 o — Tut ( (a + besch(c + dﬁ))2’x>
x x
output LUnintegrable ((atb*csch(c+d*x~(1/2)))"2/x,x) J

3.39.2 Mathematica [F(-1)]

Timed out.

dz = $Aborted

/ (a + besch(c+ d\/i))2

T

input LIntegrate [(a + b*Cschlc + d*Sqrt[x]])~2/x,x]

~—

-

i

output | $Aborted

N\

(a+bcsch(c+dﬁ))2

T

339. [ dr
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3.39.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + besch(c+ d\/i))2 i
l 5962
/ (a + besch (c + d\/i))zd

T

X

input‘ Int[(a + bxCschlc + d*Sqrt[x]])~2/x,x]

outputL$Aborted

3.39.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.39.4 Maple [N/A] (verified)

Not integrable

Time = 0.33 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ (a+ b csch (c—I—d\/E))zdz

T

p
input

int ((a+b*csch(c+d*x~(1/2)))"2/x,x)

N\

output Lint ((at+b*csch(c+d*x~(1/2)))"2/x,x)

(a+bcsch(c+dﬁ))2

T

339. [ dr
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3.39.5 Fricas [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/(a—|—bcsch(c—|—d\/5))2 dx=/ (besch (d\/i—l-c)+a)2 i

X

inputLintegrate((a+b*csch(c+d*x“(1/2)))“2/x,x, algorithm="fricas")

output‘integral((b‘2*csch(d*sqrt(x) + ¢c)~2 + 2*axbxcsch(d*sqrt(x) + c) + a~2)/x,
»

3.39.6 Sympy [N/A]

Not integrable

Time = 9.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

/(a—I—bcsch(c-l—d\/g?))2 dxz/ (a + besch (c—{—d\/i))2

T T

dz

inputLintegrate((a+b*csch(c+d*x**(1/2)))**2/X,X)

output LIntegral((a + bxcsch(c + d*sqrt(x)))**2/x, x)

3.39.7 Maxima [N/A]

Not integrable

Time = 0.60 (sec) , antiderivative size = 117, normalized size of antiderivative = 5.85

/(a+bcsch(c+d\/§))2 dx:/ (besch (dy/z + ) +a)2

T x

dx

input Lintegrate ((atbxcsch(c+d*x~(1/2)))"2/x,x, algorithm="maxima")

output‘a‘Q*log(x) - 4*%b"2*sqrt(x)/(d*x*xe” (2*d*sqrt(x) + 2*c) - d*x) + integrate((
‘2*a*b*d*x + b72*sqrt (x))/(d*x"2*e~(d*sqrt(x) + c) + d*x~2), x) - integrate
‘(—(2*a*b*d*x - b™2*sqrt(x))/(d*x"2*e~ (d*sqrt(x) + c) - d*x~2), x)

(a+bcsch(c+d¢5))2

T

339. [ dr
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3.39.8 Giac [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

T T

/(a—l—bcsch(c—l—d\/i))2 dw:/ (besch (dy/z + ¢) + a)” i

inputLintegrate((a+b*csch(c+d*x‘(1/2)))“2/x,x, algorithm="giac")

output Lintegrate((b*csch(d*sqrt(x) +c) + a)~2/x, x)

3.39.9 Mupad [N/A]

Not integrable

Time = 2.50 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2
2 a4+ -—20b
/ (a+ besch(c+ dy/z)) do — / ( smh(c+dx/5)> di

T Z

input Lint((a + b/sinh(c + d*x~(1/2)))"2/x,x)

output Lint((a + b/sinh(c + d*x~(1/2)))"2/x, x)

(a+bcsch(c+dﬁ))2

T

339. [ dr
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(a+bcsch (c+dv/z) ) ’

3.40 | dx

2
3.40.1 Optimal result . . . . . . . . . .. .. . 253]
3.40.2 Mathematica [N/A] . . . . .. . . . 253
3.40.3 Rubi [N/A] . . . oo 254
3.40.4 Maple [N/A] (verified) . . . . . . . . ... 2541
3.40.5 Fricas [N/A] . . . . . 255
3.40.6 Sympy [N/A] . . . . 255
3.40.7 Maxima [N/A] . . . . . . 255
3.40.8 Giac [N/A] . . . . o 2561
3.40.9 Mupad [N/A] . . . . 250

3.40.1 Optimal result

Integrand size = 20, antiderivative size = 20

/ (a + besch(c + dﬁ))2 o — Tut ( (a + besch(c + d\/i))2 ac)

x2 2

output LUnintegrable ((atb*csch(c+d*x™(1/2)))"2/x72,%)

3.40.2 Mathematica [N/A]

Not integrable

Time = 127.54 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2
dz

/(a+bcsch(c+d\/§))2 dac=/ (a + besch(c+ dy/x))

2 2

input LIntegrate [(a + bxCsch[c + d*Sqrt([x]])~2/x"2,x]

output LIntegrate[(a + b*Cschlc + d*Sqrt([x]])~2/x72, x]

(a+bcsch(c+dﬁ))2

3.40. [ ) dz

T
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3.40.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ (a + besch(c+ d\/i))2

x2
l 5962
/ (a + besch(c + dvy/z))

2
dx
2

input | Int[(a + bxCschlc + d*Sqrtl[x11)"2/x"2,x]

output L$Aborted

3.40.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.40.4 Maple [N/A] (verified)

Not integrable

Time = 0.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ (a+ b csch (c+dyz))

xr2

2
dz

p
input

int ((a+b*csch(c+d*x~(1/2)))"2/x"2,%)

N\

output Lint ((at+b*csch(c+d*x~(1/2)))"2/x72,%)

(a+bcsch(c+dﬁ))2

3.40. [ ) dz

T
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3.40.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/(a—I—bcsch(c—l-d\/i))2 da;:/ (besch (d\/5+c)—i-a)2 "

2 2

inputLintegrate((a+b*csch(c+d*x‘(1/2)))“2/x‘2,x, algorithm="fricas")

output‘ integral ((b~2*csch(d*sqrt(x) + c)~2 + 2*a*bkcsch(d*sqrt(x) + c) + a~2)/x"2

e

3.40.6 Sympy [N/A]

Not integrable

Time = 1.53 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

2
dxr

/(a+bcsch(c+d\/5))2 dx=/ (a+ besch (c+ dy/z))

2 2

input‘integrate((a+b*csch(c+d*x**(1/2)))**2/x**2,x)

outputLIntegral((a + bkcsch(c + d*sqrt(x)))**2/x**2, x)

3.40.7 Maxima [N/A]

Not integrable

Time = 0.63 (sec) , antiderivative size = 143, normalized size of antiderivative = 7.15

/(a-I-bcsch(c-l-d\/ﬂg))2 dx:/(bCSCh (dﬁ+c)+a)2 L

x2 2

-

input Lintegrate ((atbxcsch(c+d*x~(1/2)))"2/x"2,x, algorithm="maxima")

-/

(a+bcsch(c+d¢5))2

3.40. [ ) dz

T
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output‘ -(a™2xd*x*e” (2xd*sqrt (x) + 2*c) - a”2*dxx + 4*b~2xsqrt(x))/(d*x"2%e” (2*d*s
‘qrt(x) + 2%c) - d*x~2) + integrate((2xaxb*d*x + 3*%b~2*xsqrt(x))/(d*x"3*e”~(d
‘*sqrt(x) + c) + d*x73), x) - integrate(-(2*axb*d*x - 3*b~2*sqrt(x))/(d*x~3
‘*e‘(d*sqrt(x) + ¢c) - d*x"3), x)

3.40.8 Giac [N/A]
Not integrable

Time = 0.51 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

dz

/(a+bcsch(c+d\/3_v))2 dxz/ (besch (dy/z + ¢) -I—a)2

z2 2

inputLintegrate((a+b*csch(c+d*x‘(1/2)))‘2/x‘2,x, algorithm="giac")

outputLintegrate((b*csch(d*sqrt(x) + c) + a)~2/x72, x)

3.40.9 Mupad [N/A]

Not integrable

Time = 2.49 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2
h ? @+ Gnierdva)
[l /), /( iva)

xr2 x2

input| int((a + b/sinh(c + d*x~(1/2)))"2/x"2,%)

outputtint((a + b/sinh(c + d*x~(1/2)))"2/x"2, x)

540. | (a+bcsch (2c+d¢5)) i

T
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3

X
3.41 J a+bcsch (c+dy/z) dz
3.41.1 Optimal result . . . . . . . . . ... . 258]
3.41.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 259
3.41.3 Rubi [A] (verified) . . . . . ... .. 260
3414 Maple [F] . . . . . o o 262
3.41.5 Fricas [F] . . . . . o o o 2621
3.41.6 Sympy [F] . . . . o 263
3.41.7 Maxima [F] . . . . . . . 263
341.8 Giac [F] . . . . o 263
3.41.9 Mupad [F(-1)] . . . o o 264
3.41. dz

z3
J a+bcsch (c+dy/z)
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3.41.1 Optimal result

Integrand size = 20, antiderivative size = 897

P V) | b Va1
a + besch (¢ + dy/z) 4a ava? + b2d ava?+bd
14bx3 PolyLog (2 - “ECMW
ava? + b2d?
14bx® PolyLog <2 _ aectdve >
ava? + b2d?
84b25/2 PolyLog (
ava? + b2d
84bx5/2 PolyLog (3 -
ava? + b2d3
2 aec"'d\f
420622 PolyLog (4 e )
ava? + b?d*
420622 PolyLog (4, —*—”)

/ 23 4 2bz"%log (1 bfec+dﬁ> 2bx7/2 log <1 M)

_|_

c+d

+

c+d
a2+b2

b+va2+b?
ava? 4 b2d*
aectiveE
1680b2%/% PolyLog (5, —;25 )
ava? + b2dd
aectave
168002/ PolyLog (5, — 12755 )
ava?® + B2d°

5040b PolyLog (6, — ;5%

ava? + b2ds

5040bz PolyLog <6, —%)

ava? + b2dS
aectdve
10080by/z PolyLog (7, — 2% )
ava? + b’
aectdve
10080by/Z PolyLog (7, — 2575 )
ava? + b2d"
100800 PolyLog (8, 2152 )

+

+

+

_|_

b—+v/a2+b2
ava? + b2d8

100805 PolyLog (8, —%)

@ T B

_|_

3.41. dz

z3
J a+bcsch (c+dy/z)
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output | 1/4*x~4/a-2*b*x" (7/2)*1n(1+a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a/d/(a"~
2+b72) " (1/2) +2*b*x~ (7/2) *1n (1+a*exp (c+d*x~(1/2) )/ (b+(a~2+b~2)~(1/2))) /a/d/
(a"2+b"2) " (1/2) -14*b*x~3*polylog(2,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2))
)/a/d"2/(a~2+b~2) ~(1/2)+14*b*x~3*polylog(2,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2
)~(1/2)))/a/d"2/(a~2+b~2) " (1/2) +84*b*x~ (5/2) *polylog(3,-a*exp (c+d*x~(1/2))
/(b-(a"2+b72)~(1/2)))/a/d"3/(a"2+b~2) ~(1/2) -84*b*x~ (5/2) *polylog (3, -a*exp(
c+d*x~(1/2))/(b+(a~2+b"2)~(1/2)))/a/d"3/(a"2+b"2) " (1/2) -420%b*x~2*polylog(
4,-axexp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a/d"4/(a~2+b"2) " (1/2) +420*%b*x"2
*polylog(4,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)"(1/2)))/a/d"4/(a~2+b"2) " (1/2)+
1680*b*x~ (3/2) *polylog(5,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a/d"5/(a
~2+b72) " (1/2)-1680*b*x~ (3/2) *polylog(5,-a*xexp (c+d*x~(1/2))/(b+(a"2+b~2)~ (1
/2)))/a/d"5/(a"2+b"2) ~(1/2)-5040*b*x*polylog(6,-a*exp(c+d*x~(1/2))/(b-(a~2
+b~2)~(1/2)))/a/d"6/(a"2+b"2) " (1/2) +5040*b*x*polylog(6,-a*exp(c+d*x~(1/2))
/(b+(a"2+b"2)"(1/2)))/a/d"6/(a~2+b~2) ~(1/2)-10080*b*polylog(8,-a*exp (c+d*x
~(1/2))/(b-(a~2+b~2)~(1/2)))/a/d"8/(a"2+b"2) ~(1/2) +10080*b*polylog (8, -a*ex
p(c+d*x~(1/2))/(b+(a"2+b~2)~(1/2)))/a/d~8/(a~2+b~2) ~(1/2)+10080*b*polylog(
7,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))*x~(1/2)/a/d~7/(a"2+b"2) " (1/2)-1
0080*b*polylog(7,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))*x~(1/2)/a/d"7/(a
~2+b72)7(1/2)

N\ J

3.41.2 Mathematica [A] (verified)

Time = 0.78 (sec) , antiderivative size = 685, normalized size of antiderivative = 0.76

3 p
/ a + besch (¢ + dy/z) *

aectdve aective gectd
| V@ P — 8bd e log (14 2 ) + 8bd"a" 2 log (1+ 255 ) — 56bd’s? PolyLog (2, <%

-

inputLIntegrate[x“B/(a + bxCsch[c + d*Sqrt[x]]),x] J

3.41. dz

z3
J a+bcsch (c+dy/z)
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output | (Sqrt[a~2 + b~2]*d"8+x~4 - 8%bxd~7*x~(7/2)*Logl[l + (a*E~(c + d*Sqrt[x]))/(
b - Sqrt[a”2 + b"2])] + 8xb*d~7*xx~(7/2)*Log[l + (a*E~(c + d*Sqrt[x]))/(b +
Sqrt[a”2 + b"2])] - 56%bxd~6+x"3*PolyLog[2, (a*E~(c + d*Sqrt[x]))/(-b + S
grt[a™2 + b~2])] + 56%b*d~6*x~3*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sq
rt[a”2 + b72]))] + 336%b*d~5*x~(5/2)*PolyLog[3, (a*E~(c + d*Sqrt[x]))/(-b

+ Sqrt[a™2 + b"2])] - 336xbxd~5*x~(5/2)*PolyLog[3, -((a*E~(c + d*Sqrt([x]))
/(b + Sqgrt[a”2 + b"2]))] - 1680*b*d~4*x~2%PolyLog[4, (a*E~(c + d*Sqrt[x]))
/(-b + Sqrt[a”2 + b~2])] + 1680*b*d~4*x~2*xPolyLogl[4, -((a*E~(c + d*Sqrt[x]
))/(b + Sgrt[a”2 + b™2]))] + 6720%b*xd~3*x~(3/2)*PolyLog[5, (a*xE~(c + d*Sqr
t[x1))/(-b + Sqrt[a”2 + b~2])] - 6720%bxd~3*x~(3/2)*PolyLog[5, -((a*E~(c +
d*Sqrt[x]))/(b + Sqgrt[a”2 + b~2]))] - 20160*b*d~2*x*PolyLog[6, (a*E~(c +

d*Sqrt[x]))/(-b + Sqrt[a”2 + b~2])] + 20160*bxd~2*x*PolyLogl[6, -((a*E~(c +
d*Sqrt[x]1))/(b + Sqrt[a”2 + b~2]))] + 40320*b*d*Sqrt [x]*PolyLog[7, (axE~(
c + d*Sqrt[x]))/(-b + Sqrt[a~2 + b~2])] - 40320*b*d*Sqrt [x]*PolyLogl[7, -((
a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))] - 40320*b*PolyLog[8, (a*E~(c

+ d*Sqrt[x]))/(-b + Sqrt[a”2 + b~2])] + 40320*b*PolyLog[8, -((a*E~(c + d*S
qrt[x]))/(b + Sqrt[a”2 + b~2]))])/(4*axSqrt[a”2 + b~2]*d"8)

3.41.3 Rubi [A] (verified)

Time = 1.69 (sec) , antiderivative size = 898, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, number of rules _ 0.200, Rules used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

L/‘ z? dx
a + besch (¢ + dy/x)
l 5960

27/
2 d
/ a + besch (¢ + dy/x) Ve

l 3042

£7/2
2 d
/ a +ibcsc (ic + zdﬁ) Ve

l 4679

w7/2 b.’L'7/2
2/( a _a(b+asinh(c+d\/5))>d\/5

3.41. dz

z3
J a+bcsch (c+dy/z)
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l 2009

T b—Va?+b2 n b+va2+b> b—va?+b?
8a ava? + b%d ava? + bid ava? + b2d? ava

<m4 bbg( eC*‘W“-+1)3ﬂ/2 bbg( f*“ga-+1)xﬁ2 7meyLog(2,— “””“E)aﬁ 7meyLog(

-

inputLInt[x‘B/(a + bxCsch[c + d*Sqrt[x]]),x]

~—

output | 2x(x~4/(8*a) - (b*x~(7/2)*Logl[l + (a*E~(c + dxSqrt[x]))/(b - Sqrt[a~2 + b~
2])1)/(axSqrt[a”2 + b~2]*d) + (b*x~(7/2)*Logl[l + (a*E~(c + d*Sqrt[x]))/(b
+ Sqrt[a™2 + b~"2])])/(a*Sqrt[a”2 + b~2]*d) - (7*b*x~3*PolyLog[2, -((a*E~(c
+ d*Sqrt[x]1))/(b - Sqrtla~2 + b~21))1)/(a*Sqrt[a~2 + b 2]*d"~2) + (7T*b*x"3
*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrtl[a”2 + b~2]))]1)/(a*Sqrt[a~2 +
b~2]*d~2) + (42%b*x~(5/2)*PolyLogl[3, -((a*xE~(c + d*Sqrt[x]))/(b - Sqrt[a”
2 + 72]1))1)/(a*Sqrt[a”2 + b~2]1*d"3) - (42*b*x~(5/2)*PolyLogl[3, -((a*E~(c
+ d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))])/(a*Sqrt[a”2 + b"2]1*d~3) - (210%b*x~
2%PolyLog[4, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]))1)/(a*Sqrt[a~2
+ b"2]*d"4) + (210%b*x~2+PolyLog[4, -((a*xE~(c + d*Sqrt[x]))/(b + Sqrt[a~2
+ b72]))]1)/(axSqrt[a~2 + b"2]1*d~4) + (840%b*x~(3/2)*PolyLogl[5, -((a*E~(c +
d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]))]1)/(axSqrt[a~2 + b~2]*d"5) - (840%bxx~(
3/2)*PolyLog[5, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))])/(a*Sqrt[a
“2 + b"2]*d"5) - (2520*%b*x*PolyLogl[6, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”
2 + b~2]1))]1)/(axSqrt[a~2 + b"2]1*d"6) + (2520*b*x*PolyLogl[6, -((a*xE~(c + dx*
Sart[x]1))/(b + Sqrt[a”2 + b~2]1))])/(a*xSqrt[a”2 + b~2]1*d"6) + (5040*b*Sqrt[
x]*PolyLog[7, -((a*xE~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]))])/(a*Sqrt[a~2
+ b~2]*d"7) - (5040*b*Sqrt[x]*PolyLog[7, -((a*E~(c + d*Sqrt[x]))/(b + Sqr
t[a"2 + b72]))])/(axSqrt[a”2 + b~2]*d"7) - (5040*b*PolyLog[8, -((a*xE~(c +
d*Sqrt[x]1))/(b - Sqrt[a”2 + b~2]))]1)/(a*Sqrt[a”2 + b"2]*d"8) + (5040%b*...

3.41.3.1 Defintions of rubi rules used

ruka?OOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

p
ruka3042‘Int[u_, x_Symbol] :> Int([DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.41. dz

z3
J a+bcsch (c+dy/z)
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rule 4679 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[pl]

3.41.4 Maple [F]

73
/a+b csch (c+d\/5)dx

inputLint(x‘3/(a+b*csch(c+d*x‘(1/2))),X)

outputLint(x‘3/(a+b*csch(c+d*x“(1/2))),X)

3.41.5 Fricas [F]

3

z3 T
/a+bcsch (c+dy/z) dw = / besch (dyz +¢) +a

dz

inputLintegrate(x“3/(a+b*csch(c+d*x‘(1/2))),x, algorithm="fricas")

-

outputLintegral(x‘S/(b*csch(d*sqrt(x) +c) +a), x)

e—

3.41. dz

z3
J a+bcsch (c+dy/z)
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3.41.6 Sympy [F]

x3 p x3 p
/a—l—bcsch(c+d\/5) x_/a+bcsch(c+d\/5) o

inputLintegrate(x**3/(a+b*csch(c+d*x**(1/2))),X)

outputLIntegral(x**S/(a + bxcsch(c + d*sqrt(x))), x)

3.41.7 Maxima [F]

x3 x3
dr = d
/a-l—bcsch (c+dvx) v /bcsch (dvz+¢c) +a v

inputLintegrate(x‘3/(a+b*csch(c+d*x”(1/2))),x, algorithm="maxima")

output‘1/4*x‘4/a - 2xb*integrate(x~3*e~(d*sqrt(x) + c)/(a”2xe”(2+d*sqrt(x) + 2%c)
‘ + 2%a¥b*e” (d*sqrt(x) + c) - a~2), x)

3.41.8 Giac [F]

3

7’ T
/a+bcsch (c+dy/z) do = / besch (dyz+¢) +a

dz

inputLintegrate(x‘3/(a+b*csch(c+d*x‘(1/2))),x, algorithm="giac")

outputLintegrate(x‘S/(b*csch(d*sqrt(x) +c) +a), x)

3.41. dz

z3
J a+bcsch (c+dy/z)
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3.41.9 Mupad [F(-1)]

Timed out.

sinh

x3 x3
/ dr = / dx
a + besch (C—l-d\/i) a+m

input Lint(x‘s/(a + b/sinh(c + d*x~(1/2))),x)

output Lint(x‘s/(a + b/sinh(c + d*x~(1/2))), x)

3.41. dz

z3
J a+bcsch (c+dy/z)



CHAPTER 3. LISTING OF INTEGRALS 265

2

X
3.42 J a+bcsch (c+dy/z) dz
3.42.1 Optimal result . . . . . . . . . ... . 266]
3.42.2 Mathematica [A] (verified) . . . . . . . . ... . L 267
3.42.3 Rubi [A] (verified) . . . . . ... . 268
3424 Maple [F] . . . . . o o 270
3.42.5 Fricas [F] . . . . . o o o 2701
3.42.6 Sympy [F] . . . . . 270
3.42.7 Maxima [F] . . . . . .. 271]
3428 Giac [F] . . . . . 271]
3.42.9 Mupad [F(-1)] . . . . o 2711
3.42. dz

m2
J a+bcsch (c+dy/z)
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3.42.1 Optimal result

Integrand size = 20, antiderivative size = 673

aectdve aectdve
/ 72 o @ 2bz°/% log (1 + b_ﬁ) . 2bz%/2 log <1 + m)
a + besch (¢ + dy/z) 3a ava? + b2d ava?® + b2d
10622 PolyLog (2, _ _aectiv )

b—va2+b2
ava? + b2d?

2 aectdve
1062 PolyLog (2, —;222%;

ava? + b2d?

aectdve
40bz/2 PolyLog (3, —b_\/ﬁ)

ava? + b2d3

aectdve
40b2%/2 PolyLog (3, - 255 )

ava? + b2d3

12062 PolyLog (4, — 255 )

ava? + b2d*
120bz PolyLog (4, — etV >

+

+

b+va2+b?
ava? + b2d*

240,/ PolyLog <5, - b_f%)

ava? + b2dd

240by/z PolyLog (5, - ;2757 )

ava? + b2d°

240b PolyLog (6, - bf}%)

ava? + b2d8

240b PolyLog (6, — %)

e 1 B

+

_|_

_|_

3.42. dr

EQ
J crcschierave)



output

input

output

/1/3*x”3/a—2*b*x“(5/2)*1n(1+a*exp(c+d*x“(1/2))/(b—(a“2+b“2)“(1/2)))/a/d/(a“
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2+b72) " (1/2) +2*b*x~ (5/2) *1n (1+a*exp (c+d*x~(1/2) )/ (b+(a~2+b~2)~(1/2))) /a/d/
(a"2+b~2) " (1/2)-10*b*x~2*polylog(2,-a*exp(c+d*x~(1/2))/(b-(a"2+b~2)~(1/2))
)/a/d"2/(a~2+b~2) ~(1/2)+10*b*x~2*polylog(2,-a*exp (c+d*x~(1/2))/(b+(a~2+b~2
)~(1/2)))/a/d~2/(a"2+b"2) " (1/2) +40*b*xx~ (3/2) *polylog(3,-a*exp(c+d*x~ (1/2))
/(b-(a"2+b~2)~(1/2)))/a/d"3/(a"2+b~2) ~(1/2) -40*b*x"~ (3/2) *polylog (3, -a*exp(
c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a/d"3/(a"2+b~2) = (1/2) -120*b*x*polylog(4,
—axexp (c+d*x~(1/2))/(b-(a"2+b~2)~(1/2)))/a/d~4/(a"2+b~2) ~(1/2) +120*b*x*pol
ylog(4,-axexp(c+d*x~(1/2))/(b+(a~2+b"2)"(1/2)))/a/d"4/(a~2+b~2) " (1/2)-240%
b*polylog(6,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a/d"6/(a~2+b~2)~(1/2)
+240*b*polylog(6,-a*xexp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a/d"6/(a"2+b"2) "
(1/2) +240%b*polylog(5,-a*exp (c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))*x~(1/2) /a/d
~5/(a"2+b"2) " (1/2) -240*b*polylog(5,-a*exp(c+d*x~(1/2))/(b+(a"2+b~2)~(1/2))
)*x~(1/2)/a/d"6/(a"2+b~2) " (1/2)

3.42.2 Mathematica [A] (verified)

Time = 0.54 (sec) , antiderivative size = 519, normalized size of antiderivative = 0.77

==
dx
a + besch (¢ + dy/z)
eC d\/z e’ d/z aectd
~ Va2 + b2d%z® — 6bd®z5/% log (1 + b—;ﬁ) + 6bd°z5/% log (1 + b+\/:2W> — 30bd*z? PolyLog (2, ﬁ

e

LIntegrate[x‘Q/(a + bxCsch[c + d*Sqrt([x]]),x]

. J

(8qrt[a™2 + b"2]*d"6*x~3 - 6%bxd~5*x~(5/2)*Log[1 + (a*xE~(c + d*Sqrt[x]))/(
b - Sqrt[a”2 + b~2])] + 6xb*d~5*x~(5/2)*Log[1 + (a*E~(c + d*Sqrt[x]))/(b +
Sqrt[a~2 + b~2])] - 30*b*d~4*x~2*PolyLog[2, (a*E~(c + d*Sqrt[x]))/(-b + S
grt[a”2 + b~2])] + 30*b*d~4*x~2*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sq
rt[a”2 + b72]))] + 120*b*d~3*x~(3/2)*PolyLog[3, (a*E~(c + d*Sqrt[x]))/(-b
+ Sqrt[a”2 + b~2])] - 120*%b*d~3*x~(3/2)*PolyLogl[3, -((a*E~(c + d*Sqrt[x]))
/(M + Sqrt[a~2 + b~2]))] - 360%b*d~2*x*PolyLog[4, (a*E~(c + d*Sqrt[x]))/(-
b + Sqrt[a”2 + b~2])] + 360%b*d~2*x*PolyLog[4, -((a*E~(c + d*Sqrt[x]))/(b
+ Sgrt[a”2 + b~2]))] + 720%b*d*Sqrt[x]*PolyLogl[5, (a*E~(c + d*Sqrt[x]))/(-
b + Sqrt[a™2 + b72])] - 720%b*d*Sqrt [x]*PolyLog[5, -((a*E~(c + d*Sqrt[x]))
/(b + Sqrt[a”2 + b~2]))] - 720%b*PolyLog[6, (a*E~(c + d*Sqrt[x]))/(-b + Sq
rt[a™2 + b72])] + 720%b*PolyLog[6, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 +
b~2]))1)/(3*xaxSqrt[a~2 + b~2]*d"6)

3.42. dz

m2
J a+bcsch (c+dy/z)
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3.42.3 Rubi [A] (verified)
Time = 1.35 (sec) , antiderivative size = 674, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 953 Ryles used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

x2 d
/ a + besch (c + d\/E) v
l 5960

52
2 d
/ a + besch (¢ + dy/x) Ve

l.3042

25/
2 d
/ a + ibesc (ic + idy/z) Ve

l 4679

15/2 bd/2
2/< a _a(b+asinh(c+d\/5))>dﬁ

l 2009

aectdve aectdve aectdve
. 120b PolyLog (6, —m) 120b PolyLog (6, — W) 120b+/Z PolyLog (5, — wm) 1200,
adbva? + b2 adbva? + b2 ad>va? + b2

input LInt [x"2/(a + bxCschlc + d*Sqrt[x]]),x] J

3.42. dz

m2
J a+bcsch (c+dy/z)



output

rule 2009

rule 3042

rule 4679

rule 5960
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2% (x~3/(6*a) - (b*x~(5/2)*Logl[l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~
21)1)/(a*Sqrt[a~2 + b~2]*d) + (b*x~(5/2)*Log[1 + (a*E~(c + d*Sqrt([x]))/(b

+ Sqrt[a~2 + b~2])])/(a*Sqrt[a~2 + b"2]*d) - (5*b*x~2xPolyLog[2, -((a*xE~(c
+ d*Sqrt[x]))/(b - Sqrt[a”2 + b~2]))])/(a*Sqrt[a”2 + b~2]*d"2) + (5*b*x~2
*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))])/(a*Sqrt[a~2 +
b~2]*d~2) + (20*b*x~(3/2)*PolyLogl[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrtl[a”
2 + b72]))]1)/(axSqrt[a~2 + b~2]1*d~3) - (20*b*x~(3/2)*PolyLog[3, -((a*E~(c

+ d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))])/(a*Sqrt[a~2 + b~2]1*%d"3) - (60*b*x*P
olyLog[4, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b"2]))]1)/(a*Sqrt[a"2 + b
~2]*d~4) + (60*b*x*PolyLogl[4, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2]
))1)/(axSqrt[a~2 + b~2]*d~4) + (120%b*Sqrt[x]*PolyLog[5, -((a*E~(c + d*Sqr
t[x]1))/( - Sqrt[a”2 + b~2]))]1)/(a*Sqrt[a”2 + b~2]*d"5) - (120%b*Sqrt [x]*P
olyLog[5, -((a*xE~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))])/(a*Sqrt[a~2 + b
~2]*d~5) - (120%b*PolyLog[6, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2])
)1)/(a*Sqrt[a”2 + b"2]*d"6) + (120*%b*PolyLogl[6, -((a*E~(c + d*Sqrt[x]))/(b
+ Sqrt[a”2 + b~2]))]1)/(a*Sqrt[a”2 + b~2]*d~6))

3.42.3.1 Defintions of rubi rules used

{Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x]

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(a_.)*((c_.) + (d_)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Int[((a_.) + Cschl[(c_.) + (d_.)*(x_)" (@ )1*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.42. dz

m2
J a+bcsch (c+dy/z)
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3.42.4 Maple [F]

72
d
/a-l—bcsch(c—l—dﬁ) ’

inputLint(x‘2/(a+b*csch(c+d*x‘(1/2))),X)

outputtint(x‘2/(a+b*csch(c+d*x‘(1/2))),X)

3.42.5 Fricas [F]

x? x?
/ a + besch (¢ + dy/z) dw = / besch (dy/z +¢) +

dz

inputLintegrate(x‘2/(a+b*csch(c+d*x‘(1/2))),x, algorithm="fricas")

outputLintegral(x“2/(b*csch(d*sqrt(x) +c) +a), x)

3.42.6 Sympy [F]

z? z?
/a—l—bcsch (c+dyz) do = / a+ besch (¢ + dy/z)

dz

inputLintegrate(x**2/(a+b*csch(c+d*x**(1/2))),X)

outputtlntegral(x**2/(a + bxcsch(c + d*sqrt(x))), x)

3.42. dz

562
J a+bcsch (c+dy/z)
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3.42.7 Maxima [F]

x? p x? p
/a—l—bcsch(c+d\/5) x_/bcsch(d\/i+c)+a o

inputLintegrate(x“2/(a+b*csch(c+d*x‘(1/2))),x, algorithm="maxima")

output‘ 1/3*x73/a - 2xb*integrate(x~2*e” (d*sqrt(x) + c)/(a~2xe~(2*d*sqrt(x) + 2%c)
L + 2xa*bke” (d*sqrt(x) + c) - a~2), x)

3.42.8 Giac [F]

x? x?
dr = d
/a—l—bcsch (c+dvx) v /bcsch (dvz+c) +a N

input‘integrate(x“2/(a+b*csch(c+d*x“(1/2))),x, algorithm="giac")

output Lintegrate(x"2/(b*csch(d*sqrt(x) +c) +a), x)

3.42.9 Mupad [F(-1)]

Timed out.

dz

2 2
/ T do — / T
a + besch (¢ + dy/z) a+ b

sinh(c+d /z)

input Lint(x‘2/(a + b/sinh(c + d*x~(1/2))),x)

output Lint(x‘2/(a + b/sinh(c + d*x~(1/2))), x)

3.42. dz

ZQ
J a+bcsch (c+dy/z)



output
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Xz

3.43 f a+bcsch (c+dy/z) dz

3.43.1 Optimalresult . . ... ... . ... .. . . 272
3.43.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo 273
3.43.3 Rubi [A] (verified) . . . . . . .. .. 273
3.434 Maple [F] . . . . . . 2751
3435 Fricas [F] . . . . . . . 275
3.43.6 Sympy [F] . . . . . 275
3.43.7 Maxima [F] . . . . . . . 2776
3438 Giac [F] . . . o . o e 276
3.43.9 Mupad [F(-1)] . . . . o o 276l

3.43.1 Optimal result

Integrand size = 18, antiderivative size = 449

/ i e elos (14 ) 2 los (14 20
rT=——
a + besch (¢ + dy/z) 2a ava? + b2d ava? + b*d
aectivz aective
B 6bx POIYLOg (2, _b—\/ﬁ> N 6bx PO]-yLOg (27 _b-l-\/%ﬂ>
ava? + b2d? ava? + b2d?
aectdve
X 126/ PolyLog (3, — 222 )
ava? + b2d?
aectave
126z PolyLog (3, -2
an /a2 + b2d3
aectivz aectdve
B 12b PolyLog (4, —m) N 12b PolyLog (47 _m>
ava? + b2d* ava? + b2d*

1/2*x"~2/a-2*%b*x~ (3/2) *1n(1+axexp (c+d*x~(1/2))/(b-(a~2+b"2)~(1/2)))/a/d/(a"~
2+b72) " (1/2) +2*b*x~ (3/2) *1n (1+a*exp (c+d*x~(1/2) )/ (b+(a~2+b~2)~(1/2))) /a/d/
(a"2+b~2) " (1/2) -6*b*x*polylog(2,-a*exp(c+d*x~(1/2))/(b-(a"2+b~2)"(1/2)))/a
/d~2/(a"~2+b~2) "~ (1/2) +6*b*x*polylog(2,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2) " (1/2
)))/a/d~2/(a~2+b~2) " (1/2)-12*b*polylog(4,-a*exp(c+d*x~(1/2))/(b-(a~2+b"~2)~
(1/2)))/a/d~4/(a~2+b~2) ~(1/2) +12xb*polylog(4,-axexp(c+d*x~(1/2))/ (b+(a~2+b
~2)7(1/2)))/a/d"4/(a~2+b~2) " (1/2) +12*b*polylog(3,-a*exp (c+d*x~(1/2) )/ (b-(a
~2+b72)7(1/2)))*x~(1/2) /a/d~3/ (a~2+b~2) " (1/2) -12*b*polylog (3, -a*exp (c+d*x"
(1/2))/(b+(a~2+b72)~(1/2)))*x~(1/2) /a/d"3/(a"2+b"2) " (1/2)

3.43. f a+bCSChm(c+d\/5) dz




input

output
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3.43.2 Mathematica [A] (verified)

Time = 0.46 (sec) , antiderivative size = 353, normalized size of antiderivative = 0.79

x
a
/ a + besch (¢ + dy/z) *
Va® £ ' — abda¥log 1+ 2550 ) + 4bd*a¥/?log (1 + 2557 ) — 12bdPx PolyLog (2, —227%

e

LIntegrate [x/(a + b*Cschlc + d*Sqrt[x]11),x]

~—

(8qrt[a™2 + b"2]*d"4*x"2 - 4*bxd~3*x~(3/2)*Log[1 + (a*xE~(c + d*Sqrt[x]))/(
b - Sqrt[a™2 + b~2])] + 4*b*d~3*x~(3/2)*Logl[1l + (a*E~(c + d*Sqrt[x]1))/(b +
Sqrt[a”2 + b"2])] - 12*%b*d~2*x*PolyLogl[2, (a*E~(c + d*Sqrt[x]))/(-b + Sqr
t[a”2 + b~2])] + 12xb*d~2*x*PolyLogl[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a
"2 + b72]))] + 24xb*d*Sqrt[x]*PolyLogl[3, (a*E~(c + d*Sqrt[x]))/(-b + Sqrt[
a”2 + b"2])] - 24*bxd*Sqrt[x]*PolyLog[3, -((a*xE~(c + d*Sqrt[x]))/(b + Sqrt
[a”2 + b~2]))] - 24xb*PolyLog[4, (a*xE~(c + d*Sqrt[x]))/(-b + Sqrt[a"2 + b~
2])] + 24xb*PolyLogl[4, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2]))]1)/(2
xa*3qrt[a™2 + b~2]*d"4)

3.43.3 Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 450, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 5 999 Ryjleg uged

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z dr
a + besch (¢ + dy/x)
l 5960

Y
2 d
/ a + besch (¢ + dy/x) Ve

J,3042

£3/2
2 d
/ a +ibcsc (ic + zdﬁ) Ve

3.43. f a+bCSChm(c+d\/5) dz
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l 4679

.’1:3/2 b.’L‘3/2
2/( a _a(b+asinh(c—i-d\/§))>d\/gE
| 2009

b—va2+b2 b++v/a2+b2 b—Va2+b? )

+ +
ad*V/a2 + b2 ad*v/a2 + b2 ad3va? + b2 ad3

( 6b PolyLog (4,— acctdve ) 6b PolyLog <4,— actdve > 6b+/z PolyLog (3,— aectdve ) 6b+/z PolyL
9l —

-

input LInt [x/(a + bxCsch[c + d*Sqrt[x]1]),x]

~—

output | 2x(x~2/(4*a) - (b*x~(3/2)*Logl[l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~
2])1)/(a*Sqrt[a~2 + b~2]*d) + (b*x~(3/2)*Logl[l + (a*E~(c + d*Sqrt[x]))/(b
+ Sqrt[a™2 + b~2])])/(a*Sqrt[a”2 + b~2]*d) - (3*b*x*PolyLog[2, -((a*E~(c +
dxSqrt[x]1))/(b - Sqrt[a”2 + b~2]))]1)/(a*Sqrt[a~2 + b~2]*d"2) + (3*b*x*Pol
yLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2]))])/(a*Sqrt[a~2 + b~2
1*d~2) + (6*b*Sqrt[x]*PolyLogl[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b
~21))1)/(axSqrt[a~2 + b~2]*d"3) - (6*b*Sqrt[x]*PolyLogl[3, -((a*E~(c + d*Sq
rt[x]1))/(d + Sqrt[a~2 + b~2]))]1)/(a*Sqrt[a~2 + b~2]*d~3) - (6*bxPolyLogl4,
-((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2]))])/(a*Sqrt[a~2 + b~2]*d"4)
+ (6xbxPolyLog[4, -((a*xE~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2]))]1)/(a*Sqrt
[a~2 + b~2]*d"4))

3.43.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

3.43. f a+bCSChm(c+d\/5) dz
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ruk35960‘Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
‘)‘p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
‘ + 1)/n], 0] && IntegerQ[p]

3.43.4 Maple [F]

/ ad dx
a+b csch (c+ dy/z)

input‘int(x/(a+b*csch(c+d*x“(1/2))),X)

outputLint(x/(a+b*csch(c+d*x“(1/2))),X)

3.43.5 Fricas [F]

X

T
/a—l—bcsch (c+dvx) do = / besch (dy/z + c) —l—adx

inputLintegrate(x/(a+b*csch(c+d*x“(1/2))),x, algorithm="fricas")

outputtintegral(x/(b*csch(d*sqrt(x) +c) +a), x)

3.43.6 Sympy [F]

X

T
de —
/a+bcsch(c—|—d\/5) * /a—i—bcsch(c—l—d\/ﬂ_v

)dac

inputtintegrate(x/(a+b*csch(c+d*x**(1/2))),X)

outputtlntegral(x/(a + bxcsch(c + d*sqrt(x))), x)

3.43. f a+bCSCﬂE(c+d\/5) dz
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3.43.7 Maxima [F]

x

T
dr = d
/a—i—bcsch(c—l—d\/E) v /bcsch(dﬁ-l—c)—l—a v

inputLintegrate(x/(a+b*csch(c+d*x”(1/2))),x, algorithm="maxima")

output‘—2*b*integrate(x*e“(d*sqrt(x) + c)/(a"2xe” (2*%d*sqrt(x) + 2%c) + 2%axbxe~(d
*sqrt(x) + c) - a™2), x) + 1/2%x72/a

3.43.8 Giac [F]

dz

T T
/a+bcsch (c+dy/z) do = / besch (dyz +¢) +a

inputtintegrate(x/(a+b*csch(c+d*x‘(1/2))),x, algorithm="giac")

outputtintegrate(x/(b*csch(d*sqrt(x) +c) +a), x)

3.43.9 Mupad [F(-1)]

Timed out.
T

/ d dzz/ 5 dx
(J/+bCSCh (C"‘dﬁ) a+m

input tint(x/(a + b/sinh(c + d*x~(1/2))),x)

output Lint(x/(a + b/sinh(c + d*x~(1/2))), x)

3.43. f a+bCSle(c+d\/5) dz
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344 S dz
z(a+bcsch (c+dyz))

3.44.1 Optimal result . . . . . . . . . ... 27T
3.44.2 Mathematica [N/A] . . . . . .. . . L 277
3.44.3 Rubi [N/A] © . o oot oo 78
3.44.4 Maple [N/A] (verified) . . . . . . . . ... 278
3.44.5 Fricas [N/A] . . . . o 279
3.44.6 Sympy [N/A] . . . . e 2791
3.44.7 Maxima [N/A] . . . . . . . 279
3.44.8 Giac [N/A] . . . . . o 280
3.44.9 Mupad [N/A] . .o oo ot 280

3.44.1 Optimal result

Integrand size = 20, antiderivative size = 20

/ ! dz = Int !
z (a + besch (¢ + dy/x)) re x(a+bcsch(c+d\/5))’x

output LUnintegrable (1/x/ (a+b*csch(c+d*x~(1/2))) ,x) J

3.44.2 Mathematica [N/A]

Not integrable

Time = 3.76 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
dr = d
/a:(a+bcsch(c+d\/5)) v /z(a+bcsch(c+d\/5)) *
input ‘ Integrate[1/(xx(a + b*Csch[c + d*Sqrt[x]])),x]
output LIntegrate [1/(xx(a + b*Csch[c + d*Sqrt[x]])), x] J

1
344 [ o (a+besch (c+dya) ) dz
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3.44.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1 d
/w (a—i—bcsch (c+d\/5)) v
| 5962

| i a’
z (a + besch (¢ + dy/z)) v

input LInt [1/(x*x(a + b*Csch[c + d*Sqrt[x]])),x]

-

output L$Aborted

~—/

3.44.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (d_)*x)" (@ )1*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
\m, n, p}, xl

3.44.4 Maple [N/A] (verified)

Not integrable

Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

| srreairava”
z (a+ b csch (c+ dy/x)) v

input ‘ int (1/x/ (a+bxcsch(c+d*x~(1/2))) ,x)

output Lint (1/x/ (a+b*csch(c+d*x~(1/2))) ,x)

1
344 [ o (a+besch (c+dya) ) dz
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3.44.5 Fricas [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 ] _/ 1
/x(a—i—bcsch(c—i—d\/i)) v (besch (dyz +¢) +a)z

dz

inputLintegrate(1/x/(a+b*csch(c+d*x“(1/2))),x, algorithm="fricas")

outputLintegral(l/(b*x*csch(d*sqrt(x) + c) + axx), x)

3.44.6 Sympy [N/A]

Not integrable

Time = 1.97 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1

1
/x (a + besch (¢ + dy/z)) do = / z (a + besch (¢ + dy/z)) de

inputLintegrate(1/x/(a+b*csch(c+d*x**(1/2))),X)

outputLIntegral(l/(x*(a + b*csch(c + d*sqrt(x)))), x)

3.44.7 Maxima [N/A]
Not integrable

Time = 0.53 (sec) , antiderivative size = 59, normalized size of antiderivative = 2.95

1 ; _/ 1
/x(a+bcsch(c+d\/5)) v (besch (dy/z +¢) +a)z

dz

inputLintegrate(1/x/(a+b*csch(c+d*x‘(1/2))),x, algorithm="maxima")

output‘—2*b*integrate(e‘(d*sqrt(x) + c)/(a"2xxxe” (2*d*sqrt(x) + 2%c) + 2xaxbxxxe”
‘(d*sqrt(x) + ¢c) - a"2*x), x) + log(x)/a

1
344 [ o (a+besch (c+dya) ) dz
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3.44.8 Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1

L = d
/x(a—{—bcsch(c-l—d\/i)) w_/(bcsch(d\/i—l—c)—}-a)x v

inputLintegrate(1/x/(a+b*csch(c+d*x“(1/2))),x, algorithm="giac")

outputLintegrate(l/((b*csch(d*sqrt(x) + ¢c) + a)*x), x)

3.44.9 Mupad [N/A]
Not integrable

Time = 2.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

/x(a+bcscl11(c+d\/g_v)) dx:/x (a—l—*)

sinh(c+d /z)

dz

input tint(l/(x*(a + b/sinh(c + d*x~(1/2)))),x)

output Lint(l/(x*(a + b/sinh(c + d*x~(1/2)))), x)

1
344 [ o (a+besch (c+dya) ) dz
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345 [ a+bcsch (c+dy/z) dx

2
3.45.1 Optimal result . . . . . . . . . . . . . . 28T]
3.45.2 Mathematica [N/A] . . . . . . . . . 28]
3453 Rubi [N/A] . . o o 282
3.45.4 Maple [N/A] (verified) . . . . . . ... ... L o 283
3.45.5 Fricas [N/A] . . . . . 283
3.45.6 Sympy [N/A] . . . . 283!
3.45.7 Maxima [N/A] . . . . . . 284
3.45.8 Giac [N/A] . . . . o e 2841
3.45.9 Mupad [N/A] . . . . 287

3.45.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ a + besch(c + dy/z)

h(c+d
- dz = _% + bInt(CSC (c+dva) x)

xr2

e

outputL—a/x+b*Unintegrable(csch(c+d*x‘(1/2))/x‘2,x)

-

3.45.2 Mathematica [N/A]

Not integrable

Time = 0.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ a + besch(c + dy/z) p / a + besch(c + dy/x) p
= x

2 2

-

input LIntegrate [(a + b*Csch[c + d*Sqrt[x]])/x"2,x]

output LIntegrate [(a + bxCsch[c + d*Sqrt[x]])/x~2, x]

345. [ a+bcsch (c+dy/z) dz

x2

~—
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3.45.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a+ besch(c + dy/z)
l/‘ 22 dx
| 2010
/ <(12 N bcsch(c;i—dﬁ)) s
x z
| 2009
b/ csch(c —iz- dy/z) g @
z x

input LInt[(a + b*Csch[c + d*Sqrt([x]])/x"2,x]

output | $Aborted

N\

3.45.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

345. [ a+bcsch (c+dy/z) dz

x2
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3.45.4 Maple [N/A] (verified)

Not integrable

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a—l—bcsch(c—l—dﬁ)

x2

dz

input Lint ((atb*csch(c+d*x~(1/2)))/x~2,x%)

output ‘ int ((atb*csch(c+d*x~(1/2)))/x"2,x%)

3.45.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
T =

2 2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“2,x, algorithm="fricas")

outputLintegral((b*csch(d*sqrt(x) +c) + a)/x"2, x)

3.45.6 Sympy [N/A]
Not integrable

Time = 0.67 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dz

/a+bcsch(c+d\/5) p /a—i—bcsch (c+dvx)
T =

2 2

inputkintegrate((a+b*csch(c+d*x**(1/2)))/x**2,x)

output LIntegral((a + b*xcsch(c + d*sqrt(x)))/x**2, x)

345. [ a+bcsch (c+dy/z) dz

x2
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3.45.7 Maxima [N/A]

Not integrable

Time = 0.44 (sec) , antiderivative size = 53, normalized size of antiderivative = 2.94

/a—i—bcsch(c—l—d\/f) dp — / besch (dy/z + c) +ad:v

T2 T2

inputLintegrate((a+b*csch(c+d*x‘(1/2)))/x‘2,x, algorithm="maxima")

output‘b*integrate(l/(x‘2*e‘(d*sqrt(x) + ¢c) + x72), x) + bxintegrate(1/(x"2%e”(d*
‘sqrt(x) +c¢c) -x72), x) - a/x

3.45.8 Giac [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
Tr =

2 2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“2,x, algorithm="giac")

outputtintegrate((b*csch(d*sqrt(x) + c) +a)/x"2, x)

3.45.9 Mupad [N/A]

Not integrable

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ a + besch(c + dy/x) do — / a—+ sinh(c-l:-d\/i) d

T2 T2

inputtint((a + b/sinh(c + d*x~(1/2)))/x"2,x)

output Lint((a + b/sinh(c + d*x~(1/2)))/x"2, x)

345. [ a+bcsch (c+dy/z) dz

x2
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285

3

340 / (a+beschc+dya))

3.46.1 Optimalresult . . .. ... ... . .. ... .. .
3.46.2 Mathematica [A] (verified) . . . . . . . ... ..o
3.46.3 Rubi [A] (verified) . . . . . . ... ..
346.4 Maple [F] . . . . . . . e
3.46.5 Fricas [F] . . . . . o o
3.46.6 Sympy [F] . . . . .
3.46.7 Maxima [F] . . . . . . . . .
346.8 Giac [F] . . . . . . o
3.46.9 Mupad [F(-1)] . . . . . oo

3.46.1 Optimal result

Integrand size = 20, antiderivative size = 2663

1173

/ (a + besch (¢ + dy/z))

5 dz = Too large to display

230
280
280
289
289
289
290)
290)
29()

168*b*x~ (5/2) *polylog(3,-a*exp(c+d*x~(1/2))/(b-(a~2+b"2)"(1/2)))/a~2/d"3/(
a~2+b"2) " (1/2)-168*b*x~ (5/2) *polylog(3,-a*exp(c+d*x~(1/2))/(b+(a"2+b~2)~ (1
/2)))/a~2/d4"3/(a"2+b~2) ~(1/2) -840*b*x~2*polylog(4,-a*xexp(c+d*x~(1/2))/ (b-(
a~2+b~2)~(1/2)))/a"2/d"4/(a~2+b~2) ~(1/2) +840*b*x~2*polylog(4,-a*exp (c+d*x"
(1/2))/ (b+(a"2+b"2)"(1/2)))/a~2/d~4/(a~2+b~2) = (1/2) +3360*b*x~ (3/2) *polylog
(5,-axexp(c+d*x~(1/2))/(b-(a~2+b"2)~(1/2)))/a~2/d"5/(a"2+b"2) " (1/2)-3360%*Db
*x~(3/2) *polylog(5,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a~2/d"56/(a"2+b
~2)~(1/2)-10080*b*x*polylog(6,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a"2
/d"6/(a~2+b"2) " (1/2)+10080*b*x*polylog(6,-a*exp (c+d*x~(1/2))/(b+(a"2+b"2)"
(1/2)))/a~2/d"6/(a~2+b~2)~(1/2)+10080*b~2*polylog(6,-a*exp(c+d*x~(1/2)) /(b
-(a™2+b™2)~(1/2)))*x~(1/2) /a~2/ (a~2+b"~2) /d"7+10080*b~2*polylog (6, ~a*exp (c+
d*x~(1/2))/(b+(a~2+b~2)~(1/2)))*x~(1/2) /a~2/(a"2+b~2) /d~7-10080*b"~3*polylo
g(7,-axexp(c+d*x~(1/2))/(b-(a~2+b"2) " (1/2)))*x~(1/2) /a~2/(a"2+b~2)~(3/2) /d
~7+10080*b~3*polylog(7,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))*x~(1/2)/a~
2/(a"2+b~2)~(3/2)/d"7+20160*b*polylog(7,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2) ~(
1/2)))*x~(1/2)/a~2/d77/(a~2+b~2) " (1/2)-20160*b*polylog(7,-a*exp (c+d*x~(1/2
))/ (b+(a~2+b72)"(1/2)))*x~(1/2) /a~2/d"7/(a”~2+b~2) ~(1/2) +14*b~2*x~3*1n (1+a*
exp(c+d*x~(1/2))/(b-(a"2+b~2)~(1/2)))/a~2/(a"2+b"2) /d~2+2%b~3*x~ (7/2) *1n(1
+axexp (c+d*x~(1/2))/(b-(a"2+b~2) " (1/2)))/a~2/(a"2+b"2) " (3/2) /d+14*b~2*x"3*
1n(1+a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a~2/(a"~2+b"2) /d"2-2%b~3*x". ..

dz

346 J (a+bCSCh(c+d\/E)>2
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3.46.2 Mathematica [A] (verified)

Time = 8.52 (sec) , antiderivative size = 2841, normalized size of antiderivative = 1.07

$3

/ (a+ besch (¢ +dy/z))

5 dr = Result too large to show

input | Integrate[x~3/(a + b*Csch[c + d*Sqrt[x]1]1)~2,x]

output | (Cschlc + d*Sqrt[x]]~2*(b + axSinh[c + d*Sqrt[x]])*(x"4*(b + axSinh[c + d*
Sqrt[x]]1) - (8*b*E~c*(2+#b*E~c*x~(7/2) + ((-1 + E~(2*c))*(-7*bxd~6+Sqrt[(a”
2 + b"2)*E~(2*c)]1*x"3*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E~c - Sqrt[(a~2 +
b 2)*E~(2%c)])] + 2%a”~2xd"7*E"c*x”~(7/2)*Log[1 + (a*E~(2%c + dxSqrt[x]))/(
b*E~c - Sqrt[(a™2 + b"2)*E~(2*c)])] + b~2*d~7*E"c*x~(7/2)*Log[1 + (a*xE™ (2%
c + d*Sqrt[x]))/(b*E~c - Sqrtl[(a”2 + b~2)*E~(2*c)])] - 7*b*d~6xSqrt[(a~2 +
b~2)*E~ (2*c) ] *x"3*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E"c + Sqrt[(a”2 + b~
2)*E~(2%c)])] - 2¥a~2+d"T*E~c*x~(7/2)*Logl[1l + (a*E~(2*c + d*Sqrt[x]))/(b*E
“c + Sqrt[(a”2 + b"2)*E~(2%c)])] - b~2*d"7*E~c*x~(7/2)*Logl[1 + (a*xE~(2*c +
d*Sqrt[x]))/(b*E~c + Sqrt[(a”2 + b"2)*E~(2*c)])] + 7*d~5*(-6*bxSqrt[(a~2
+ bT2)*E”(2%c)] + 2*a”~2%d*E~c*Sqrt[x] + b~2*d*E~c*Sqrt [x])*x~(5/2)*PolyLog
[2, -((a*E~(2*c + d*Sqrt[x]))/(b*E~c - Sqrtl[(a”2 + b~2)*E~(2%c)]))] - 7*d~
5x (6*bxSqrt[(a”2 + b"2)*#E~(2*c)] + 2%a~2xd*E~c*Sqrt[x] + b~ 2*d*E~c*Sqrt [x]
)*x~ (5/2) #PolyLog[2, -((a*E~(2*c + d*Sqrt[x]))/(b*xE"c + Sqrt[(a”2 + b~2)*E
~(2%c)]))] + 210*%b*d~4*Sqrt[(a”2 + b~2)*E~ (2*c)]*x"2*xPolyLog[3, -((a*E~(2*
c + d*Sqrt[x]))/(b*xE~c - Sqrtl[(a”2 + b~2)*E~(2%c)]))] - 84*a~2*d~5+E~c*x~(
5/2)*PolyLog[3, -((a*E~(2*c + d*Sqrt[x]))/(b*E~c - Sqrt[(a™2 + b~2)*E~(2*c
)1))]1 - 42%b"2+d"5*E”c*x~(5/2) *PolyLog[3, -((a*E~(2*c + d*Sqrt[x]))/(b*E"c
- Sqrt[(a™2 + b™2)*E~(2%c)]1))] + 210%b*d~4*Sqrt[(a~2 + b~2)*E~(2*c)]*x"2%
PolyLog[3, -((a*E~(2%c + d*Sqrt[x]))/(b*E"c + Sqrt[(a”2 + b~2)*E~(2*c)]...

3.46.3 Rubi [A] (verified)

Time = 4.22 (sec) , antiderivative size = 2664, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, number of rules _ 0.200, Rules used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1:3
3.46. J (a+bCSCh(c+dﬁ)>2 dz
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x3
/ (a + besch (¢ + d\/E))z &
l 5960

£7/2
2b/@ 5d\/z
(a+ besch (c+ dy/x))
| 302
7/2
2L/1 ° LdVT
(a+ ibesc (ic+idy/T))
| 4679
07/ £7/2 b247/2
2 [ |- + + dvz
/ ( @ (bt asinh (c+ dyz)) | @ | a2 (b asinh <c+dﬁ>>2> Ve

l 2009

_ect Ve /2 B3 _etdvag 7/2 _ectdveg 7/2
L4_2blog<b_m+1>x +blog(b_m+1)x +2b10g<b+m+1>m
Ra2 a2vVaZ + b2d a? (a2 + b2)3/2 d a2va? + b%d

input LInt [x~3/(a + bxCschl[c + d*Sqrt[x]])~2,x]

~—

$3
3.46. J (a+bCSCh(c+dﬁ)>2 dz
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output

2% (-((b~2xx~(7/2))/(a"2x(a"2 + b"2)*d)) + x~4/(8*%a~2) + (7T*b~2*x"3*Log[1 +
(a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2])])/(a"2*(a"2 + b~2)*d"2) + (b~
3xx~(7/2)*Log[1 + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”"2 + b~2])])/(a"2x(a"2
+ b"2)7(3/2)*d) - (2*bxx~(7/2)*Logl[l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2
+ b"2])1)/(a"2*Sqrt[a~2 + b~2]*d) + (7*b~2*x"3*Log[l + (a*E~(c + d*Sqrt[x
D)/ (b + Sqrt[a™2 + b72])]1)/(a"2%x(a”2 + b"2)*d"2) - (b~3*x~(7/2)*Logl[l + (
a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b72])]1)/(a"2*(a"2 + b~2)7(3/2)*d) + (
2%bxx~(7/2)*Log[1 + (a*E~(c + d*Sqrt[x]))/(b + Sqrtl[a~2 + b~2])]1)/(a~2%Sqr
t[a™2 + b~2]%d) + (42*b~2*x~(5/2)*PolyLogl[2, -((a*E~(c + d*Sqrt[x]))/(b -
Sart[a”2 + b72]))1)/(a"2*(a"2 + b~2)*d"~3) + (7*xb~3*x~3*PolyLogl[2, -((a*E~(
c + dxSqrt[x]))/(b - Sqrt[a”2 + b~2]))])/(a"2%(a"2 + b~2)7(3/2)*d"2) - (14
*b*x~3*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b72]))]1)/(a"2%Sq
rt[a”2 + b"21*%d"2) + (42%b~2*x~(5/2)*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b
+ Sqrt[a”2 + b"2]))])/(a"2*%(a"2 + b~2)*d"3) - (7*#b~3*x"3*PolyLogl[2, -((a*
E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + 72]))])/(a"2*(a"2 + b~2)"(3/2)*d"2) +
(14*b*x~3*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))1)/(a"2
x*Sqrt[a”2 + b~2]*d"2) - (210%b~2*x"2xPolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b
- Sqrt[a~2 + b~2]))])/(a"2*(a"2 + b~2)*d~4) - (42*b~3*x~(5/2)*PolyLogl3,
-((a*E~(c + d*Sqrt[x]1))/(b - Sgrt[a”2 + b~2]1))])/(a"~2*(a"2 + b~2)~(3/2)*d"
3) + (84*bxx~(5/2)*PolyLogl[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a™2 + b...

3.46.3.1 Defintions of rubi rules used

e

rule 2009L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

-

rule 3042

-

rule 4679

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]“"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 5960

Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x"(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

dz

346 J (a+bCSCh(c+d\/E)>2
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3.46.4 Maple [F]

/ (a+ b csch (c—I—d\/E))zdz

input Lint (x~3/ (a+b*csch(c+d*x~(1/2)))"2,x%)

output Lint (x~3/ (a+b*csch(c+d*x~(1/2)))"2,x%)

3.46.5 Fricas [F]

3 3

/ ° 5 dr = / ° 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) + a)

inputLintegrate(x“3/(a+b*csch(c+d*x“(1/2)))‘2,x, algorithm="fricas")

output‘integral(x“S/(b‘2*csch(d*sqrt(x) + ¢)72 + 2*axb*csch(d*sqrt(x) + c) + a~2)

» X)

3.46.6 Sympy [F]

IL'3

/ (a + besch (¢ + dy/z))

CL'S

/ (a+besch (c+ dy/z))

5 dr = 5 dr

inputLintegrate(x**3/(a+b*csch(c+d*x**(1/2)))**2,x)

outputLIntegral(x**S/(a + bxcsch(c + d*sqrt(x)))**2, x)

dz

346.J (a+bCSCh(c+dﬁ)>2
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3.46.7 Maxima [F]

3 3

/ ad 5 dr = / ad 5 dr
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x‘3/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

output

1/4% (16%a*xb~2*x~(7/2) - (a"3xd*e”(2%c) + a*b~2xd*e” (2%c))*x"4*e” (2*d*sqrt(
x)) + (a73*%d + a*b”2*xd)*x"4 - 2% (8*b~3*x~(7/2)*e"c + (a~2*b*d*e"c + b~ 3xd*
e~c)*x"4)*e” (d*sqrt(x)))/(a~5*d + a~3*xb~2*d - (a~bxdxe”(2xc) + a~3*b~2xdxe
~(2%c))*e” (2+d*sqrt(x)) - 2*(a~4*bxd*e”c + a~2+b~3xd*e”c)*e” (d*sqrt(x))) -

integrate (2x(7*axb~2+x~(5/2) - (7*b~3*x~(5/2)*e"c + (2¥a~2*bxdxe”c + b~3*
dxe~c)*x"3)*e” (d*sqrt(x)))/(a~b*xd + a~3*b"2xd - (a~b*dxe~(2xc) + a~3*b"2xd
xe” (2%c) ) e~ (2*d*sqrt(x)) - 2x(a~4*xbxd*e”c + a~2xb~3*xd*e”c)*e” (d*sqrt(x)))

, X)

3.46.8 Giac [F|

/ z 5 dr = / v 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x“3/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="giac")

outputtsageO*x

e—

3.46.9 Mupad [F(-1)]

Timed out.

/(a+bcschgzi+d\/§))2dm=/<G+L))2dx

sinh(c+d /@

inputtint(x‘s/(a + b/sinh(c + d*x~(1/2)))"2,x)

—

outputtint(x‘B/(a + b/sinh(c + d*x~(1/2)))"2, x)

$3
3.46. J (a+bCSCh(c+dﬁ)>2 dz
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2
3.47 | z - dx
(a+beschc+dya))

3.47.1 Optimalresult . . .. ... .. . ... . e 291]
3.47.2 Mathematica [A] (verified) . . . . . . . ... ..o 2921
3.47.3 Rubi [A] (verified) . . . . . ... ..
3474 Maple [F] . . . . . . 295
3475 Fricas [F] . . . . . o o 295
3.47.6 Sympy [F] . . . . o e 295

3.47.7 Maxima [F] . . . . . . .
3478 Giac [F] . . . . . .
3479 Mupad [F(-1)] . . . . o

3.47.1 Optimal result

Integrand size = 20, antiderivative size = 1983

1172

/ (a + besch (¢ + dy/z))

5 dz = Too large to display

290)
296]
296

-2xb~2*x~(5/2) /a~2/(a~2+b~2) /d+240*b~3*polylog(6,-a*exp (c+d*x~(1/2))/(b-(a
~2+b72)"(1/2)))/a"2/(a"2+b~2) " (3/2) /d"6-240%b"2xpolylog (5, -axexp (c+d*x~(1/
2))/(b-(a"2+b~2)~(1/2)))/a~2/(a"2+b"2) /d"6-240*b~3*polylog(6,-a*exp (c+d*x"
(1/2))/(0b+(a~2+b"2)"(1/2)))/a~2/(a~2+b"2) ~(3/2) /d~6-480*b*polylog(6,-a*exp
(c+d*x~(1/2))/(b-(a~2+b~2)"(1/2)))/a~2/d"6/(a~2+b~2) ~ (1/2)+480*b*polylog(6
,—axexp(c+d*x~(1/2))/(b+(a"2+b~2)~(1/2)))/a~2/d"6/(a"2+b~2) ~(1/2) -240*b~2x
polylog(5,-a*xexp(c+d*x~(1/2))/(b+(a~2+b~2)"(1/2)))/a~2/(a"2+b"2) /d"6+240%b
*xx*polylog(4,-a*exp(c+d*x~(1/2))/(b+(a~2+b"2)"(1/2)))/a~2/d"4/(a"2+b"2)~ (1
/2)+240%b~2*polylog(4,-a*exp(c+d*x~(1/2))/(b-(a~2+b"2)~(1/2)))*x~(1/2) /a"2
/(a~2+b~2) /d~5+240%b~2*polylog(4,-a*exp (c+d*x~(1/2) )/ (b+(a~2+b~2) ~(1/2) ) ) *
x~(1/2)/a"~2/(a~2+b"2) /d~5-240%b"3*polylog (5, -a*exp (c+d*x~(1/2))/ (b-(a~2+b~
2)7(1/2)))*x~(1/2) /a~2/(a~2+b~2) " (3/2) /d"5-80*b*x"~ (3/2) *polylog(3,-axexp(c
+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a~2/d"3/(a"2+b~2) " (1/2) -240%b*x*polylog (4
,—axexp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a~2/d"4/(a~2+b"2)~(1/2)+1/3*x~3/
a~2+20*b*x~2*polylog(2,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a~2/d"2/(a
~2+b~2) ~ (1/2) +80*b*x" (3/2) *polylog(3,-arexp(c+d*x~ (1/2))/ (b-(a~2+b"~2)~(1/2
)))/a~2/d~3/(a"2+b~2) " (1/2)-2%b~2*x~ (5/2) *cosh (c+d*x~(1/2)) /a/(a~2+b~2) /d/
(b+a*sinh(c+d*x~(1/2)))+10%b~2*x"2*1n(1+a*exp (c+d*x~(1/2) )/ (b-(a"2+b"2) " (1
/2)))/a"2/(a"2+b"2) /d"2+2%b~3*x~ (5/2) *1n (1+a*exp (c+d*x~ (1/2))/(b-(a~2+b~2)
~(1/2)))/a~2/(a~2+b"2) " (3/2) /d+10%b~2*x~2*1n (1+a*exp (c+d*x~ (1/2)) / (b+(a. ..

341 J (a+bCSCh(c+dﬁ)>2 dz
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3.47.2 Mathematica [A] (verified)

Time = 6.12 (sec) , antiderivative size = 2085, normalized size of antiderivative = 1.05

$2

/ (a+ besch (¢ +dy/z))

5 dr = Result too large to show

input | Integrate[x~2/(a + b*Csch[c + d*Sqrt[x]1]1)~2,x]

output | (Cschlc + d*Sqrt[x]]~2*(b + axSinh[c + d*Sqrt[x]])*(x"3*(b + a*Sinh[c + d*
Sqrt[x]]1) - (6*b*E~c*(2+#b*E~c*x~(5/2) + ((-1 + E~(2*c))*(-5xbxd~4*Sqrt[(a”
2 + b"2)*E~(2*c)]*x"2*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E"c - Sqrt[(a~2 +
b 2)*E~(2%c)])] + 2%a”2*d"5*xE"c*x”~(5/2)*Log[1 + (a*E~(2%c + dxSqrt[x]))/(
b*E~c - Sqrt[(a™2 + b~2)*E~(2*c)])] + b~2*d"5*#E"c*x”(5/2)*Log[1 + (a*xE™ (2%
c + d*Sqrt[x]))/(b*E~c - Sqrtl[(a”2 + b~2)*E~(2*c)])] - 5*b*d~4*Sqrt[(a~2 +
b~2)*E~ (2*c) ] *x"2xLog[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E"c + Sqrt[(a”2 + b~
2)*E~(2%c)])] - 2¥a~2+d"5*E~c*x~(5/2)*Logl[1 + (a*E~(2xc + d*Sqrt[x]))/(b*E
“c + Sqrt[(a”2 + b"2)*E~(2%c)])] - b~2*d"5*E~c*x~(5/2)*Log[1l + (a*xE~(2*c +
d*Sqrt[x]))/(b*E~c + Sqrt[(a~2 + b"2)*E~(2*c)])] + 5xd~3*(-4*bxSqrt[(a~2

+ bT2)*E”(2%c)] + 2*a”~2%d*E~c*Sqrt[x] + b~2*d*E~c*Sqrt [x])*x~(3/2)*PolyLog
[2, -((a*E~(2*c + d*Sqrt[x]))/(b*E~c - Sqrt[(a”2 + b~2)*E~(2*c)]))] - 5xd~
3x(4xbxSqrt[(a”2 + b"2)*E~(2*c)] + 2%a”~2xd*E~c*Sqrt[x] + b~ 2*d*E~c*Sqrt [x]
)*x~ (3/2) #PolyLog[2, -((a*E~(2*c + d*Sqrt[x]))/(b*xE"c + Sqrt[(a”2 + b~2)*E
~(2%c)]))] + 60%b*d~2xSqrt[(a”2 + b~2)*E~ (2%c)]*x*PolyLog[3, -((a*E~(2*c +
d*Sqrt[x]))/(b*E~c - Sqrt[(a”2 + b™2)*E~(2%c)]))] - 40*a~2*d"3*E~c*x~(3/2
)*PolyLog[3, -((a*E~(2*c + d*Sqrt[x]))/(b*E"c - Sqrt[(a”2 + b~2)*E~(2*c)])
)] - 20*%b~2xd"3+E~c*x~ (3/2)*PolyLog[3, -((a*E~(2%c + d*Sqrt[x]))/(b*E"c -

Sqrt[(a™2 + b~2)*E~(2*c)]))] + 60%b*xd~2*Sqrt[(a~2 + b~2)*E~(2*c)]*x*PolyLo
g3, -((axE~(2xc + d*Sqrt[x]))/(b*E~c + Sqrt[(a”2 + b 2)*E~(2*c)]))] + ...

3.47.3 Rubi [A] (verified)

Time = 3.20 (sec) , antiderivative size = 1984, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, number of rules _ 0.200, Rules used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

341 J (a+bCSCh(c+dﬁ)>2 dz
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(E2
/ (a + besch (¢ + d\/E))z &
l 5960

£5/2
2/ (a + besch (c+ d\/E))zd\/gE
| 3042

25/2
20/0 sdvx
(a+ ibesc (ic+idy/T))

l 4679

5 / 2b5/2 /2 b2>/2 Nz
_ + + T
a? (b+asinh (c+dvz))  a® g2 (b+asinh (c+dyz))?
| 2009

b—v/a2+b2 b+ a2 +b2 b= 1b?

25/2log (5% 4 1) 53 25/21og (a4 1) 43 522 PolyLog (2, — 22 V43 542 PolyLog (2.
2 © +
a? (a2 + b2)%% d a? (a2 + b2)*/%d a? (a2 + b2)*/% @2 a? (a2 +

input LInt [x~2/(a + bxCschl[c + d*Sqrt[x]])~2,x]

~—

341 J (a+bCSCh(c+dﬁ)>2 dz
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output

2% (-((b~2*x~(5/2))/(a"2%(a”2 + b~2)*d)) + x~3/(6*%a"2) + (5*b~2*x"2xLog[1 +
(a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2])])/(a"2*(a"2 + b~2)*d"2) + (b~
3xx~(5/2)*Log[1 + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”"2 + b~2])])/(a"2x(a"2
+ b"2)7(3/2)*d) - (2*b*xx~(5/2)*Logl[l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2
+ b"2])1)/(a"2*Sqrt[a~2 + b~2]*d) + (5*b~2*x"2*Log[l + (a*E~(c + d*Sqrt[x
D)/ + Sqrt[a™2 + b72])]1)/(a™2%(a”2 + b"2)*d"2) - (b~3*x~(5/2)*Logl[1 + (
a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2])]1)/(a"2*(a~2 + b~2)~(3/2)*d) + (
2*b*x~(5/2)*Log[1 + (a*E~(c + d*Sqrt[x]))/(b + Sart[a”™2 + b~2])])/(a"2*Sqr
t[a™2 + b~2]*d) + (20%b~2*x~(3/2)*PolyLogl[2, -((a*E~(c + d*Sqrt[x]))/(b -
Sart[a”2 + b72]))1)/(a"2*(a”2 + b~2)*d"~3) + (5xb~3*x~2*PolyLogl[2, -((a*E~(
c + dxSqrt[x]))/(b - Sqrt[a”2 + b™2]))])/(a"2x(a"2 + b~2)7(3/2)*d~2) - (10
*b*x~2*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2]))])/(a"2*Sq
rt[a”2 + b"21*%d"2) + (20%b~2*x~(3/2)*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b
+ Sqrt[a”2 + b"2]))])/(a"2*%(a"2 + b~2)*d"3) - (5*%b~3*x"2xPolyLog[2, -((a*
E~(c + d*Sqrt[x]1))/(b + Sqrt[a~2 + b~2]))]1)/(a"2*(a"2 + b~2)"(3/2)*d"2) +
(10*b*x~2*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2]))]1)/(a"2
*Sqrt[a”2 + b~2]*d"2) - (60*b~2*x*PolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b -
Sqrt[a~2 + b"2]))1)/(a"2*%(a”2 + b~2)*d~4) - (20%b~3*x~(3/2)*PolyLog[3, -((
a*E~(c + d*Sqrt[x]))/(b - Sqrtl[a”2 + b~2]))1)/(a"2*(a~2 + b~2)~(3/2)*d"3)
+ (40*b*x~(3/2)*PolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2]...

3.47.3.1 Defintions of rubi rules used

e

rule 2009L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

-

rule 3042

-

rule 4679

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]“"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 5960

Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x"(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

341 J (a+bcsch(c+dﬁ))2 dz
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3.47.4 Maple [F]

/ (a+ b csch (c—I—d\/E))zdz

input Lint (x~2/ (a+b*csch(c+d*x~(1/2)))"2,x%)

output Lint (x~2/ (at+b*csch(c+d*x~(1/2)))"2,x%)

3.47.5 Fricas [F]

2 2

/ ° 5 dr = / ° 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) + a)

inputLintegrate(x“2/(a+b*csch(c+d*x“(1/2)))‘2,x, algorithm="fricas")

output‘integral(x“2/(b‘2*csch(d*sqrt(x) + c)~2 + 2*ax*bxcsch(d*sqrt(x) + c) + a~2)

» X)

3.47.6 Sympy [F]

IL'2

/ (a + besch (¢ + dy/z))

:1;2

/ (a+besch (c+ dy/z))

5 dr = 5 dr

inputLintegrate(x**2/(a+b*csch(c+d*x**(1/2)))**2,x)

outputLIntegral(x**2/(a + bxcsch(c + d*sqrt(x)))**2, x)

341 J (a+bCSCh(c+dﬁ)>2 dz
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3.47.7 Maxima [F]

2 2

/ ad 5 dr = / ad 5 dr
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x‘2/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

output

1/3%(12%a*b~2*x~(5/2) - (a"3xd*e”(2%c) + a*b~2xd*e” (2%c))*x"3*e” (2*d*sqrt(
x)) + (a"3%d + a*b”2*d)*x"3 - 2*(6xb~3*x"(5/2)*e"c + (a"2xbxd*e”c + b~ 3*dx*
e~c)*x~3)*e” (d*sqrt(x)))/(a~5*d + a~3*xb~2*d - (a~bxdxe”(2xc) + a~3*b~2xd*e
~(2%c))*e” (2+d*sqrt(x)) - 2*(a~4*bxd*e”c + a~2+b~3xd*e”c)*e” (d*sqrt(x))) -

integrate (2*(5*axb~2+x~(3/2) - (5%b~3*x~(3/2)*e"c + (2¥a~2*bxdxe”c + b~3*
dxe~c)*x"2)*e” (d*sqrt(x)))/(a”b*d + a~3*b"2xd - (a~b*dxe~(2xc) + a~3*%b"2xd
xe” (2%c) ) e~ (2*d*sqrt(x)) - 2x(a~4*xbxd*e”c + a~2xb~3*xd*e”c)*e” (d*sqrt(x)))

, X)

3.47.8 Giac [F]

/ z” 5 dr = / = 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x“2/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="giac")

outputtintegrate(x‘2/(b*csch(d*sqrt(x) +c) +a)’2, x)

e—

3.47.9 Mupad [F(-1)]

Timed out.

/(a+bcschgzi+d\/§))2dm=/<G+L))2dx

sinh(c+d /@

inputtint(x‘Q/(a + b/sinh(c + d*x~(1/2)))"2,x)

—

outputtint(x‘2/(a + b/sinh(c + d*x~(1/2)))"2, x)

341 J (a+bCSCh(c+dﬁ)>2 dz
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3.48 | z - dx
(a+besch(c+dya))

3.48.1 Optimalresult . . . . . . .. . ... .. 298]
3.48.2 Mathematica [A] (verified) . . . . . . . .. ... .. Lo oL 299
3.48.3 Rubi [A] (verified) . . . . . . .. ... 300
3.484 Maple [F] . . . . . . .
3.48.5 Fricas [F] . . . . . . . o o 3021
3.48.6 Sympy [F] . . . . .
3.48.7 Maxima [F] . . . . . ... 303
3488 Giac [F] . . . . . o
3489 Mupad [F(-1)] . . . . o 304
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3.48.1 Optimal result

Integrand size = 18, antiderivative size = 1303

aec+d\/5

/ x 2b2.’1,'3/2 2 6b°x log (1 + m)

dp = ———M 4+
(a + besch (¢ + d\/gE))2 v a?(a?+b)d + 2a2 + a? (a2 + b%) &2

3.3/2 aectdve
2b%x%/ 10g<1+b_m>

a? (a2 + b2)*? d
4bx3/2 ].Og (1 + a,eC-ﬁ-d\/5 ) 6b2z log <1 _|_ aeﬂ-i-d\/5 )

b2 15 btvaZ i
a’v/a? + bd a? (a? + b?) d?
W2%/2 log (1 aec+ IV ) 4b2%/2 g (1 aect IV )

b+va?+b? b+va?+b?
a2 (a2 + b2)** d a’va? +b%d
12b%,/z PolyLog (2, — aettv )

b—va210?
a? (a? + b?) d®

663z PolyLog (2,— ae*t Ve )

+

b—va2+b2
a? (a? + b2)3/2 d?
12bz PolyLog (2, _aetd/e )

+

2@+ PP
12b%,/z PolyLog (2,— ae™tdve )

(12 (a2 _+_ b2) d3

6632 PolyLog (2, _ _aectdve )

+

b+va2 102
a? (a2 + b2)*% @2
12bz PolyLog (2, _ aetti~ )

a2/ 1 P2
126 PolyLog (3, aect IV )

+

T b—Va? 12
a2 (a? + b2) d
12b%y/z PolyLog (3, — bfec%l;ﬁQ
a2 (a? + b2)% @3

24b+/z PolyLog (3, —aettdv >

b—va2+b2
a2/ + 23
126 PolyLog (3, aectIv )

+

T brva2tb?
a? (a? 4+ b?) d*

3 aectdve
12b \/EPOIYLOg <3, —m>

2/(.2 1 22\3/2 53
a“—T0%) a

+

3.48.

b++va?+b2
9 /9 , 1.9 12

J (a+bCSCh(c+dﬁ)>2 & 24b+/z PolyLog <3, —M>
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input
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-2*b~2*x~(3/2) /a~2/(a"~2+b~2) /d-24*b*polylog(4,-a*exp(c+d*x~(1/2))/(b-(a~2+
b~2)"(1/2)))/a~2/d"4/(a"2+b"2) ~(1/2) +24*bxpolylog(4,-axexp(c+d*x~(1/2)) /(b
+(a”2+b"2)"(1/2)))/a~2/d"4/(a"2+b"2) " (1/2) -12%b~2*polylog(3,-a*exp (c+d*x~(
1/2))/(b-(a"2+b~2)~(1/2)))/a~2/(a"2+b"2) /d"4-12xb~2*polylog(3,-a*exp (c+d*x
~(1/2))/(b+(a”2+b"2)"(1/2))) /a~2/(a"2+b~2) /d~4+12*b~3*polylog(4,-a*exp(c+d
*x~(1/2))/(b-(a"~2+b"2)~(1/2))) /a~2/(a"2+b"2) ~(3/2) /d~4-12*b~3*polylog(4,-a
*xexp (c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a~2/(a"2+b"~2) ~(3/2) /d~4+24*b*polylo
g(3,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))*x~(1/2)/a~2/d"3/(a"2+b~2) ~(1/
2)-24%b*polylog(3,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))*x~(1/2)/a~2/d4"3
/(a~2+b~2) " (1/2)+6%b~2*x*1n(1+a*exp (c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a~2/
(a~2+b~2) /d~2+2*b~3*x~ (3/2) *1n (1+a*exp (c+d*x~(1/2))/(b-(a~2+b~2)~(1/2))) /a
~2/(a”2+b"2) " (3/2) /d+6xb~2*x*1n(1+a*exp (c+d*x~ (1/2) )/ (b+(a~2+b"2)~(1/2)))/
a~2/(a"2+b"2)/d"2-2xb"3*x~ (3/2) *1n(1+a*exp (c+d*x~(1/2)) / (b+(a"2+b~2) " (1/2)
))/a~2/(a"2+b~2) " (3/2) /d+6*b~3*x*polylog(2,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2
)~(1/2)))/a~2/(a~2+b"2) " (3/2) /d"2-6*b~3*x*polylog(2,-a*exp (c+d*x~(1/2)) /(b
+(a”™2+b~2)"(1/2)))/a~2/(a"2+b~2) ~(3/2) /d"2-4*b*x~ (3/2) *1n (1+a*exp (c+d*x~ (1
/2))/(b-(a~2+b~2)~(1/2)))/a~2/d/(a"2+b~2) " (1/2) +4*b*x~ (3/2) ¥*1n (1+a*exp (c+d
*x7(1/2))/ (b+(a™2+b"2) " (1/2))) /a~2/d/ (a"2+b~2) = (1/2) -12*b*x*polylog (2, -a*e
xp(c+d*x~(1/2))/(b-(a~2+b"2)~(1/2)))/a~2/d~2/(a"2+b~2) "~ (1/2) +12*b*x*polylo
g(2,-axexp(c+d*x~(1/2))/(b+(a~2+b"2)~(1/2)))/a~2/d"2/(a"2+b"2) " (1/2)+1/. ..

3.48.2 Mathematica [A] (verified)

Time = 7.78 (sec) , antiderivative size = 1333, normalized size of antiderivative = 1.02

T

/ (a + besch (¢ + dy/z))

5 dr = Too large to display

-

LIntegrate[x/(a + b*Csch[c + d*Sqrt[x]])~2,x]

| —

348 J (a+bCSCh(c+dﬁ)>2 dz
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output | (Cschlc + d*Sqrt[x]]1~2*(b + a*Sinh[c + d*Sqrt[x]])*(x"2*(b + a*Sinh[c + dx*
Sqrt[x]]) - (4xbxE~c*(2+b*E~c*x~(3/2) + ((-1 + E~(2*c))*(-3*bxd~2+Sqrt[(a”
2 + b"2)*E~(2*c)]*xxLog[1l + (a*E~(2*c + d*Sqrt[x]))/(b*E"c - Sqrt[(a”2 + b
“2)*E~(2%c)])] + 2%a”2*%d"3*E~c*x”(3/2)*Logl[l + (a*xE~(2*c + d*Sqrt[x]))/(b*
E"c - Sqrt[(a™2 + b~"2)*E~(2%c)])] + b~2*%d"3*E~c*x~(3/2)*Logl[1 + (a*xE~(2*c
+ d*Sqrt[x]1))/(b*E"c - Sqrt[(a”2 + b"2)*E~(2*c)])] - 3*bxd~2*Sqrt[(a”2 + b
~2)*E~ (2xc)1*x*Log[1 + (a*xE~(2xc + d*Sqrt[x]))/(b*E~c + Sqrt[(a”2 + b~2)*E
~(2%c)]1)] - 2%a~2+d"3*E”c*x~(3/2)*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E~c +
Sqrt[(a~2 + b™2)*E~(2%c)])] - b~2xd"3*E~c*x~(3/2)*Log[1 + (a*E~(2*c + d*S
qrt[x]))/(bxE"c + Sqrt[(a”2 + b~2)*E~(2%c)])] + (-6%b*d*Sqrt[(a”2 + b~2)*E
~(2xc)]#Sqrt[x] + 6*a~2x%d"2*E"cxx + 3*b~2xd"2*E~c*x)*PolyLog[2, -((axE~(2x%
c + dxSqrt[x]))/(bxE"c - Sqrt[(a”2 + b"2)*E~(2%c)]))] - 3*d*(2*b*Sqrt[(a~2
+ b"2)*E"(2%c)] + 2¥a”2*d*E"c*Sqrt[x] + b"2xd*E~c*Sqrt [x])*Sqrt [x]*PolyLo
gl2, -((a*xE~(2*c + d*Sqrt[x]))/(b*E~c + Sqrt[(a”2 + b~"2)*E~(2%c)]))] + 6%b
*Sqrt[(a”2 + b~2)*E~(2*c)]*PolyLog[3, -((a*E~(2*c + d*Sqrt[x]))/(b*E"c - S
grt[(a™2 + b™2)*E~(2%c)]))] - 12%a~2*d*E~c*Sqrt [x]*PolyLogl[3, -((axE~(2xc
+ d*Sqrt[x]))/(b*E"c - Sqrt[(a™2 + b"2)*E~(2*c)]))] - 6%b~2*d*E~c*Sqrt [x] *
PolyLog[3, -((a*E~(2%c + d*Sqrt[x]))/(b*xE"c - Sqrt[(a”2 + b72)*E~(2%c)]))]
+ 6%b*Sqrt[(a”2 + b~2)*E~(2xc)]*PolyLog[3, -((a*E~(2*c + dxSqrt([x]))/(bxE
“c + Sqrt[(a”2 + b"2)*E~(2%c)]))] + 12+a~2xd*E~c*Sqrt [x]*PolyLog[3, -((...

3.48.3 Rubi [A] (verified)

Time = 2.52 (sec) , antiderivative size = 1304, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Lumber of rules _ 0.222, Rules used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

x

/ (a + besch (¢ + d\/a_U))2
| 5960

dxr

Y
2/ (a + besch (¢ + d\/E))zd\/5
| 3042

32
QJ/ 5V
(a +ibesc (ic +idy/z))

348 J (a+bCSCh(c+dﬁ)>2 dz
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| 4679
3/2p? 223/2h z3/2
QJ/ - - : ~ d
<a2 (b+asinh (c+dyx))® @ (b+asinh (c+dvz)) @ ) Ve
| 2009

e bivaP b =
a? (a? + b2)3/2 d - a? (a? + bz)?’/2 d * a? (a? + b2)3/2 d? a? (a? + b*

) <m3/2 log ( ectdvag + 1) B 23/2 10g( ectdvig + 1) b® 3z PolyLog (2, aectdve ) b3 ~ 3z PolyLog (2, —

-

inputLInt[x/(a + bxCschlc + d*Sqrt[x]])~2,x]

| —

output | 2% (- ((b"2*xx~(3/2))/(a"2x(a"2 + b"2)*d)) + x"2/(4*a"2) + (3*b~2*x*Logl[l + (
a*E~(c + dxSqrt[x]))/(b - Sqrt[a™2 + b~2])])/(a"2x(a"2 + b"2)*d"2) + (b~3*
x~(3/2)*Log[1 + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a™2 + b~2])]1)/(a"2x(a"2 +
b~2)~(3/2)*d) - (2xb*x~(3/2)*Log[1l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 +
b~21)1)/(a~2%Sqrt[a~2 + b~2]*d) + (3*b~2*x*Log[l + (a*E~(c + d*Sqrt[x]))/
(b + Sqrt[a~2 + b~2])])/(a"2*%(a"2 + b~2)*d"2) - (b~3*x~(3/2)*Log[1 + (a*E~
(c + d*Sqrt[x]1))/(b + Sqrt[a”2 + b~2])])/(a"2*%(a"2 + b72)7(3/2)*d) + (2%b*
x~(3/2)*Log[1 + (a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2])])/(a"2*Sqrt[a”
2 + b"2]*d) + (6*b~2xSqrt[x]*PolyLogl[2, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[
a”2 + b"2]1))]1)/(a"2x(a"2 + b"2)*d"3) + (3*%b~3*x*PolyLog[2, -((a*xE~(c + d*S
qrt[x]))/(b - Sqrt[a~2 + b"2]1))])/(a"2*x(a"2 + b~2)"(3/2)*d"2) - (6%b*x*Pol
yLogl[2, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b"2]))])/(a"2*Sqrt[a"2 + b
~2]*d~2) + (6xb~2*Sqrt[x]*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2
+ b72]1))]1)/(a"2x(a"2 + b"2)*d"3) - (3*b~3*x*PolyLog[2, -((a*E~(c + d*Sqrt
[x]))/(b + Sqrt[a™2 + b~2]))]1)/(a"2*%(a”2 + b72)7(3/2)*d"2) + (6xb*x*PolyLo
gl2, -((a*xE~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))])/(a~2*Sqrt[a~2 + b~2]
*d~2) - (6xb~2*PolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]1))])
/(a”2x(a”2 + b"2)*d"4) - (6xb~3*Sqrt[x]*PolyLogl[3, -((a*E~(c + d*Sqrt[x]))
/(d - Sqrt[a~2 + b~2]))]1)/(a"2*%(a"2 + b~2)"(3/2)*d"3) + (12xbxSqrt[x]*Poly
Log[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]))])/(a~2+Sqrt[a~2 +...

348 J (a+bCSCh(c+dﬁ)>2 dz
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3.48.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Int[(cscl(e_.) + (f_.)*(x_)I1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

ruka5960(1nt[((a_.) + Cschl(c_.) + (A_.)*(x_)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d#*x]
‘)‘p, x], x, x"nl, x] /; FreeQ[{a, b, ¢, 4, m, n, p}, x] && IGtQ[Simplify[(m
L + 1)/n], 0] && IntegerQ[p]

~ @@

3.48.4 Maple [F]

X

/ (a+ b csch (c+dyz))

5dx

input Lint (x/ (a+b*csch(c+d*x~(1/2)))"2,%)

-

outputtint(x/(a+b*csch(c+d*x‘(1/2)))A2,X)

e—

3.48.5 Fricas [F]

/ i 5 dr = / ? 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) + a)

inputLintegrate(x/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="fricas")

output‘integral(x/(b‘2*csch(d*sqrt(x) + ¢)72 + 2%a*b*csch(d*sqrt(x) + c) + a~2),
‘x)

348 J (a+bCSCh(c+dﬁ)>2 dz
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3.48.6 Sympy [F]

z T
dz =

/ / dz
(a + besch (c+ d\/E))2 (a+besch (c+ d\/i))z

p
inputkintegrate(x/(a+b*csch(c+d*x**(1/2)))**2,x)

~—

-

outputtlntegral(x/(a + b*xcsch(c + d*sqrt(x)))**2, x)

-/

3.48.7 Maxima [F]

/ i 5 dr = / ° 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x/(a+b*csch(c+d*x“(1/2)))“2,x, algorithm="maxima") J

output | 1/2* (8*a*xb~2xx~(3/2) - (a~3*d*e”(2xc) + axb”™2xd*e” (2*xc))*x"2*xe” (2*d*sqrt(x
)) + (a”3%d + a*xb”2*d)*x"2 - 2x(4*%b~3*x"(3/2)*e"c + (a"2xbxd*e~c + b~ 3*dxe
“c)*x"2)*e” (d*sqrt(x)))/(a"5*d + a~3*b”"2xd - (a~b*dxe” (2*c) + a~3*b”~2xd*e”
(2xc))xe” (2*d*sqrt(x)) - 2x(a”4*b*d*e"c + a~2*b~3*d*e”c)*e” (d*sqrt(x))) -

integrate (2% (3*a*b~2*sqrt(x) - (3*b~3*sqrt(x)*e”c + (2*a"2xbxd*e"c + b~3*d
xe~c)*x)*xe” (d*sqrt(x)))/(a”5*d + a~3*b~2*d - (a~bxd*e”(2*c) + a~3xb~2*d*e”
(2%c))*e~ (2+d*sqrt (x)) - 2x(a~4xbxd*e”c + a~2*b~3*d*e~c)*e”(d*sqrt(x))), x
)

3.48.8 Giac [F]

/ i 5 dr = / ° 5 dx
(a+ besch (¢ +dy/z)) (besch (dy/z 4+ ¢) +a)

inputLintegrate(x/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="giac")

—

outputLintegrate(x/(b*csch(d*sqrt(x) +c) +a)’2, x) J

348 J (a+bCSCh(c+dﬁ)>2 dz
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3.48.9 Mupad [F(-1)]

Timed out.

/(a+bcschz(vc+d\/5))2dx:/<a+ zb >2dw

sinh (c+d \/5)

input Lint(x/(a + b/sinh(c + d*x~(1/2)))"2,x)

output Lint(x/(a + b/sinh(c + d*x~(1/2)))"2, x)

348 J (a+bCSCh(c+dﬁ)>2 dz
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3.49 | L > dzx
T (a+bCSCh (c+dy/z) )

3.49.1 Optimalresult . . . . . . .. . ... ..
3.49.2 Mathematica [N/A] . . . . ... ..
3.49.3 Rubi [N/A] . . . o e 3061
3.49.4 Maple [N/A] (verified) . . . . . . ... ..
3.49.5 Fricas [N/A] . . . . . . 307l
3.49.6 Sympy [N/A] . . . .
3.49.7 Maxima [N/A] . . . . . . . 307

3.49.8 Giac [N/A] . . . . .

3.49.9 Mupad [N/A] . . . o 308
3.49.1 Optimal result
Integrand size = 20, antiderivative size = 20
/ 1 5 dr = Int 1 5, T
z (@ + besch (¢ + dy/z)) z (@ + besch (¢ + dv/x))
outputLUnintegrable(1/X/(a+b*csch(c+d*x‘(1/2)))‘2,x) J

3.49.2 Mathematica [N/A]
Not integrable

Time = 103.45 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ ! 5 dr = / ! 5 dx
z (@ + besch (¢ + dy/x)) z (@ + besch (¢ + dy/x))

input LIntegrate [1/(x*(a + b*Cschlc + d*Sqrt[x]])~2),x]

~—

-

i

output

Integrate[1/(x*(a + b*Cschlc + d*Sqrt[x]]1)~2), x]

N\

1
349 f T (a+bCSCh (c+d\/5) > : dz
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3.49.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
z (@ + besch (¢ + cl\/E))2

l 5962

1
/ z (a+ besch (¢ + dy/z))”

dx

input ‘ Int[1/(xx(a + b*Csch[c + d*Sqrt[x]])~2),x]

outputL$Aborted

3.49.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.49.4 Maple [N/A] (verified)

Not integrable

Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ L dz
z (a+ b csch (c-l—d\/i))z

p
input

int (1/x/ (a+b*csch(c+d*x~(1/2)))"2,x)

N\

output Lint (1/x/ (at+b*csch(c+d*x~(1/2)))~2,x%)

1
349 f T <a+bCSCh (c+d\/5) > : dz
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3.49.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.90

/ ! 5 dz =/ ! 5— dx
z (@ + besch (¢ + dy/x)) (besch (dy/z +¢) +a)'x

inputLintegrate(1/x/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="fricas")

output‘ integral(1/(b~2*x*csch(d*sqrt(x) + c)~2 + 2%a*bxx*csch(d*sqrt(x) + c) + a”
L2*X), x)

3.49.6 Sympy [N/A]
Not integrable

Time = 2.96 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1

/ 2dx:/ 5 dr
z (@ + besch (¢ + dy/x)) z (a+ besch (¢ + dy/z))

input‘integrate(1/x/(a+b*csch(c+d*x**(1/2)))**2,x)

output LIntegral(l/(x*(a + bkcsch(c + d*sqrt(x)))**2), x)

3.49.7 Maxima [N/A]

Not integrable

Time = 0.99 (sec) , antiderivative size = 249, normalized size of antiderivative = 12.45

/ L 5 dz =/ L 5— dx
z (@ + besch (¢ + dy/x)) (besch (dy/z +¢) +a)'x

-

input Lintegrate (1/x/ (atb*csch(c+d*x~(1/2)))~2,x, algorithm="maxima")

-/

1
349 f T <a+bCSCh (c+d\/5) ) : dz
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output 4% (b~3*sqrt(x)*e” (d*sqrt(x) + c) - axb2*sqrt(x))/((a"bxd*e”~(2%c) + a~3%b”
2xd*e” (2xc) ) *x*xe” (2xd*sqrt (x)) + 2*(a"4*xbxd*e”c + a~2xb~3*d*e”c)*x*e” (d*sq
rt(x)) - (a”bxd + a~3*b~2xd)*x) + log(x)/a"2 + integrate(-2*(a*b~2*sqrt(x)
- (b~™3*sqrt(x)*e”c - (2%a”2*bxd*e”c + b~ 3*d*e~c)*x)*e” (d*sqrt(x)))/((a~5x
d*e” (2xc) + a~3*b"2+d*e”(2%c))*x"2xe” (2xd*sqrt(x)) + 2*(a"4*bxd*e”c + a~2*
b~3*d*e”~c)*x"2xe” (d*sqrt(x)) - (a"b*d + a~3*b"2xd)*x"2), x)

3.49.8 Giac [N/A]

Not integrable

Time = 1.70 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 5 dx :/ ! 5— dT
z (@ + besch (¢ + dy/x)) (besch (dyz +¢) +a)'x

inputLintegrate(1/x/(a+b*csch(c+d*x“(1/2)))‘2,x, algorithm="giac")

output‘integrate(l/((b*csch(d*sqrt(x) + c) + a)"2*x), x)

3.49.9 Mupad [N/A]

Not integrable

Time = 2.56 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

/x(a+bcsch (c—l—d\/E))2 dﬂU:/x (a-l—%)z

sinh(c+d /@

dz

inputtint(l/(x*(a + b/sinh(c + d*x~(1/2)))"2),x)

e

outputtint(l/(x*(a + b/sinh(c + d*x~(1/2)))"2), x)

AN J

1
349 f T <a+bCSCh (c+d\/5) > : dz
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1
3.50 [ ; d
2 (a-l-bCSCh (c+d\/5))
3.50.1 Optimal result . . . . .. .. . ... .. .
3.50.2 Mathematica [N/A] . . . . ... .. . 309
3.50.3 Rubi [N/A] . . . . . 3101
3.50.4 Maple [N/A] (verified) . . . . . . ... ... 310
3.50.5 Fricas [N/A] . . . . . . B111
3.50.6 Sympy [N/A] . . . . 311
3.50.7 Maxima [N/A] . . . . . . . B11]
3.50.8 Giac [N/A] . . . . . o
3.50.9 Mupad [N/A] . . . . 312
3.50.1 Optimal result
Integrand size = 20, antiderivative size = 20
/ 1 5 dr = Int L 5, T
22 (a + besch (¢ + dy/z)) 22 (a + besch (¢ + dy/z))
output LUnintegrable (1/x~2/ (a+b*csch(c+d*x~(1/2)))"2,x) J

3.50.2 Mathematica [N/A]
Not integrable

Time = 69.90 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ ! 5 dr = / ! 5 dx
22 (a + besch (¢ + dy/7)) 22 (a + besch (¢ + dy/7))

input LIntegrate [1/(x"2x(a + b*Csch[c + d*Sqrt[x]])~2),x]

~—

-

i

output

Integrate[1/(x"2*(a + b*Csch[c + d*Sqrt[x]])~2), x]

N\

1
3.50. f 2 (a-l—bCSCh (c+dv/z) ) : de
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3.50.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dT
22 (@ + besch (¢ + dy/x))
| 5962

/

input ‘ Int[1/(x"2x(a + b*Csch[c + d*Sqrt[x]])~2),x]

output L$Aborted

3.50.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.50.4 Maple [N/A] (verified)

Not integrable

Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ L dz
22 (a+bcsch (c+ d\/E))2

p
input

int (1/x~2/ (a+b*csch(c+d*x~(1/2)))"2,x)

N\

output Lint (1/x~2/ (at+b*csch(c+d*x~(1/2)))"2,%)

1
3.50. f 2 (a-l—bCSCh (c+dv/z) ) : dz
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3.50.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

/ ! 5 dr = / ! 5— dx
22 (a + besch (¢ + dy/z)) (besch (dy/z + ¢) + a) 22

inputLintegrate(1/x‘2/(a+b*csch(c+d*x‘(1/2)))“2,x, algorithm="fricas")

output‘ integral(1/(b~2*x"2*csch(d*sqrt(x) + c)~2 + 2*axbxx~2*csch(d*sqrt(x) + c)
L+ a~2*x72), x)

3.50.6 Sympy [N/A]
Not integrable

Time = 2.33 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 1 d.’L‘=/ 1
22 (a + besch (¢ + d\/E))2 22 (a+besch (c+ d\/E))2

dzx

input‘integrate(1/x**2/(a+b*csch(c+d*x**(1/2)))**2,x)

output LIntegral(l/(x**2*(a + b*csch(c + dksqrt(x)))**2), x)

3.50.7 Maxima [N/A]

Not integrable

Time = 1.15 (sec) , antiderivative size = 318, normalized size of antiderivative = 15.90

/ L 5 dr = / L 5— dx
22 (a + besch (¢ + dy/z)) (besch (dy/z + ¢) + a) 22

-

input Lintegrate (1/x72/ (at+b*csch(c+d*x~(1/2)))"2,x, algorithm="maxima")

-/

1
3.50. f 2 (a-l—bCSCh (c+dv/z) ) : dz
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output | -(4*axb~2xsqrt(x) + (a~3*dxe”(2%c) + axb”2xd*e”(2xc))*x*e” (2*%d*sqrt(x)) -
(a"3*%d + axb™2*d)*x - 2% (2xb"3*sqrt(x)*e”c - (a~2xb*d*e"c + b~3*kdxe”c)*x)*
e~ (d*sqrt(x)))/((a~bxd*e” (2xc) + a~3*b~2*d*e”(2%c))*x"2%e” (2xd*sqrt(x)) +
2% (a"4*xbxd*e”c + a~2%b"3xd*e”c)*x"2*e” (d*sqrt(x)) - (a~b*d + a~3*%b"2xd)*x"
2) + integrate(-2*(3*a*b~2*sqrt(x) - (3*b~3*sqrt(x)*e”c - (2%a~2*b*d*e"c +
b~3*d*e~c)*x)*e” (d*sqrt(x)))/((a~b*xd*e~ (2*c) + a~3*b~2xd*e”(2xc))*x"3*e” (
2xdxsqrt(x)) + 2x(a~4xb*d*e~c + a~2*b~3*d*e”c)*x"3*e” (d*sqrt(x)) - (a~5*d
+ a~3*%b"2*xd)*x~3), x)

3.50.8 Giac [N/A]

Not integrable

Time = 2.70 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.15

/ ! 5 dr = / ! 5— dz
22 (a + besch (¢ + dy/7)) (besch (dy/z + ¢) + a) z?

inputLintegrate(1/x“2/(a+b*csch(c+d*x“(1/2)))“2,x, algorithm="giac")

outputtsageo*x

3.50.9 Mupad [N/A]
Not integrable

Time = 2.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ 2dm=/ 5 dT
22 (a + besch (¢ + dy/z)) 72 (a + b ))

sinh(c+d /x

inputLint(l/(x‘2*(a + b/sinh(c + d*x~(1/2)))"2),x)

-

output Lint(l/(x’?*(a + b/sinh(c + d*x~(1/2)))"2), x)

~—

1
3.50. f 2 (a-l—bCSCh (c+dv/z) ) : dz
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3.51 [ 23%(a+ besch(c+ dy/z)) dz

3.51.1 Optimalresult . . . . .. ... ... .. . 313l
3.51.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo 314
3.51.3 Rubi [A] (verified) . . . . . . ... ... 314
3.51.4 Maple [F] . . . . . . o
3.51.5 Fricas [F] . . . . . o o 316
3.51.6 Sympy [F] . . . . . . 316
3.51.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 3161
3.51.8 Giac [F] . . . . . o B17
3.51.9 Mupad [F(-1)] . . . . . o B17

3.51.1 Optimal result

Integrand size = 20, antiderivative size = 214

4bz?arctanh (ec+4v=
/ 73/2 (a + bcsch(c + d\/g_g)) dr = gaxs/z _ 4bz"arc al; (e )
8bz3/2 PolyLog (2, —e°*@=)  8bz3/2 PolyLog (2, e“+4v®)
- d? T d2
24bz PolyLog (3, —e“t%#)  24bz PolyLog (3, ect4V7)
* a3 N 3
48by/z PolyLog (4, —e“*%v®)  48by/z PolyLog (4, e“+%v?)
B d* * d4
48b PolyLog (5, —e**4v®)  48bPolyLog (5, e4v®)
* dd B d5

output | 2/5*%a*x~ (5/2)-4*b*x~2*arctanh (exp(c+d*x~(1/2)))/d-8*b*x~ (3/2)*polylog(2,-e
xp(c+d*x~(1/2)))/d"~2+8*b*x~(3/2) *polylog(2,exp(c+d*x~(1/2)))/d~2+24*b*x*po
lylog(3,-exp(c+d*x~(1/2)))/d~3-24*b*x*polylog(3,exp(c+td*x~(1/2)))/d~3+48%b
*polylog(5,-exp(c+d*x~(1/2)))/d"5-48*bxpolylog(5,exp(c+d*x~(1/2)))/d"~5-48%
b*polylog(4,-exp(c+d*x~(1/2)))*x~(1/2) /d~4+48%b*polylog(4,exp(c+d*x~(1/2))
)*xx~(1/2)/d"4

3.51.  [2%%(a+ besch(c+ dy/z)) dz
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3.51.2 Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.11

4

55/2 4,.2 _ octdyT) _ 4,.2 ct+dvz\ _ 3,.3/2
+hosch(c-+dya)) dm:2(adx + 5bd*z? log (1 — V) — 5bd*z? log (1 + e“+4V7) — 20bd°z®/2 PolyLog

inputLIntegrate[x”(S/Q)*(a + b*Csch[c + d*Sqrt[x]]),x] J

output | (2x(a*xd~5*x~(5/2) + b*bxd~4*x"2xLog[l - E~(c + d*Sqrt[x])] - 5%b*d~4*x~2*L
ogll + E~(c + d*Sqrt[x])] - 20*b*d~3+*x~(3/2)*PolyLog[2, -E~(c + d*Sqrt[x])
] + 20%b*d~3%x~(3/2)*PolyLog[2, E~(c + d*Sqrt[x])] + 60%b*d~2*x*PolyLogl[3,
-E~(c + d*Sqrt[x])] - 60*b*d~2xx*PolyLog[3, E~(c + d*Sqrt[x])] - 120%bxd*
Sqrt [x] *PolyLog[4, -E~(c + d*Sqrt[x])] + 120%b*d*Sqrt[x]*PolyLogl[4, E~(c +
d*Sqrt[x])] + 120%b*PolyLog[5, -E~(c + d*Sqrt[x])] - 120*b*PolyLogl[5, E~(
c + dxSqrt[x])]))/(6xd~5)

3.51.3 Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.100, Rules used

integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w3/2 (a + besch(c+ dv/z)) da
l 2010
/ (az3/2 + b:v3/2csch(c + dﬁ)) dx

l 2009

3.51.  [2%%(a+ besch(c+ dy/z)) dz
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9 4bzarctanh (ec+d‘/5) 48b PolyLog ( _ec+d\/5) 48b PolyLog (5, ec+dﬁ>

3(13:5/2 - d ds d5
48b\/z PolyLog (4,—V%)  48b,/z PolyLog (4, erVZ)  24be PolyLog (3, ~c+1v5)
g7 + 7 + B —
24bz PolyLog (3,e°+4/7)  8b23/2 PolyLog (2, —e*+¥v%)  8bs™/? PolyLog (2,e°+4V7)
d3 - d2 + d2

inputtlnt [x~(3/2)*(a + b*Csch[c + d*Sqrt[x]]),x]

p

output | (2xa*x~(5/2))/5 - (4xb*x~2*ArcTanh[E~(c + d*Sqrt[x])])/d - (8xb*x~(3/2)*Po

lyLog[2, -E~(c + d*Sqrt[x])])/d"2 + (8%b*x~(3/2)*PolyLog[2, E~(c + d*Sqrt[

x]1)1)/d"2 + (24xb*x*PolyLog[3, -E~(c + d*Sqrt[x])])/d~3 - (24*b*x*PolyLogl

3, E7(c + d*Sqrt([x]1)]1)/d"3 - (48*b*Sqrt[x]*PolyLogl[4, -E~(c + d*Sqrt[x])])

/d"4 + (48xb*Sqrt[x]*PolyLogl[4, E~(c + d*Sqrt[x])]1)/d"4 + (48%bxPolyLogl5,
-E~(c + d*Sqrt[x])]1)/d"5 - (48*bxPolyLog[5, E~(c + d*Sqrt[x])])/d"5

3.51.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

(Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x]
, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
'+ (b_.)*(v)) /; FreeQ[{a, b}, x] & InverseFunction[vl]

3.51.4 Maple [F]

IO\CA)

&

(a+b csch (c+d\/_))

input ‘ int (x~(3/2) * (a+b*csch(c+d*x~(1/2))) ,x)

output Lint (x~(3/2) *(a+b*csch(c+d*x~(1/2))) ,x)

3.51.  [2%%(a+ besch(c+ dy/z)) dz
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3.51.5 Fricas [F]

/z3/2 (a + bcsch(c + dﬁ)) dr = / (b csch (d\/E + c) + a)x% dx

inputLintegrate(x“(3/2)*(a+b*csch(c+d*x“(1/2))),x, algorithm="fricas") J

output Lintegral(b*x‘(3/2)*csch(d*sqrt(x) + ¢c) + a*xx~(3/2), x) J

3.51.6 Sympy [F]

/w3/2(a—|—bcsch(c+d\/5)) dxz/wg(a-l—bcsch (c+dvz)) dz

e—

p
input tintegrate (x**(3/2) * (atb*csch (c+d*x**(1/2))) ,x)

-

output LIntegral(x**(3/2)*(a + b*csch(c + d*sqrt(x))), x)

-/

3.51.7 Maxima [A] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.01

/x3/2 (a+besch(c+ dvz)) do = gaxg

2 (log (e(dﬁ“) + 1) log (e(dﬁ>)4 +4Li, (—e<dﬁ+0>) log (eﬁwﬂ?))3 —12 log <e<dﬁ>>2 Lig(—e(dvate))
&
2 <log (—e(dﬁ“) + 1) log <e(dﬁ)>4 + 4Li, (e(dﬁ"’c)) log (e(dﬁ)>3 — 12 log (e(dﬁ)>2 Lig(e(@vete)) 4

d5

_|_

input tintegrate (x~(3/2)*(atb*xcsch(c+d*x~(1/2))) ,x, algorithm="maxima") J

3.51.  [2%%(a+ besch(c+ dy/z)) dz
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input

output
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2/56%axx”(5/2) - 2x(log(e”(d*sqrt(x) + c) + 1)xlog(e”(d*sqrt(x)))~4 + 4xdil
og(-e~(d*sqrt(x) + c))*log(e”(d*sqrt(x)))~3 - 12xlog(e”(d*sqrt(x))) ~2*poly
log(3, -e~(d*sqrt(x) + c)) + 24xlog(e”(d*sqrt(x)))*polylog(4, -e~(d*sqrt(x
) + c)) - 24xpolylog(5, -e~(d*sqrt(x) + c)))*b/d"5 + 2x(log(-e~(d*sqrt(x)

+ ¢c) + 1)*xlog(e”(d*sqrt(x)))~4 + 4*dilog(e~(d*sqrt(x) + c))*log(e” (d*sqrt(
x))) "3 - 12xlog(e~(d*sqrt(x))) "2*polylog(3, e~ (d*sqrt(x) + c)) + 24xlog(e”
(d*sqrt(x)))*polylog(4, e~ (d*sqrt(x) + c)) - 24xpolylog(5, e~ (d*sqrt(x) +

c)))*b/d"5

3.51.8 Giac [F]

/x3/2 (a+ besch(c+ dv/z)) dz = / (besch (dvz +¢) + a)x% dx

Lintegrate(x“(3/2)*(a+b*csch(c+d*x‘(1/2))),x, algorithm="giac")

e

Lintegrate((b*csch(d*sqrt(x) + c) + a)*xx~(3/2), x)

A >

3.51.9 Mupad [F(-1)]

Timed out.

/ 2 (a+ bosch(c +dva)) do = / o (a T St (¢ b+ dﬁ)) ”

Lint(x‘(3/2)*(a + b/sinh(c + d*x~(1/2))),x)

Lint(x‘(3/2)*(a + b/sinh(c + d*x~(1/2))), x)

3.51.  [2%2(a+ besch(c+dyz)) do
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3.52 [ vz (a+ besch(c+dy/z)) dz

3.52.1 Optimal result . . . . . . .. ... .. 318]
3.52.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 318
3.52.3 Rubi [A] (verified) . . . . . ... .. 319
3.52.4 Maple [F] . . . . . . o 320
3.52.5 Fricas [F] . . . . . . o 320
3.52.6 Sympy [F] . . . . . 320
3.52.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 3211
3.52.8 Giac [F] . . . . . . B21]
3.52.9 Mupad [F(-1)] . . . . o

3.52.1 Optimal result

Integrand size = 20, antiderivative size = 120

4 h(ectdve) 4 PolvLog (2. —ectdv®
/\/E(a+bcsch(c+d\/5)) dw:gax?’/z_ bzarctanh (e )_ by/z PolyLog (2, —e )

d d?
4b\/z PolyLog (2, ec+4v?)
+ =
4bPolyLog (3, —e°t®®)  4bPolyLog (3, et4V7)
+ PE N PE

output ‘ 2/3%axx~ (3/2) -4*b*x*arctanh (exp(c+d*x~(1/2))) /d+4*b*polylog(3,-exp (c+d*x~( ‘
11/2)))/d"3-4xb*polylog(3,exp(c+d*x™(1/2)))/d~3-4*b*polylog(2,-exp (c+dx" (1
L/2)))*x‘(1/2)/d‘2+4*b*polylog(2,exp(c+d*x‘(1/2)))*x‘(1/2)/d‘2 J

3.52.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.18

/ Vz(a+ besch(c+ dy/z)) dx

_ 2(ad®z*? 4 3bd’zlog (1 — e°tV") — 3bdz log (1 + e°T4V™) — 6bdy/z PolyLog (2, —e*T*V*) + 6bdy/z Po
3d3

-

input LIntegrate [Sqrt[x]*(a + b*Csch[c + d*Sqrt[x]]),x] J

3.52.  [v/z(a+besch(c+dy/x)) dz
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output‘ (2% (a*d™3*x7(3/2) + 3*b*d~2*x*Log[l - E"(c + d*Sqrt[x])] - 3*b*d~2*x*Logl[1 \
|+ E"(c + d*Sqrt[x])] - 6¥bxd*Sqrt[x]*PolyLogl[2, -E~(c + d¥Sqrt[x])] + 6+b
‘*d*Sqrt [x]*PolyLog[2, E~(c + d*Sqrt[x])] + 6*b*PolyLog[3, -E~(c + d*Sqrt[x ‘
‘1] - 6xbxPolyLog[3, E"(c + dSqrt[x1)1))/(3+d"3) |

3.52.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.100, Rules used

= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Va(a+ besch(c + dy/z)) do

| 2010
/ (avz + by/zesch(c + dy/x) ) dx
l 2009
2 4 4bzrarctanh (ec+d\/‘5) 4b PolyLog (3, _ec+d\/5> 4b PolyLog (3, ec—i—dﬁ)
gam B d + d3 - d3 -
4by/z PolyLog (2, _ec+dﬁ) 4b/z PolyLog (2, ec+dﬁ)
d? + d2
input LInt [Sqrt[x]*(a + b*Csch[c + d*Sqrt[x]]),x] J

e B

(2xaxx~(3/2))/3 - (4xbxxxArcTanh[E~(c + d*Sqrt[x])])/d - (4xbxSqrt[x]*Poly
'Log[2, -E~(c + d*Sqrt[x]1)1)/d™2 + (4xb*Sqrt[x]*PolyLogl[2, E~(c + d*Sqrt [x]

\)])/d*z + (4*bxPolyLog[3, -E~(c + d*Sqrt[x])])/d~3 - (4*bxPolyLog[3, E~(c \
L+ d*Sqrt[x]1)1)/4"3 J

output

3.52.  [v/z(a+besch(c+dy/x)) dz
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3.52.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32010‘Int[(u_)*((c_.)*(x_))”(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.52.4 Maple [F]

/ (a + b csch (c + d\/E)) Vzdz

input Lint ((atb*csch(c+d*x~(1/2)))*x~(1/2) ,x)

output Lint ((atb*csch(c+d*x™(1/2)))*x~(1/2) ,x)

3.52.5 Fricas [F]

/\/E(a+bcsch(c+d\/5)) dx=/(bcsch (dvz +¢) +a)Vzdz

inputtintegrate((a+b*csch(c+d*x“(1/2)))*x‘(1/2),x, algorithm="fricas")

output Lintegral (bxsqrt (x) *csch(d*sqrt(x) + c) + a*sqrt(x), x)

3.52.6 Sympy [F]

/\/E(a-l-bcsch(c—l—d\/i)) dzz/\/E(a—l—bcsch (c+dvz)) dz

input Lintegrate ((a+b*csch(c+d*x**(1/2)) ) *x**(1/2) ,x)

output LIntegral(sqrt(x)*(a + b*csch(c + d*sqrt(x))), x)

3.52.  [v/z(a+besch(c+dy/x)) dz
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3.52.7 Maxima [A] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.08

/ﬁ(a—kbcsch(c—l—dﬁ)) dx = gax

2 <log (e(d\/ﬂc) + 1) log (e(dﬁ)>2 +2Li, (—e(dﬁ“)) log (e(dﬁ)> -2 Li3(—e(d‘/5+c))> b

N

d3
2
2 <1og (=2 1) log (el#v®))” + 2 Ly (e&v549)) log (el - zL13<e<dﬁ+c>)) b
+ B
inputLintegrate((a+b*csch(c+d*x‘(1/2)))*x‘(1/2),x, algorithm="maxima") J

output

2/3%axx”~(3/2) - 2x(log(e~(d*sqrt(x) + c) + 1)*log(e~(d*sqrt(x)))~2 + 2xdil
og(-e~(d*sqrt(x) + c))*log(e~(d*sqrt(x))) - 2*xpolylog(3, -e~(d*sqrt(x) + c
)))*b/d"3 + 2*(log(-e~(d*sqrt(x) + c) + 1)*log(e”(d*sqrt(x)))~2 + 2*dilog(
e~ (d*sqrt(x) + c))*log(e~(d*sqrt(x))) - 2*polylog(3, e~ (d*sqrt(x) + c)))*b
/4”3

3.52.8 Giac [F]

/\/E(a+bcsch(c+d\/5)) dx=/(bcsch (dvz +¢) +a)Vzdz

input‘integrate((a+b*csch(c+d*x“(1/2)))*x”(1/2),x, algorithm="giac") ‘

outputLintegrate((b*csch(d*sqrt(x) + ¢c) + a)xsqrt(x), x) J

3.52.  [v/z(a+besch(c+dy/x)) dz
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3.52.9 Mupad [F(-1)]

Timed out.

/\/E(a-l—bcsch(c—l-d\/i)) dx:/ﬁ<a+sinh (ci—dﬁ)) dx

inputtint(x‘(1/2)*(a + b/sinh(c + d*x~(1/2))),x)

output Lint(x‘(1/2)*(a + b/sinh(c + d*x~(1/2))), x)

3.52.  [v/z(a+besch(c+dy/x)) dz
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a+bcsch (c+dy/z)
3.53 | dx
Nz

3.53.1 Optimalresult . . .. ... .. .. . .. ...
3.53.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 323
3.53.3 Rubi [A] (verified) . . . . . ... . ...
3.53.4 Maple [A] (verified) . .. ... .. ... . ...
3.53.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. ....
3.53.6 Sympy [A] (verification not implemented) . . ... ... ... ... . ....
3.53.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 326
3.53.8 Giac [B] (verification not implemented) . . . . ... ... ... ... ... .. 326
3.53.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 327

3.53.1 Optimal result

Integrand size = 20, antiderivative size = 26

2barctanh (cosh (¢ + dy/z))

dx = 2a+/x — y

/ a + besch(c + dy/x)
NG

output L-Q*b*arctanh (cosh(c+d*x~(1/2)))/d+2*xa*x"~(1/2)

3.53.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 2.00

/a + besch (¢ + dy/z) s
7
2(a(c+dy/x) — blog (cosh (3 (c+ dy/z))) + blog (sinh (3 (c+ dv/x))))

d

p
input

Integrate[(a + b*Csch[c + d*Sqrt[x]])/Sqrt[x],x]

N\

output‘ (2x(a*(c + dxSqrt[x]) - bxLog[Cosh[(c + d*Sqrt[x])/2]] + b*Logl[Sinh[(c + d
}*Sqrt[x])/2]]))/d

353. a+bcsc%c+dﬁ) dz
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3.53.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 15 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ a+ besch(c + dy/z) "
Nz
| 2010
‘a_ besch(c+dvz) .
/ (ﬁ M ) ’
| 2009
20z — 2barctanh (cosh (¢ + dv/z))

d

input LInt [(a + bxCsch[c + d*Sqrt[x]])/Sqrt[x],x]

outputt2*a*Sqrt [x] - (2*bxArcTanh[Cosh[c + d*Sqrt[x]1]]1)/d

3.53.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2010‘Int[(u_)*((c_.)*(x_))‘(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]

, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

353. a+bcsc%c+dﬁ) dz

———
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3.53.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

method result size
2b1In(tanh( ¢+ %/
derivativedivides | 2a+/z + (¢ gﬁ £)) 26
2b1n(tanh( ¢4 2=
default 2a+/T + ( gz+ £)) 26
2b1n(tanh( ¢4+ 2=
parts 2a+/T + ( S2+ £)) 26
inputLint((a+b*csch(c+d*x‘(1/2)))/x‘(1/2),x,method=_RETURNVERBDSE) J
output L2*a*x” (1/2)+2*b/d*1n(tanh(1/2*c+1/2*%d*x~(1/2))) J

3.53.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 55 vs. 2(22) = 44.

Time = 0.28 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.12

a + besch(c + dy/x) J
/ NG i
_ 2(ady/z — blog (cosh (dy/z 4 ¢) + sinh (dv/z + ¢) + 1) + blog (cosh (dy/z + ¢) + sinh (dy/z 4 ¢) — 1),
N d
input Lintegrate ((atbxcsch(c+d*x~(1/2)))/x~(1/2) ,x, algorithm="fricas") J

output‘2*(a*d*sqrt(x) - b*log(cosh(d*sqrt(x) + c) + sinh(d*sqrt(x) + c) + 1) + b* ‘
'log(cosh(d*sqrt(x) + c) + sinh(d*sqrt(x) + c) - 1))/d |

353. a+bCSCl\}g(Ec+d\/5) dz
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3.53.6 Sympy [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.38

/a—l—bcsch(c—kd\/i) o — 2a\/5+2b({ﬁCSCh(C)d z ford=0 )

NG log (tanh El% +T)) otherwise

-

input Lintegrate ((a+b*csch(c+d*x**(1/2))) /x**(1/2) ,x)

~—

output‘2*a*sqrt(x) + 2+bxPiecewise((sqrt(x)*csch(c), Eq(d, 0)), (log(tanh(c/2 + 4
‘*sqrt(x)/Q))/d, True))

/)

3.53.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.96

2blog (tanh (1 dy/z +1¢))
d

/ a + besch(c + dy/z)

=2
NG dr = 2avz +

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“(1/2),x, algorithm="maxima")

e

outputtQ*a*sqrt(x) + 2xbxlog(tanh(1/2*d*sqrt(x) + 1/2%c))/d

~—

3.53.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 49 vs. 2(22) = 44.

Time = 0.28 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.88

2blog (|eldvEte) — 1
111 s o)

/ a + besch (¢ + dy/z) 2 (dyz +c)a  2blog (e(dﬁ+c) i 1)
dx = —
VT d

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x‘(1/2),x, algorithm="giac")

output‘2*(d*sqrt(x) + c)*a/d - 2xb*log(e~(d*sqrt(x) + c) + 1)/d + 2xb*log(abs(e”(
‘d*sqrt(x) +c) - 1))/d

353. a+bcsc%c+dﬁ) dz
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3.53.9 Mupad [B] (verification not implemented)

Time = 2.22 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.81

ed VT gc /42
a+ besch(c + dy/z) 4atan<%) Vb2
/ dr =2a+/z —
Nz %

input int((a + b/sinh(c + d*x~(1/2)))/x~(1/2),x)

N

output‘ 2*xa*x~(1/2) - (4*atan((b*exp(d*x~(1/2))*exp(c)*(-d~2)~(1/2))/(d*(b"2)~(1/2
IN*(72)7(1/2))/(-d"2) " (1/2)

353. a+bCSCl\}9(zc+d\/5) dz
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354 [ a+bcsch (c+dy/z) dx

23/2
3.54.1 Optimal result . . . . . . . . . ... ..
3.54.2 Mathematica [N/A] . . . . ... ..
3.54.3 Rubi [N/A] . . oo oot e 379
3.54.4 Maple [N/A] (verified) . . . . . . ... .. 330
3.54.5 Fricas [N/A] . . . . . . e 3301
3.54.6 Sympy [N/A] . . . . 330
3.54.7 Maxima [N/A] . . . . . . 331
3.54.8 Giac [N/A] . . . . o o e B31]
3.54.9 Mupad [N/A] . . . . B31]

3.54.1 Optimal result

Integrand size = 20, antiderivative size = 20

/ a + besch(c + dy/z) 2a (csch (c+dy/z) x)

-

output L-2*a/x“ (1/2) +b*Unintegrable(csch(c+d*x~(1/2))/x~(3/2) ,x)

|

3.54.2 Mathematica [N/A]
Not integrable

Time = 55.21 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dx

/ a + besch(c + dy/x) p / a + besch(c + dy/x)
Tr =

z3/2 x3/2

input LIntegrate [(a + b*Cschlc + d*Sqrt[x]]1)/x~(3/2),x] J

output LIntegrate[(a + b*Cschlc + d*Sqrt([x]]1)/x~(3/2), x] J

354 [ a+bcsch (c+dy/z) dz

23/2



CHAPTER 3. LISTING OF INTEGRALS 329

3.54.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

a+ besch(c + dy/z)
/ 232 dx
| 2010
a  besch(c+dy/x)
/ <x3/2 + 2372 ) dz
| 2009
b/ csch(c;— dy/z) g 2a
x3/2 NZ7

input LInt[(a + b*Cschlc + d*Sqrt([x]1])/x"(3/2),x]

e

output t$Aborted

~—

3.54.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) m*u, x]

, x] /; FreeQ[{c, m}, x] &% SumQ[u] &% !LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

354 [ a+bcsch (c+dy/z) dz

23/2
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3.54.4 Maple [N/A] (verified)
Not integrable

Time = 0.16 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/a—l—bcsch(c—l—dﬁ)

dz

3
T2

input Lint ((atb*csch(c+d*x~(1/2)))/x~(3/2) ,x)

output ‘ int ((a+b*csch(c+d*x~(1/2)))/x~(3/2) ,x)

3.54.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.25

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
L= 3

q;:"/2 T2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“(3/2),x, algorithm="fricas")

outputLintegral((b*sqrt(x)*csch(d*sqrt(x) + c) + axsqrt(x))/x"2, x)

3.54.6 Sympy [N/A]
Not integrable

Time = 0.50 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

dz

13/2 s

/a+bcsch(c+d\/5) p /a—i—bcsch (c+dvx)
T
T

inputtintegrate((a+b*csch(c+d*x**(1/2)))/x**(3/2),X)

output LIntegral((a + b*csch(c + d*sqrt(x)))/x**(3/2), x)

354 [ a+bcsch (c+dy/z) dz

23/2
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3.54.7 Maxima [N/A]

Not integrable

Time = 0.45 (sec) , antiderivative size = 53, normalized size of antiderivative = 2.65

/a—l— besch (c + dy/x) p /bcsch (dvz +c) +ad
Tr =

XL
3
x3/2 =

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x‘(3/2),x, algorithm="maxima")

OutPUt‘b*integrate(1/(X“(3/2)*e“(d*sqrt(x) + ¢c) + x7(3/2)), x) + bxintegrate(1/(x
"(3/2)*e~(d*sqrt(x) + ©) - x7(3/2)), x) - 2*a/sqrt(x)

3.54.8 Giac [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
L = 3

p=Tp dx

xr2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“(3/2),x, algorithm="giac")

outputLintegrate((b*csch(d*sqrt(x) +c) +a)/x"(38/2), x)

3.54.9 Mupad [N/A]

Not integrable

Time = 2.44 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

dz

/ a + besch(c + dy/x) dr = / a+ sinh(c—?—d Vz)

73/2 73/2

input Lint((a + b/sinh(c + d*x~(1/2)))/x~(3/2),%)

—

output Lint((a + b/sinh(c + d*x~(1/2)))/x~(3/2), x)

354 [ a+bcsch (c+dy/z) dz

23/2



CHAPTER 3. LISTING OF INTEGRALS 332

3 55 [ a+bcsch (c+dy/z) dx

29/2
3.55.1 Optimalresult . . . . . ... . ... .. ..
3.55.2 Mathematica [N/A] . . . . ... .. . .
3.55.3 Rubi [N/A] . . . . .
3.55.4 Maple [N/A] (verified) . . . . . . . .. . . 334
3.55.5 Fricas [N/A] . . . . . . 334
3.55.6 Sympy [N/A] . . . . 334
3.55.7 Maxima [N/A] . . . . . . .
3.55.8 Giac [N/A] . . . . .
3.55.9 Mupad [N/A] . . . . 335

3.55.1 Optimal result

Integrand size = 20, antiderivative size = 20

/a—l—bcsch(c—l—d\/i) p
€Tr =

15/2  313/2

+ bInt (CSCh (¢ +dya) ,x)

5/2

-

output L-2/3*a/x" (3/2)+b*Unintegrable(csch(c+d*x~(1/2))/x~(5/2) ,x)

|

3.55.2 Mathematica [N/A]

Not integrable

Time = 55.88 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

a + besch(c + dy/x) a + besch(c + dy/x)
/ = dx = / dx
25/2 25/2
input LIntegrate [(a + b*Csch[c + d*Sqrt[x]])/x~(5/2),x] J
output LIntegrate [(a + b*Csch[c + d*Sqrt[x]1])/x~(5/2), x] J

355. [ a+bcsch (c+dy/z) dz

25/2



inputLInt[(a + b*Csch[c + d*Sqrt[x]1])/x~(5/2),x]
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3.55.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a+ besch(c + dy/z)
dx
5/2
| 2010
a  besch(c+dy/x)
/ <x5/2 + 75/2 ) dz
| 2009
csch(c + dy/z) 2a
b/ 25/2 dz — 353/2

$Aborted

N\ J

3.55.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010‘Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]

, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] J

355. [ a+bcsch (c+dy/z) dz

25/2
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3.55.4 Maple [N/A] (verified)
Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/a—l—bcsch(c—l—dﬁ)

dz

5
T2

input Lint ((atb*csch(c+d*x~(1/2)))/x~(5/2) ,x)

output ‘ int ((a+b*csch(c+d*x~(1/2)))/x~(5/2) ,x)

3.55.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.25

dz

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
T = 5

q;5/2 T2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“(5/2),x, algorithm="fricas")

outputLintegral((b*sqrt(x)*csch(d*sqrt(x) + c) + axsqrt(x))/x"3, x)

3.55.6 Sympy [N/A]
Not integrable

Time = 0.57 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

dz

15/2 5

/a+bcsch(c+d\/5) p /a—i—bcsch (c+dvx)
T
T

inputtintegrate((a+b*csch(c+d*x**(1/2)))/x**(5/2),X)

output LIntegral((a + b*xcsch(c + d*sqrt(x)))/x**(5/2), x)

355. [ a+bcsch (c+dy/z) dz

25/2
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3.55.7 Maxima [N/A]

Not integrable

Time = 0.45 (sec) , antiderivative size = 53, normalized size of antiderivative = 2.65

/a—l— besch (c + dy/x) p /bcsch (dvz +c) +ad
Tr =

T
5
x5/2 x2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x‘(5/2),x, algorithm="maxima")

output‘b*integrate(1/(x‘(5/2)*e“(d*sqrt(x) + ¢c) + x7(5/2)), x) + bxintegrate(1l/(x
"‘(5/2)*e’“(d*sqrt(x) + ¢c) - x°(5/2)), x) - 2/3*%a/x"(3/2)

3.55.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/a+bcsch(c+d\/5) J /bcsch (dvz+c)+a
T = 5

52 dx

xr2

inputLintegrate((a+b*csch(c+d*x“(1/2)))/x“(5/2),x, algorithm="giac")

outputLintegrate((b*csch(d*sqrt(x) +c) +a)/x"(6/2), x)

3.55.9 Mupad [N/A]

Not integrable

Time = 2.43 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

dz

/ a + besch(c + dy/x) dr = / a+ sinh(c—?—d Vz)

25/2 25/2

input Lint((a + b/sinh(c + d*x~(1/2)))/x~(5/2),%)

—

output Lint((a + b/sinh(c + d*x~(1/2)))/x~(6/2), x)

355. [ a+bcsch (c+dy/z) dz

25/2
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3/2 2

3.56 [#%%(a+besch(c+dy/z))" dz

3.56.1 Optimalresult . . ... ... ... .. ... .. ..
3.56.2 Mathematica [B] (verified) . . . . . . . .. ... .. Lo 337
3.56.3 Rubi [A] (verified) . . . . .. ... . ...
3.56.4 Maple [F] . . . . . . . 3401
3.56.5 Fricas [F] . . . . . . . 340
3.56.6 Sympy [F] . . . . . 340
3.56.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 3411
3.56.8 Giac [F] . . . . . .
3.56.9 Mupad [F(-1)] . . . . . o

3.56.1 Optimal result

Integrand size = 22, antiderivative size = 363

2b2$2 2 2,5/2

/9v3/2(a—l—bcsch(c—l—d\/i))2 dr = — g TpIT

8abz?arctanh(et¥v®) 262z coth (c + dv/T)

d d
8b23/2 log <1 — 32(c+d\/5)> 16abxr3/? PolyLog (2’ _ec+d\/5)
* d? N d2
16abz>/2 PolyLog (2, e+ %v?) 12b*z PolyLog (2, 62(c+d\/5)>
d? + d3
48abz PolyLog (3, —et#%)  48abax PolyLog (3, e"+4V?)
+ -
d3 3
126°/z PolyLog <3a 62(C+dﬁ)) 96ab+/z PolyLog (4, —e“+iv®)
- d* N d4
96aby/z PolyLog (4, e=+4/%) 66> PolyLog (4, e2<c+dﬁ))
- d* + d5
96ab PolyLog (5, —e“+%#)  96abPolyLog (5, et4V?)
* dd N d5

3.56. [ 232(a+ besch(c+ d\/ﬂ_v))Q dz
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output | -2xb~2xx~2/d+2/5*a"~2*x" (5/2) -8*ax*b*x~2*arctanh (exp (c+d*x~(1/2)))/d-2*b"2*x
~2%coth(c+d*x~(1/2))/d+8*b~2*x~ (3/2) *1n (1-exp (2*c+2*d*x~ (1/2)) ) /d"2-16*axb
*x~ (3/2)*polylog(2,—exp(c+d*x~(1/2)))/d"2+16*a*bxx~ (3/2) *polylog(2,exp(c+d
*x~(1/2))) /d~2+12%b~2*x*polylog (2, exp (2*c+2*d*x"~ (1/2))) /d"3+48*a*b*x*polyl
0g(3,-exp(c+d*x~(1/2)))/d"3-48*a*b*x*polylog(3,exp(c+d*x~(1/2)))/d"3+6*b"2
*polylog(4,exp(2*c+2xd*x~(1/2)))/d~5+96*a*b*polylog(5,-exp(c+d*x~(1/2)))/d
~5-96*a*b*polylog(5,exp(c+d*x~(1/2)))/d"5-12%b~2*polylog(3,exp (2*c+2*d*x" (
1/2)))*x~(1/2) /d"4-96*axbxpolylog(4,—exp(c+d*x~(1/2)))*x~(1/2)/d~4+96*a*bx*
polylog(4,exp(c+d*x~(1/2)))*x~(1/2)/d"4

3.56.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 875 vs. 2(363) = 726.

Time = 7.02 (sec) , antiderivative size = 875, normalized size of antiderivative = 2.41

2 .
[ 4 (a-+ bosch(c + az))? do = 20%%2 (a + besch (¢ + dy/z)) sinh? (c + dy/)
5 (b+ asinh (c + dv/z))”

4b(a + besch (¢ + d\/a_v))2 (bd*z? — 2bd3(—1 + €%) 232 log (1 — e7~WV?) — ad*(—1 + €*) 2%log (1 — e

b*zcsch () csch(% + %5) (a + besch(c+ d\/E))2 sinh’ (c + dy/z) sinh (%)

+
d (b + asinh (c + d\/g_v))Q
b*z?(a + besch(c + d\/E))z sech(£) sech(g + %5) sinh? (¢ + dy/z) sinh <%E)
- d(b—l—asinh (c+d\/5))2
input [Integrate [x~(3/2)*(a + b*Csch[c + d*Sqrt[x]])~2,x] J

3.56. [ 232(a+ besch(c+ d\/ﬂ_v))2 dz



output
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/(2*a“2*x“(5/2)*(a + bxCschlc + d*Sqrt[x]])~2xSinh[c + d*Sqrt[x]]1~2)/(5x(b

+ a*Sinh[c + d*Sqrt[x]])~2) - (4xbx(a + b*Cschlc + d*Sqrt([x]]) "2x(b*d~4*x"~
2 - 2%b*d"3x(-1 + E~(2*c))*x~(3/2)*Log[1l - E~(-c - d*Sqrt[x])] - axd~4x(-1
+ E7(2%c))*x"2xLog[1 - E"(-c - d*Sqrt[x])] - 2*¥b*xd~3*(-1 + E~(2x*c))*x~(3/
2)*Log[1 + E~(-c - d*Sqrt[x])] + a*d~4*(-1 + E~(2%c))*x"2xLog[1 + E~(-c -

dxSqrt[x])] + 6%bxd~2%(-1 + E~(2xc))*x*PolyLogl[2, -E~(-c - d*Sqrt[x])] - 4
*xa*xd~3*% (-1 + E~(2%c))*x~(3/2)*PolyLog[2, -E~(-c - d*Sqrt[x])] + 6xb*d~2*(-
1 + E~(2%c))*x*PolyLog[2, E~(-c - d*Sqrt[x])] + 4*a*xd~3*(-1 + E~(2*c))*x"(
3/2)*PolyLog[2, E~(-c - d*Sqrt[x])] + 12xb*d*(-1 + E~(2%c))*Sqrt [x]*PolyLo
gl3, -E~(-c - d*Sqrt[x])] - 12%axd~2%(-1 + E~(2*c))*x*PolyLog[3, -E~(-c -

d*Sqrt[x])] + 12+b*d* (-1 + E~(2%c))*Sqrt[x]*PolyLogl[3, E~(-c - d*Sqrt[x])]
+ 12xaxd~2* (-1 + E~(2%c))*x*PolyLog[3, E"(-c - dxSqrt[x])] + 12%b*(-1 + E
~(2xc))*PolyLog[4, -E~(-c - d*Sqrt[x])] - 24xa*d*(-1 + E~(2+%c))*Sqrt [x]*Po
lyLog[4, -E~(-c - d*Sqrt[x])] + 12xb*(-1 + E~(2%c))*PolyLog[4, E~(-c - d*S
qrt[x])] + 24*a*xd*x(-1 + E~(2%c))*Sqrt[x]*PolyLogl[4, E~(-c - d*Sqrt[x])] -

24%a*x (-1 + E~(2%c))*PolyLogl[5, -E~(-c - d*Sqrt[x])] + 24*ax(-1 + E~(2%c))=*
PolyLog[5, E~(-c - d*Sqrt[x])])*Sinh[c + d*Sqrt[x]]172)/(d"5*(-1 + E~(2%c))
*(b + a*Sinh[c + d*Sqrt[x]])~2) + (b~2*x"2%Csch[c/2]*Csch[c/2 + (d*Sqrt [x]
)/2]*(a + bxCsch[c + d*Sqrt[x]])~2#Sinh[c + d*Sqrt[x]] 2*Sinh[(d*Sqrt[x])/
2])/(d*(b + a*Sinh[c + d*Sqrt[x]])~2) - (b"2*x"2*(a + b*Csch[c + d*Sqrt...

3.56.3 Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, Lumber of rules _ 0.182, Rules used

integrand size
= {5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 2%/ (a + besch (c + dv@))? da
| 5960

2/x2(a+bcsch(c+d\/5))2d\/5
| 3042

2/x2(a+ibcsc (ic + idv7))? dva

l 4678

3.56. [ 232(a+ besch(c+ d\/ﬂ_v))2 dz
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2/ (az? + b*csch?(c + dv/z) 2? + 2abesch(c + dv/z) 2°) dy/z

l 2009

d dd d®

1 4abz?arctanh (ec+d‘/5> 48ab PolyLog (5, —ec"‘dﬁ) 48ab PolyLog (5, ec+d‘/5) 48ab+/z Pol;
o La24572 — n

input ‘

Int[x~(3/2)*(a + b*Csch[c + d*Sqrt[x]])~2,x]

output

2x(-((b"2*x~2)/d) + (a"2*x~(5/2))/5 - (4*xaxb*x~2*ArcTanh[E~(c + d*Sqrt[x])
1)/d - (b~2*x~2%Coth[c + d*Sqrt[x]])/d + (4xb~2*xx~(3/2)*Log[l - E~(2x(c +
d*Sqrt[x]))]1)/d"2 - (8*a*b*x~(3/2)*PolyLogl[2, -E~(c + d*Sqrt[x])])/d"2 + (
8*axbxx~ (3/2) *PolyLog[2, E~(c + d*Sqrt[x])])/d"2 + (6*b~2*x*PolyLogl[2, E~(
2%(c + d*Sqrt[x]))]1)/d"3 + (24xa*b*x*PolyLog[3, -E~(c + d*Sqrt[x])])/d"3 -

(24*a*b*x*PolyLog[3, E~(c + d*Sqrt[x])])/d~3 - (6*b~2*Sqrt[x]*PolyLogl3,
E~(2*(c + d*Sqrt[x]))])/d"4 - (48xaxb*Sqrt[x]*PolyLogl4, -E~(c + dxSqrt[x]
)1)/d"4 + (48*a*b*Sqrt[x]*PolyLogl[4, E~(c + d*Sqrt[x])])/d~4 + (3*b~2*Poly
Log[4, E~(2*(c + d*Sqrt([x]))])/d"5 + (48*axb*PolyLogl[5, -E~(c + d*Sqrt[x])
1)/d°5 - (48xaxb*PolyLog[5, E~(c + d*Sqrt[x])])/d"5)

-

3.56.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4678

rule 5960

~—/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Int[((a_.) + Csch[(c_.) + (d_.)*(x_)~(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x"(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.56. [ 232(a+ besch(c+ d\/ﬂ_v))2 dz



CHAPTER 3. LISTING OF INTEGRALS

340

3.56.4 Maple [F]

/xg (a+b csch (c+d\/5))2dx

inputLint(x‘(3/2)*(a+b*csch(c+d*x‘(1/2)))‘2,x)

output Lint (x~(3/2) *(atb*csch(c+d*x~(1/2)))"2,x)

3.56.5 Fricas [F]

/x3/2(a+ besch(c + d\/E))2 dzr = / (besch (dy/z +¢) + a)Zx% dx

inputLintegrate(x“(3/2)*(a+b*csch(c+d*x“(1/2)))“2,x, algorithm="fricas")

output‘integral(b‘2*x‘(3/2)*csch(d*sqrt(x) + c)72 + 2*a*b*x”(3/2)*csch(d*sqrt(x)
‘+ c) + a~2%x”(3/2), x)

3.56.6 Sympy [F]

/1‘3/2(a+bCSCh(C+d\/E))2 dr = /xg (a + besch (c+d\/5))2 dx

inputLintegrate(x**(3/2)*(a+b*csch(c+d*x**(1/2)))**2,x)

outputLIntegral(x**(3/2)*(a + b*csch(c + dxsqrt(x)))**2, x)

3.56. [ 232(a+ besch(c+ d\/ﬂ_v))Q dz
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3.56.7 Maxima [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 422, normalized size of antiderivative = 1.16

2%2(a + besch (¢ + dy/z) )* dz 2 4b%a”
5 de(2dva+2e) _
4 (d4z2 log < (dvz+e) 4 1> +4d3z5Li ( (dv/a+c) > —12 dzwLi3(_e(dﬁ+c)) + 24 d\/ELL;(—e(d\/EJFC)) _9

ds

. 4 (d4a;2 log ( e(dVete) 4 1) +4dz} L12< (dﬁ+c)) — 12 22 Liz(e(VF+9)) + 24 dy/TLig(e(@VF+9)) — 24 Li,
8 <d3x% log (e(d‘/ﬂc) + 1> + 3 d?zLi, (—e(dﬁ+c)) — 6 dy/zLiz(—e(Vet)) 4+ 6 Li4(—e(d‘/5+c)))b2
+ =
8 (@2 log (—e(@7+9 1) + 3d%aLip (7t ) — 6dy/aLis(e(/7) + 6 Liy (e(V+9)) )1?
+ =
2 (2abdzt +50%d%?) 2 (2abd’af - 5Hd'a?)
- 5 d5 * 5

~—

inputLintegrate(x‘(3/2)*(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

output | 2/5%a~2*x~(5/2) - 4*b~2*x"2/(d*e” (2*d*sqrt(x) + 2*c) - d) - 4x(d"4*x"2*log
(e”(d*sqrt(x) + c) + 1) + 4xd"3*x"(3/2)*dilog(-e~(d*sqrt(x) + c)) - 12xd"2
*xx*polylog(3, -e~(d*sqrt(x) + c)) + 24xdxsqrt(x)*polylog(4, -e~ (d*sqrt(x)
+ c)) - 24xpolylog(5, -e~(d*sqrt(x) + c)))*axb/d"5 + 4*(d~4*x"2*log(-e~ (dx*
sqrt(x) + c) + 1) + 4xd"3*x"(3/2)*dilog(e~(d*sqrt(x) + c)) - 12*d~2*x*poly
log(3, e~ (d*sqrt(x) + c)) + 24xd*sqrt(x)*polylog(4, e~ (d*sqrt(x) + c)) - 2
4xpolylog(5, e~ (d*sqrt(x) + c)))*a*b/d~5 + 8*(d~3*x~(3/2)*log(e” (d*sqrt(x)
+ c) + 1) + 3*%d"2*x*dilog(-e~ (d*sqrt(x) + c)) - 6*d*sqrt(x)*polylog(3, -e
~(d*sqrt(x) + c)) + 6*polylog(4, -e~(d*sqrt(x) + c)))*b~2/d"5 + 8x(d~3*x"(
3/2)*log(-e~(d*sqrt(x) + c) + 1) + 3*%d"2*xxdilog(e~(d*sqrt(x) + c)) - 6xd*
sqrt(x)*polylog(3, e~ (d*sqrt(x) + c)) + 6*polylog(4, e~ (d*sqrt(x) + c)))*b
~2/d756 - 2/5%(2*axb*d"5*x"(5/2) + b¥xb~2*d"4*x"2)/d"5 + 2/5%(2*axb*xd~5xx~ (5
/2) - 5%b~2%d~4*x"2)/d"5

3.56. j"z3/2(a-+-bcsch(c-+—d~ﬂf))2
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3.56.8 Giac [F|

/x3/2(a+ besch(c + d\/ﬂ_v))z dr = / (besch (dyz +¢) + a)za;% dz

inputLintegrate(x“(3/2)*(a+b*csch(c+d*x“(1/2)))‘2,x, algorithm="giac")

output Lintegrate((b*csch(d*sqrt(x) + c) + a)”2*x"(3/2), x)

3.56.9 Mupad [F(-1)]

Timed out.

2
3/2 2 _ 3/2 b
/x (a+ besch(c+ dvz))” dz /a: (a + b (¢ + dﬁ)) dx

input Lint(x*(3/2)*(a + b/sinh(c + d*x~(1/2)))"2,%)

output Lint(x“(3/2)*(a + b/sinh(c + d*x~(1/2)))"2, x)

3.56. [ 232(a+ besch(c+ d\/ﬂ_v))Q dz
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3.57 [ vz (a+ besch(c+ al\/E))2 dx

3.57.1 Optimalresult . . .. ... ... . ... .. . 343
3.57.2 Mathematica [B] (verified) . . . . . . . .. ... .. Lo [344)
3.57.3 Rubi [A] (verified) . . . . . . ... .. 344
3.57.4 Maple [F] . . . . . . o 346
3.57.5 Fricas [F] . . . . . . o o 346
3.57.6 Sympy [F] . . . . o 346
3.57.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 347
3.57.8 Giac [F] . . . . o
3.57.9 Mupad [F(-1)] . . . . .o 348

3.57.1 Optimal result

Integrand size = 22, antiderivative size = 209

2%z 2, . /2 8abxarctanh(ec+dﬁ)
—_— _a —

/\/E(a + bcsch(c—|-d\/5))2 dr =

d 3 d
2b%z coth (c + dvy/z) 4%/ log (1 _ ez(c+d¢5)>
- +
d 2
8ab+/z PolyLog (2, _ ec—i—dﬁ)
_ =
8aby/z PolyLog (2, ect4ve)
+
d2
2b2 PolyLog (2, 62(c+d\/5)>
+ e
8abPolyLog (3, —¢***v")  8abPolyLog (3, V")
+ = . e

output | -2xb~2+x/d+2/3*a"~2*x" (3/2) -8*axbxx*arctanh (exp (c+d*x~(1/2))) /d-2*b~2*x*cot
h(c+d*x~(1/2))/d+2*b~2*polylog(2,exp(2*c+2*d*x~(1/2))) /d~3+8*axb*polylog(3
,—exp(c+d*x~(1/2)))/d"3-8*a*b*polylog(3,exp(c+d*x~(1/2)))/d"3+4*%b"2x1n(1-e
xp(2*c+2+d*x~(1/2)))*x~ (1/2) /d"2-8*a*b*polylog(2,-exp(c+d*x~(1/2)))*x~(1/2
) /d~2+8*a*b*polylog(2,exp(c+d*x~(1/2)))*x~(1/2)/d"2

3.57. [ +/z(a+ besch(c+ d\/f))2 dz
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3.57.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 637 vs. 2(209) = 418.

Time = 2.34 (sec) , antiderivative size = 637, normalized size of antiderivative = 3.05

/\/a_c(cH- bcsch(c+ dﬁ))2 dr =

126%d%x + 2a2d*z%? — 2a’d3e*x®/? + 12b%dy/zlog (1 — e~ WV7) — 12b%de?\/zlog (1 — e~ *~WV7) + 1

input{ Integrate[Sqrt [x]*(a + b*Cschlc + d*Sqrt([x]])~2,x]

output

-1/3%(12*%b~2%d"2*x + 2%a~2*d"3*x”(3/2) - 2%a~2xd"3*E”(2%c)*x~(3/2) + 12%b~
2xdxSqrt [x]*Log[1 - E~(-c - d*Sqrt[x])] - 12%b~2*d*E~(2xc)*Sqrt [x]*Log[1 -
E~(-c - d*Sqrt[x])] + 12%a*b*d~2*x*Logl[l - E~(-c - d*Sqrt[x])] - 12*axbxd
~2xE~ (2%c)*x*Log[1 - E"(-c - d*Sqrt[x])] + 12*b~2*d*Sqrt[x]*Log[1l + E~(-c

- dxSqrt([x])] - 12%b~2*d*E~(2*c)*Sqrt[x]*Log[l + E~(-c - d*Sqrt[x])] - 12%
axbxd~2*x*Log[1l + E~(-c - d*Sqrt[x])] + 12xaxb*d~2*E~(2*c)*x*xLog[1l + E~(-c
- dxSqrt[x])] + 12%b*(-1 + E~(2%c))*(b - 2*axd*Sqrt[x])*PolyLogl[2, -E~(-c
- dxSqrt[x])] + 12%bx(-1 + E~(2%c))*(b + 2%a*d*Sqrt[x])*PolyLog[2, E~(-c

- dxSqrt[x])] + 24*axb*PolyLogl[3, -E~(-c - d*Sqrt[x])] - 24*a*bxE~(2*c)*Po
lyLog[3, -E~(-c - d*Sqrt[x])] - 24*a*b*PolyLog[3, E~(-c - d*Sqrt[x])] + 24
*a*xb*E~ (2*c) #*PolyLog[3, E~(-c - d*Sqrt[x])] + 3*b~2+d"2*x*Csch[c/2]*Csch[(
c + dxSqrt[x])/2]1*Sinh[(d*Sqrt[x])/2] - 3*b~2*d~2*E~(2*c)*x*Csch[c/2] *Csch
[(c + d*Sqrt[x])/2]*Sinh[(d*Sqrt[x])/2] - 3*b~2*d~2*x*Sech[c/2]*Sech[(c +
d*Sqrt[x]) /2] *Sinh [(d*Sqrt[x]) /2] + 3*b~2*d~2*E~(2*c)*x*Sech[c/2]*Sech[(c
+ d*Sqrt[x])/2]1*Sinh [(d*Sqrt [x])/2])/(d"3*(-1 + E~(2%c)))

3.57.3 Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 189 Ryjles uged

integrand size
= {5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/E(a + bcsch(c + d\/E))2 dx

3.57. [ +/z(a+ besch(c+ d\/i))2 dz
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| 5960
2/w(a+bcsch(c+d\/5))2d\/5
| 3042
2/m(a+ibcsc (ic + idy/T))? dy/z
| 4678

2/ (za® + 2bzesch(c + dy/z) a + b*zesch? (¢ + dy/x) ) dy/z

| 2009
1 4abzrarctanh (ec+d\/5> 4abPolyLog <3, —ec"'dﬁ) 4ab PolyLog (3, ec"'dﬁ) 4ab\/z PolyLog
2| ga*a®* - d + P - & - &

input ‘ Int[Sqrt[x]*(a + b*Csch[c + d*Sqrt([x]])~2,x]

2x(-((b"2*x)/d) + (a"2*x~(3/2))/3 - (4*axbxx*ArcTanh[E~(c + d*Sqrt[x])])/d

- (b"2*x*Coth[c + d*Sqrt[x]])/d + (2%b~2*Sqrt[x]*Logl[l - E~(2*(c + d*Sqrt
[x]1))]1)/d"2 - (4*a*b*Sqrt[x]*PolylLogl[2, -E~(c + d*Sqrt[x])])/d"2 + (4*axb*
Sqrt [x]*PolyLog[2, E~(c + d*Sqrt[x])]1)/d~2 + (b~2*PolyLog[2, E~(2*(c + d*S
qrt[x1))]1)/d"3 + (4xaxb*PolyLogl[3, -E~(c + d*Sqrt[x])])/d~3 - (4*axb*PolyL
ogl[3, E”(c + d*Sqrt[x])]1)/d"3)

output

3.57.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(csc[(e_.) + (f_.)*(x_)1*(b_.) + (a)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.57. [ +/z(a+ besch(c+ d\/f))2 dz
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rule 5960 Int[((a_.) + Cschl[(c_.) + (d_.)*(x_)"(@_)1*(b_.))~(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d#*x]
‘)‘p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
‘ + 1)/n], 0] && IntegerQ[p]

3.57.4 Maple [F]

/ (a+bcsch (c+ d\/E))2 Vrdx

inputLint((a+b*csch(c+d*x‘(1/2)))“2*XA(1/2),X)

outputLint((a+b*csch(c+d*x‘(1/2)))‘2*x‘(1/2),X)

3.57.5 Fricas [F]

/\/:?(a+bcsch(c+d\/a_:))2 da::/(bcsch (dvz +¢) +a)2\/9_vdac

-

inputtintegrate((a+b*csch(c+d*x‘(1/2)))‘2*x‘(1/2),x, algorithm="fricas")

e—

output‘integral(b‘2*sqrt(x)*csch(d*sqrt(x) + c)72 + 2*a*xb*sqrt(x)*csch(d*sqrt(x)
‘+ c) + a"2xsqrt(x), x)

3.57.6 Sympy [F]

/\/E(a+bcsch(c+d\/5))2 da::/\/i(a+bcsch (c+d\/5))2 dx

input Lintegrate ((a+bkcsch(c+dkx#x(1/2)) ) *k2kxxk (1/2) ,x)

outputkIntegral(sqrt(x)*(a + b*csch(c + d*sqrt(x)))**2, x)

3.57. [ +/z(a+ besch(c+ d\/i))2 dz
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3.57.7 Maxima [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 264, normalized size of antiderivative = 1.26

/ \/E(a + bcsch(c + d\/i))2 dx
2 46
a T de(2dvaz+2c) _
4( xlog( (ava+e) 4 ) +2dy/zLi, (—e(dﬁ+0>) - 2L13(—e<dﬁ+c>))ab
d3
4 (d zlog( (ava+e) 4 1) +2de12( df+c>> - 2Li3(e<dﬁ+c>))ab
d3
4 (df log< (avate) 4 1) + le( <dﬁ+c>>>b2
(
2

3
2

d3
4 dy/z log ( (avate) | 1) + Lip (e(d\/ﬂc)))b?

d3

2 (2 abd3z3 + 3b2d%x ) 2 (2 abd®z5 — 3b2d2x)
3 + 3

input  integrate((a+b*csch(c+d*x~(1/2))) 2*xx~(1/2) ,x, algorithm="maxima")

output 2/3%a”2*x~(3/2) - 4¥b~2*x/(d*e” (2*d*sqrt(x) + 2xc) - d) - 4*(d"2*x*log(e”(
d*sqrt(x) + c) + 1) + 2*d*sqrt(x)*dilog(-e~(d*sqrt(x) + c)) - 2*polylog(3,

-e~(d*sqrt(x) + c)))*a*b/d"3 + 4x(d"2xx*log(-e~(d*sqrt(x) + c) + 1) + 2xd
x*sqrt (x)*dilog(e” (d*sqrt(x) + c)) - 2*xpolylog(3, e~ (d*sqrt(x) + c)))*axb/d
~3 + 4x(d*sqrt(x)*log(e~(d*sqrt(x) + c) + 1) + dilog(-e~(d*sqrt(x) + c)))x*
b~"2/d"3 + 4*(d*sqrt(x)*log(-e~(d*sqrt(x) + c) + 1) + dilog(e~(d*sqrt(x) +

€)))*b~2/d"3 - 2/3*(2*axbxd~3*x~(3/2) + 3*%b~2%xd"2%x)/d"3 + 2/3*(2*axb*d”3*
x~(3/2) - 3*%b~2*%d"2*x)/d"3

3.57. [ +/z(a+ besch(c+ d\/f))2
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3.57.8 Giac [F|

/\/E(a—l-bcsch(c—l—d\/E))2 da:=/(bcsch (dﬁ-l—c) +a)2\/5da:

inputLintegrate((a+b*csch(c+d*x“(1/2)))“2*x‘(1/2),x, algorithm="giac")

output Lintegrate((b*csch(d*sqrt(x) + c) + a)"2*sqrt(x), x)

3.57.9 Mupad [F(-1)]

Timed out.

/\/E(a-I-bCS(:h(c-l—d\/E))2 dx:/ﬁ(a—i_sinh(cidﬁ)) dx

input Lint(x*(1/2)*(a + b/sinh(c + d*x~(1/2)))"2,%)

output Lint(x“(1/2)*(a + b/sinh(c + d*x~(1/2)))"2, x)

3.57. [ +/z(a+ besch(c+ d\/i))2 dz
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2
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3.58.1 Optimal result

Integrand size = 22, antiderivative size = 47

2 2
/ (a + besch(c+ dy/x)) i — 2%/ — 4abarctanh(cosh (c+ dv/z))  2b%coth (¢ + d\/x)

Vz d B d

e B

-4xaxbxarctanh(cosh(c+d*x~(1/2)))/d-2*xb"2*xcoth(c+d*x~(1/2)) /d+2*a~2*x~(1/2
) |

output

3.58.2 Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.98

dz =

/ (a + besch(c+ d\/E))2
\ﬂi
b? coth (3 (¢ + dv/z)) — 2a(ac + ady/z — 2blog (cosh (3 (¢ + dy/z))) + 2blog (sinh (3 (c + dv/z)))) +
d

input LIntegrate [(a + b*Csch[c + d*Sqrt[x]])~2/Sqrt[x],x]

-/

output ‘ -((b~2*Coth[(c + d*Sqrt[x])/2] - 2xax(axc + a*d*Sqrt[x] - 2xb*Log[Cosh[(c ‘
‘ + dxSqrt[x])/2]] + 2+bxLog[Sinh[(c + d*Sqrt([x])/2]11) + b 2*Tanh[(c + d*Sqr ‘
£[x1)/21)/) |

(a+bcsch(c+dﬁ))2 i

3.58. [ p
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3.58.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.02, number

of steps used = 12, number of rules used = 11, Bumber of rules _ 560 Ryles used =
integrand size

{5960, 3042, 4260, 25, 26, 3042, 25, 26, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ besch(c+ d\/E))2 i

N
l 5960

2/ (a + besch(c + d\/i))2 dvx

| 3042
2/ (a + ibcsc (z'c + idﬁ))z dvz
l 4260
2 <2iab/ —icsch(c + dv/z) dy/z — b / —csch?(c + dv/z) dyvz + a2ﬁ>

| 25

2 (2iab / —icsch(c + dv/z) dv/z + b / csch?(c+ dv/z) dvz + a2ﬁ>
| 26
2 <2ab / csch(c + dy/z) dy/z + b* / csch?(c + dv/z) dy/z + a2\/5>
| 3042
2 (2ab [iesc lie+ iayz) av+ 12 [ —ese (e +idvs) ava+ a2\/§>
| 25
2@@/mmW+mﬁmﬁ@§/%qmww®%ﬁ#¥wﬁ
| 26
2<%ag/cm(m+wdv%)d¢‘—b{/cm(m+wd¢5fdv%+wﬂ¢§>

l 4254

(a+bcsch(c+d¢5))2 i

3.58. [ p




CHAPTER 3. LISTING OF INTEGRALS

351

2<Ma@/c&(w+¢d¢5ynfi-w2fhﬂ_“ﬁ?wc+dvgw-%fv@>

| 24

b
2 <2iab / csc (ic +idv/z) dvz + a®z —

? coth (¢ + dy/x)
d

J'4257

2
5 <a2\/5 B 2abarctanh(cc;sh (c+dyz)) _ b%coth (2-1— dy/x) )

input [Int [(a + b*Csch[c + d*Sqrt([x]])~2/Sqrt [x],x]

—

p
output ‘ 2% (a~2xSqrt [x] - (2*a*bxArcTanh[Cosh[c + d*Sqrt[x]]11)/d - (b~2*Coth[c + d*
Sqrt[x11)/d)

—

3.58.3.1 Defintions of rubi rules used

rule 24LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4254 Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

(a+bcsch(c+dﬁ))2 i

3.58. [ p
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rule 4260 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2#*x, x] +
(Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]~2, x]
, x]1) /; FreeQ[{a, b, c, d}, x]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_ )I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)7°p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.58.4 Maple [A] (verified)

Time = 0.84 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.94

method result size
2a2 (c+d+/z)—8ab arctanh (ectdv® ) —2b2 coth (c+dy/z
derivativedivides (c+dve) i <; ) coth(otdva) 44
default 2a? (c+dy/z) —8ab arctanh (;c+dﬁ) —2b2 coth(c+dy/z) 44
2 4abln(tanh( $4+9LZ
parts 2012\/5 2 coth((ic+d\/5) n a n( an d(2 Y )) 45
input Lint ((a+b*csch(c+d*x~(1/2)))"2/x~(1/2) ,x,method=_RETURNVERBOSE) J

( N

2/d*(a~2* (c+d*x~(1/2))-4*axb*arctanh (exp (c+d*x~(1/2)))-b"2*coth(c+d*x~(1/2
N |

output

3.58.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 271 vs. 2(41) = 82.

Time = 0.28 (sec) , antiderivative size = 271, normalized size of antiderivative = 5.77

dz

/ (a + besch(c+ d\/E))2
VT
2 (a?dy/@ cosh (4 + ¢)” + 2 a%dy/E cosh (dy/z + ¢) sinh (dy/Z + ¢) + a?dy/Tsinh (dy/z + ¢)” — a?dy/

(a+bcsch(c+dﬁ))2 i

3.58. [ —
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input‘integrate((a+b*csch(c+d*x“(1/2)))“2/x“(1/2),x, algorithm="fricas")

output | 2% (a~2*d*sqrt (x) *cosh(d*sqrt(x) + c)~2 + 2*a”~2xdxsqrt(x)*cosh(d*sqrt(x) +

c)*sinh(d*sqrt(x) + c) + a~2*d*sqrt(x)*sinh(d*sqrt(x) + c)~2 - a~2xd*sqrt(
x) - 2xb”2 - 2*x(axb*cosh(d*sqrt(x) + c)~2 + 2+axb*cosh(d*sqrt(x) + c)*sinh
(d*sqrt(x) + c) + axbxsinh(d*sqrt(x) + c)~2 - axb)*log(cosh(d*sqrt(x) + c)
+ sinh(d*sqrt(x) + c) + 1) + 2*(a*bxcosh(d*sqrt(x) + c)~2 + 2*xa*b*cosh(dx*
sqrt(x) + c)#*sinh(d*sqrt(x) + c) + axb*sinh(d*sqrt(x) + c)~2 - a*b)*log(co
sh(d*sqrt(x) + c) + sinh(d*sqrt(x) + c) - 1))/(d*cosh(d*sqrt(x) + c)~2 + 2
*d*cosh(d*sqrt(x) + c)*sinh(d*sqrt(x) + c) + d*sinh(d*sqrt(x) + c)~2 - d)

3.58.6 Sympy [F]

dx

/(a+bcsch(c+d\/§))2 dx=/ (a + besch (c+d\/§))2
VT VT

input‘integrate((a+b*csch(c+d*x**(1/2)))**2/x**(1/2),X)

outputLIntegral((a + bxcsch(c + d*sqrt(x)))**2/sqrt(x), x)

3.58.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.09

4 ablog (tanh (%dﬁ-l—%c))_i_ 4

(a-l—bcsch(c-l—d\/i))2 I
/ dr=2a’\/z+ d d(e(_zdﬁ_%)

VT

_1)

inputLintegrate((a+b*csch(c+d*x‘(1/2)))‘2/x‘(1/2),x, algorithm="maxima")

-/

output‘2*a“2*sqrt(x) + 4*axbxlog(tanh(1/2*d*sqrt(x) + 1/2%c))/d + 4*b~2/(d*(e” (-2
*d*sqrt(x) - 2xc) - 1))

N\

(a+bcsch(c+dﬁ))2 i

3.58. [ p
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3.58.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.62

/ (a + besch(c+ d\/E))2 2 (dy/Z + ¢)a? 4ablog (e(dﬁ+c) + 1)
dx = _
Ve d d
sava((gn=0 ) *
+ d B d(e(zdﬁ+2c) —1)

-

input Lintegrate ((atb*csch(c+d*x~(1/2)))~2/x~(1/2) ,x, algorithm="giac")

~—

output‘2*(d*sqrt(x) + c)*a~2/d - 4xaxb*log(e~(d*sqrt(x) + c) + 1)/d + 4*axbxlog(a
bs(e~(d*sqrt(x) + c) - 1))/d - 4xb~2/(d* (e~ (2xd*sqrt(x) + 2%c) - 1))

N\

3.58.9 Mupad [B] (verification not implemented)

Time = 2.23 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.72

/(a+bcsch(c+d\/5))2d i 4p2 8atan(<mé‘:ﬁl—e\/2°7;{—7:ﬂ> JaZ b2
\/5 r=40Q T d (eQC-l-Qd\/E_l) \/—_d2

input Lint((a + b/sinh(c + d*x~(1/2)))"2/x~(1/2),x)

output‘2*a“2*x“(1/2) - (4%b~2)/(d*(exp(2*c + 2*xd*x~(1/2)) - 1)) - (8*atan((a*b*ex
‘ p(d*x~(1/2))*exp(c)*(-d~2)~(1/2))/(d*(a"2¥b~2) " (1/2)))*(a~2*b~2)~(1/2)) /(-
Ld"2)“(1/2)

(a+bcsch(c+dﬁ))2 i

3.58. [ p
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3.59.2 Mathematica [N/A] . . . . ... .. L 355

3.59.3 Rubi [N/A] . . . . . 3561

3.59.4 Maple [N/A] (verified) . . . . . . ... ...

3.59.5 Fricas [N/A] . . . . . . 3571

3.59.6 Sympy [N/A] . . . .

3.59.7 Maxima [N/A] . . . . . . .

3.59.8 Giac [N/A] . . . . . 358

3.59.9 Mupad [N/A] . . . .

3.59.1 Optimal result

Integrand size = 22, antiderivative size = 22

(a+ besch(c+ d\/E))2 (a + besch(c+ d\/E))2
/ 5 dx = Int , T
13/2 23/2

outputLUnintegrable((a+b*csch(c+d*x‘(1/2)))‘2/X‘(3/2),X) J

3.59.2 Mathematica [N/A]
Not integrable

Time = 126.54 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

dz

/(a—l—bcsch(c—l—d\/f))2 dw=/ (a—l—bcsch(c—l—d\/:?))2

23/2 73/2

input LIntegrate[(a + b*Cschlc + d*Sqrt([x]])~2/x~(3/2),x] J

output

Integrate[(a + bxCsch[c + d*Sqrt([x]])~2/x~(3/2), x]

N\

(a+bcsch(c+dﬁ))2 i

23/2

359. [
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3.59.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ (a + besch(c+ d\/i))2

23/2

l 5962

/ (a + besch(c + dvy/z))

2
32 dx

input‘ Int[(a + b*Csch[c + d*Sqrt[x]])~2/x"(3/2),x]

output L$Aborted

3.59.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.59.4 Maple [N/A] (verified)

Not integrable

Time = 0.33 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82
/ (a+bcsch (c+ d\/i))2
5 dz
z2

p
input

int ((at+b*csch(c+d*x~(1/2)))~2/x~(3/2) ,x)

N\

output Lint ((at+b*csch(c+d*x~(1/2)))"2/x~(3/2) ,x)

359, [lehEns)
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3.59.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.09

/(a—I—bcsch(c—l-d\/i))2 da;:/ (besch (d\/5+c)—i-a)2 "

133/2 :1:%

inputLintegrate((a+b*csch(c+d*x‘(1/2)))“2/x‘(3/2),x, algorithm="fricas")

output ‘ integral ((b~2*sqrt (x)*csch(d*sqrt(x) + c)~2 + 2*xaxb*sqrt(x)*csch(d*sqrt(x)
L + c) + a"2*sqrt(x))/x"2, x)

3.59.6 Sympy [N/A]

Not integrable

Time = 1.46 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

2
dxr

/(a+bcsch(c+d\/5))2 dx=/ (a+ besch (c+ dy/z))

x3/2 3

T

input ‘ integrate ((a+b*csch(c+d*x**(1/2)))**2/x**(3/2) ,x)

output LIntegral((a + bxcsch(c + d¥sqrt(x)))**2/x**(3/2), x)

3.59.7 Maxima [N/A]

Not integrable

Time = 0.63 (sec) , antiderivative size = 138, normalized size of antiderivative = 6.27

/(a-I-bcsch(c-l-d\/ﬂg))2 dx:/(bCSCh (dﬁ+c)+a)2 L

1113/2 x%

-

input Lintegrate ((atbxcsch(c+d*x~(1/2)))"2/x~(3/2) ,x, algorithm="maxima")

-/

359, [lehEns)
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output‘—2*(a“2*d*sqrt(x)*e“(2*d*sqrt(x) + 2%xc) - a"2*kd*sqrt(x) + 2xb~2)/(d*x*e”(2
‘*d*sqrt(x) + 2%c) - d*x) + integrate(2x(a*b*d*x + b~2*sqrt(x))/(d*x~(5/2)*
‘e‘(d*sqrt(x) + c) + d*x~(5/2)), x) - integrate(-2*(a*b*d*x - b~2*sqrt(x))/
‘(d*x‘(5/2)*e‘(d*sqrt(x) + ¢c) - d*x~(5/2)), x)

3.59.8 Giac [N/A]
Not integrable

Time = 0.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

dz

/(a+bcsch(c+d\/3_v))2 dxz/ (besch (dy/z + ¢) -I—a)2

x3/2 :1;%

inputLintegrate((a+b*csch(c+d*x“(1/2)))“2/x‘(3/2),x, algorithm="giac")

output Lintegrate((b*csch(d*sqrt(x) +c) + a)~2/x7(3/2), x)

3.59.9 Mupad [N/A]

Not integrable

Time = 2.53 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

2
2 a+——bt
/ (a+ besch(c+ dy/z)) o :/ < s1nh(c+dﬁ)> e

23/2 23/2

input‘ int((a + b/sinh(c + d*x~(1/2)))"2/x~(3/2),x)

output Lint((a + b/sinh(c + d*x~(1/2)))"2/x7(3/2), x)

359, [lehEns)
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2

360 (a+bcsch (c+dﬁ)) P

3.60.1 Optimalresult . . . ... ... ... .. .. 359

3.60.2 Mathematica [N/A] . . . . ... .. . 359

3.60.3 Rubi [N/A] . . . . . . e 3601

3.60.4 Maple [N/A] (verified) . . . . . . ... ... 360

3.60.5 Fricas [N/A] . . . . . . 3611

3.60.6 Sympy [N/A] . . . .

3.60.7 Maxima [F(-1)] . . . . . .

3.60.8 Giac [N/A] . . . . . .

3.60.9 Mupad [N/A] . . . .

3.60.1 Optimal result

Integrand size = 22, antiderivative size = 22

(a+ besch(c+ d\/E))2 (a + besch(c+ d\/E))2
/ s dx = Int , T
15/2 25/2

outputLUnintegrable((a+b*csch(c+d*x‘(1/2)))‘2/X‘(5/2),X) J

3.60.2 Mathematica [N/A]
Not integrable

Time = 125.54 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

dz

/(a—l—bcsch(c—l—d\/f))2 dw=/ (a—l—bcsch(c—l—d\/:?))2

25/2 75/2

input LIntegrate[(a + b*Cschlc + d*Sqrt([x]])~2/x~(5/2),x] J

output

Integrate[(a + bxCsch[c + d*Sqrt[x]])~2/x~(5/2), x]

N\

3. [lrehens) g,
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3.60.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ (a + besch(c+ d\/i))2

25/2

l 5962

/ (a + besch(c + dvy/z))

2
52 dx

input‘ Int[(a + b*Csch[c + d*Sqrt[x]])~2/x"(5/2),x]

output L$Aborted

3.60.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.60.4 Maple [N/A] (verified)

Not integrable

Time = 0.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82
/ (a+bcsch (c+ d\/i))2
= dz
z2

p
input

int ((at+b*csch(c+d*x~(1/2)))"2/x~(5/2) ,x)

N\

output Lint ((at+b*csch(c+d*x~(1/2)))"2/x~(5/2) ,x)

3. [lrehens) g,
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3.60.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.09

/(a—l—bcsch(c—l—d\/i))2 dw:/ (besch (d\/5+c)—i-a)2 "

135/2 :1:%

input Lintegrate ((atbxcsch(c+d*x~(1/2)))"2/x~(5/2) ,x, algorithm="fricas")

output‘ integral ((b~2*sqrt (x)*csch(d*sqrt(x) + c)~2 + 2*a*b*sqrt(x)*csch(d*sqrt(x)
L + ¢) + a"2*sqrt(x))/x"3, x)

3.60.6 Sympy [N/A]

Not integrable

Time = 1.64 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

dxr

/(a+bcsch(c+d\/5))2 dx=/ (a + besch (c+d\/§))2

5
x5/2 2

T

input ‘ integrate ((a+b*csch(c+d*x**(1/2)))**2/x*x(5/2) ,x)

output LIntegral((a + bxcsch(c + d¥sqrt(x)))**2/x**(5/2), x)

3.60.7 Maxima [F(-1)]

Timed out.

dz = Timed out

/ (a + besch(c + d\/i))2

input Lintegrate ((atb*csch(c+d*x~(1/2)))~2/x~(5/2) ,x, algorithm="maxima")

output tTimed out

3. [lrehens) g,
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3.60.8 Giac [N/A]

Not integrable

Time = 0.47 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

2572

/(a—l—bcsch(c—l—d\/i))2 dw:/ (besch (dy/z + ¢) + a)” i

5
T2

inputLintegrate((a+b*csch(c+d*x‘(1/2)))“2/x‘(5/2),x, algorithm="giac")

output Lintegrate((b*csch(d*sqrt(x) +c) +a)"2/x7(5/2), x)

3.60.9 Mupad [N/A]

Not integrable

Time = 2.59 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

2
2 a4+ -—20b
/ (a+ besch(c+ dy/z)) do — / ( smh(c+dx/5)> di

25/2 25/2

input Lint((a + b/sinh(c + d*x~(1/2)))"2/x"(5/2),x%)

output Lint((a + b/sinh(c + d*x~(1/2)))"2/x~(5/2), x)

3. [ lresdiens) o
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3.61 [——=" __4g

a+bcsch (c+dy/z)
3.61.1 Optimalresult . . ... ... ... .. ... .. e 363
3.61.2 Mathematica [A] (verified) . . . . . . . .. .. Lo 364
3.61.3 Rubi [A] (verified) . . . . . . . ... ... .
3.61.4 Maple [F] . . . . . . . 367l
3.61.5 Fricas [F] . . . . . . . . 367
3.61.6 Sympy [F] . . . . . . 367
3.61.7 Maxima [F] . . .. . .. . .
3.61.8 Giac [F] . . . . . . .
3.61.9 Mupad [F(-1)] . . . . . .

3.61.1 Optimal result

Integrand size = 22, antiderivative size = 561

/ e dr = 22°7%
a+besch (c+dyz)  Ba
2 aectave 2 aectdve
~ 2bx* log (1 + m) 2bz* log (1 + m)
ava? + b%d ava? + b%d
aective aectdve
B 8b:133/2 PolyLOg (2, _b—\/ﬁ> N 8b_’1)3/2 PO]_yLOg (2, _b-f-\/:—zﬁ>
ava? + b2d? ava? + b2d?
aectdvz aectiveE
N 24bz PolyLog (3, —b_\/ﬁ) B 24bx PolyLog (3a —w%w)
ava? + b2d3 ava? + b2d3
aectdvz aectdve
B 48b+/z PolyLog (4, —l,_j—T) N 48b+/z PolyLog (4, —ﬁ)
ava? + b*d* ava? + b2d*
aectave aectdve
. 48b PolyLog (5, —H—T) _ 48bPolyLog (5, _W>
ava? + b2dd ava? + b2dd

£3/2
3.61. f m de‘



output

inputLIntegrate[x“(3/2)/(a + bxCsch[c + d*Sqrt[x]]),x]

output
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2/5%x”(5/2) /a-2*bxx~2*1n(1+a*exp (c+d*x~(1/2) )/ (b-(a~2+b~2)~(1/2)))/a/d/(a~
2+b~2) " (1/2) +2%bxx~2*1n (1+a*exp (c+d*x~(1/2))/ (b+(a~2+b~2)~(1/2))) /a/d/(a"2
+b~2) ~(1/2) -8*b*x~ (3/2) *polylog(2,-a*exp(c+d*x~(1/2))/(b-(a"2+b"2)~(1/2)))
/a/d”~2/(a"2+b"2) ~(1/2)+8*b*x~ (3/2) *polylog(2,-a*exp(c+d*x~(1/2))/(b+(a~2+b
~2)°(1/2)))/a/d~2/ (a~2+b~2) " (1/2) +24*b*x*polylog(3,-a*exp (c+d*x~(1/2))/ (b-
(a”2+b~2)"(1/2)))/a/d"3/(a~2+b~2) " (1/2) -24*b*x*polylog(3,-a*exp(c+d*x~ (1/2
))/ (b+(a~2+b"2)"(1/2)))/a/d~3/(a"~2+b~2) ~(1/2) +48*b*polylog(5,-a*exp (c+d*x~
(1/2))/(b-(a~2+b~2)~(1/2)))/a/d~5/(a~2+b~2) ~ (1/2) -48*b*polylog(5,-a*exp(c+
d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a/d"5/(a"2+b"2) " (1/2) -48*b*polylog(4,-a*ex
p(c+d*x~(1/2))/(b-(a"2+b~2) " (1/2)))*x~(1/2) /a/d"4/(a"2+b~2) " (1/2) +48*b*pol
ylog(4,-axexp(c+d*x~(1/2))/(b+(a~2+b"2)"(1/2)))*x~(1/2)/a/d~4/(a~2+b~2) " (1
/2)

e

3.61.2 Mathematica [A] (verified)

Time = 0.80 (sec) , antiderivative size = 436, normalized size of antiderivative = 0.78

aectave aectave
/ 23/2 . 2(\/a2 + b2d°25/% — 5bd*x? log (1 + b_%) + 5bd*z? log (1 + b+\/:;W> -
a + besch (¢ + dy/z) B

~—

(2% (8Sqrt[a~2 + b~2]*d~5*x~(5/2) - 5*bxd~4*x"2*xLog[l + (a*E~(c + d*Sqrt[x])

)/(b - Sqrt[a”2 + b"2])] + 5xb*d~4*x"2xLog[l + (a*E~(c + d*Sqrt[x]))/(b +
Sqrt[a™2 + b~2])] - 20*b*d~3*x~(3/2)*PolyLogl[2, (a*E~(c + d*Sqrt[x]))/(-b
+ Sgrt[a”™2 + b~2])] + 20*b*d~3*x~(3/2)*PolyLogl[2, -((a*xE~(c + d*Sqrt[x]))/
(b + Sqrt[a~2 + b~2]))] + 60*bxd~2*x*PolyLog[3, (a*E~(c + d*Sqrt[x]))/(-b
+ Sqrt[a”2 + b~2])] - 60*b*d~2*x*PolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b + S
grt[a”2 + b~2]))] - 120*b*d*Sqrt[x]*PolyLogl[4, (a*E~(c + d*Sqrt[x]))/(-b +
Sqrt[a™2 + b~2])] + 120*b*d*Sqrt[x]*PolyLogl[4, -((a*E~(c + d*Sqrt[x]))/(b
+ Sgrt[a”2 + b~2]))] + 120%b*PolyLog[5, (a*E~(c + d*Sqrt[x]))/(-b + Sqrtl[
a"2 + b72])] - 120*b*PolyLog[5, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~
21))1))/(5*%a*Sqrt[a~2 + b~2]*d"5)

£3/2
361 J a+bcsch (c+dy/z) dz
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3.61.3 Rubi [A] (verified)

Time = 1.20 (sec) , antiderivative size = 562, normalized size of antiderivative = 1.00,

number of steps used = 5, number of rules used = 4, number of rules _ 0.182, Rules used
integrand size

= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

£3/2
/ a + besch (¢ + dy/x) do
l 5960
2
x
2/ a + besch (¢ + dy/x) e
| 3042

2
z
2
/ a +ibcsc (ic + zdﬁ) vz
l 4679

x2 bx?
2 | (a ~ @ (b + asinh (c+d¢5))> Ve
l 2009

c+dv/z ct+dv/z ct+dv/T
) 24b PolyLog (5, - bge\/m) 24b PolyLog (5, ‘z@ﬁ) 24b\/z PolyLog (4, - bgm) N 24b,/z Pol
ad®va? + b2 ad®v/a? + b2 ad*v/a? + b2 a

input| Int[x~(3/2)/(a + b*Cschlc + d*Sqrt[x]1),x]

£3/2
3.61. f m de‘
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output

2% (x~(5/2)/(5*a) - (b*x~2*Logl[l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~
2]1)1)/(a*xSqrt[a~2 + b"2]*d) + (b*x"2*Log[1l + (a*xE~(c + d*Sqrt[x]))/(b + Sq
rt[a”2 + b72]1)])/(axSqrt[a”2 + b~2]*d) - (4xbxx~(3/2)*PolyLogl[2, -((a*xE~(c
+ d*Sqrt[x]))/(b - Sqrt[a”2 + b~2]))])/(a*Sqrt[a”2 + b~2]*d~2) + (4*b*x~(
3/2)*PolyLog[2, -((a*E~(c + d*Sqrt([x]))/(b + Sqrt[a”2 + b~2]))])/(a*Sqrt[a
"2 + b~2]*d"2) + (12%b*x*PolyLogl[3, -((a*E~(c + d*Sqrt[x]1))/(b - Sqrt[a~2

+ b~2]))])/(a*xSqrt[a~2 + b~2]*d"3) - (12*b*x*PolyLogl[3, -((a*E~(c + d*Sqrt
[x]))/(b + Sqrt[a™2 + b~2]))]1)/(axSqrt[a™2 + b~2]1*d"3) - (24*bxSqrt[x]*Pol
yLog[4, -((a*xE~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2]))])/(a*Sqrt[a~2 + b~2
1*d~4) + (24xb*Sqrt[x]*PolyLogl4, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 +

b~21))1)/(a*Sqrt[a~2 + b~2]*d~4) + (24xb*PolyLogl[5, -((a*E~(c + d*Sqrt[x])
)/(b - Sqrt[a”2 + b~2]))])/(a*Sqrt[a”2 + b"2]*d"5) - (24xb*PolyLog[5, -((a
*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2]))]1)/(a*xSqrt[a~2 + b~2]*d"5))

-

rule 2009L

rule 3042

N\

3.61.3.1 Defintions of rubi rules used

Int[u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 5960

Int[((a_.) + Cschl(c_.) + (A_.)*(x_)"(@_)I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x"(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)7p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

£3/2
361 J a+bcsch (c+dy/z) dz

~—
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3.61.4 Maple [F]

3

/ e dz
a+b csch (c+dyz)

input Lint (x~(3/2) / (a+bxcsch(c+d*x~(1/2))) ,x)

output Lint (x~(3/2)/ (a+b*csch(c+d*x~(1/2))) ,x)

3.61.5 Fricas [F]

23/2 xg
/ dz = / dz
a + besch (¢ + dy/z) besch (dy/z +¢) +a

input Lintegrate (x~(3/2)/ (a+b*csch(c+d*x~(1/2))) ,x, algorithm="fricas")

output Lintegral(x“(3/2)/(b*csch(d*sqrt(x) +c) +a), x)

3.61.6 Sympy [F]

3
2

£3/2 ] . ]
/a+bcsch(c+d\/5) x_/a+bcsch(c+d\/5) v

input Lintegrate (x*x(3/2) / (atbxcsch(c+d*x**(1/2))) ,x)

output LIntegral(x**(3/2)/(a + b*csch(c + d*sqrt(x))), x)

£3/2
3.61. f a+bcsch (c+dy/z) dz
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3.61.7 Maxima [F]

z3/2 p T2 p
/a+bcsch(c+d\/§) z_/bcsch(d\/i-l—c)—l—a *

inputLintegrate(x‘(3/2)/(a+b*csch(c+d*x“(1/2))),x, algorithm="maxima")

output‘-2*b*integrate(x“(3/2)*e“(d*sqrt(x) + c)/(a"2xe” (2*%d*sqrt(x) + 2%c) + 2xax
'bxe”(d*sqrt(x) + c¢) - a™2), x) + 2/54x~(5/2)/a

3.61.8 Giac [F]

z3/2 p T3 p
/a—i—bcsch(c—l—dﬁ) z_/bcsch(d\/:?-l—c)—l—a ’

inputLintegrate(x“(3/2)/(a+b*csch(c+d*x“(1/2))),x, algorithm="giac")

outputLintegrate(x“(3/2)/(b*csch(d*sqrt(x) +c) +a), x)

3.61.9 Mupad [F(-1)]

Timed out.

IE3/2 1.3/2
/ dx :/ 7 dx
a—i—bcsch (C+d\/5) a+m

inputtint(x‘(3/2)/(a + b/sinh(c + d*x~(1/2))),x)

outputtint(x~(3/2)/(a + b/sinh(c + d*x~(1/2))), x)

£3/2
3.61. f m de‘



output
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3.62 | vz d

a+bcsch (c+dyz)
3.62.1 Optimalresult . . .. ... ... ... .. . 369
3.62.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 3701
3.62.3 Rubi [A] (verified) . . . . ... ... ... 3701
3.62.4 Maple [F] . . . . . . .
3.62.5 Fricas [F] . . . . . . .
3.62.6 Sympy [F] . . . . . .
3.62.7 Maxima [F] . . . . . . . . 373
3.62.8 Giac [F] . . .. . . .
3.62.9 Mupad [F(-1)] . . . . . . o

3.62.1 Optimal result

Integrand size = 22, antiderivative size = 337

aectdvz aectdve
/ J3 Lo 2092 Pwlo (1 +55) P (1+ 5)
a + besch (¢ + dy/z) 3a av/a? + b%d av/a® + bd
aective
~ 4b+/z PolyLog (2, ~ /7; +b2>
ava? + b2d2
aectdve
s 4b+/z PolyLog (2, ~at /7;2 +b2>
ava? + b%d?
aective aectdve
N 4b PolyLog (3, — jT) _ 4bPolylLog (3, —,HJ—ﬁ)
ava? + b2d3 ava? + b*d?

2/3%x~(3/2) /a-2*b*x*1n (1+a*xexp (c+d*x~(1/2))/(b-(a~2+b"2)~(1/2)))/a/d/(a"2+
b~2) " (1/2) +2xb*x*1n(1+axexp (c+d*x~(1/2))/ (b+(a~2+b~2)~(1/2)))/a/d/ (a"2+b"2
)~ (1/2)+4*bxpolylog(3,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a/d"3/(a"2+
b~2) " (1/2)-4*b*polylog(3,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a/d"3/(a
~2+b~2) " (1/2)-4*b*polylog(2,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))*x~(1/
2)/a/d"2/(a"2+b~2) " (1/2) +4*b*polylog(2,-a*exp (c+d*x~(1/2))/(b+(a~2+b~2) " (1
/2)))*x~(1/2) /a/d~2/(a~2+b~2) "~ (1/2)

S/
362 J a+bcsch (c+dy/z) dz
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3.62.2 Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 270, normalized size of antiderivative = 0.80

u/" VT
dz
a + besch (¢ + dy/z)
2T+ Pl — 3udwlog (1+ 32755 ) + 3dwlog (1+ 375 ) — OhdyPolyLog (2 57
- 3ava? + 1

-/

input LIntegrate [Sqrt[x]/(a + b*Cschlc + d*Sqrt[x]11),x]

output | (2x(Sqrt[a”2 + b~21*d"3*x~(3/2) - 3*bxd~2*x*Log[1l + (a*xE~(c + dxSqrt[x]))/
(b - Sqrt[a™2 + b~2])] + 3*b*d~2*x*Logl[l + (a*E~(c + d*Sqrt[x]))/(b + Sqrt
[a”2 + b"2])] - 6%bxd*Sqrt[x]*PolyLog[2, (a*E~(c + d*Sqrt[x]))/(-b + Sqrtl
a”2 + b"2])] + 6xb*d*Sqrt[x]*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[
a”2 + b"2]))] + 6*bxPolyLogl[3, (a*E~(c + d*Sqrt([x]))/(-b + Sqrt[a~2 + b~2]
)] - 6%b*PolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a"2 + b~2]))]1))/(3*a
*Sqrt[a”2 + b~2]*d"3)

3.62.3 Rubi [A] (verified)
Time = 0.99 (sec) , antiderivative size = 338, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 189 Ryles uged

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Ve dx
a + besch (¢ + dy/x)
| 5960

x
2 d
/ a + besch (¢ + dy/x) Ve
| 3042

8

x
2 d
/a+ibcsc (ic+ idy/z) Ve
| 4679

S/
362 J a+bcsch (c+dy/z) dz
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x bx
%/(a__a@+a$m%c+d¢@)

l 2009

o

R T b+Va21b?

 b—VaZ?1b?

2b+/z PolyLog
+

ad®va? + b2 ad3v/a? + b? ad?*va? + b?

) (Qb PolyLog (3, qectdvE ) 2b PolyLog (3, qectdva ) ) 2b,/z PolyLog (2, qectdvE

e

inputLInt[Sqrt[x]/(a + b*Cschlc + d*Sqrt[x]]),x]

~—

output | 2*(x~(3/2)/(3*a) - (b*x*Log[l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]
)1)/(a*Sqrt[a~2 + b~2]1*d) + (b*x*Logl[l + (a*E~(c + d*Sqrt[x]))/(b + Sqrtla
~2 + b"2])]1)/(a*Sqrt[a~2 + b~2]1*d) - (2*b*Sqrt[x]*PolyLog[2, -((a*E~(c + d
*Sqrt [x]1))/(b - Sqrt[a”2 + b~2]))]1)/(a*Sqrt[a”2 + b~2]1*d"2) + (2*b*Sqrt[x]
*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a”2 + b~2]))])/(a*Sqrt[a~2 +
b~2]*d~2) + (2*b*PolyLogl[3, -((a*E~(c + d*Sqrt([x]))/(b - Sqrt[a~2 + b~2])
)1)/(a*Sqrt[a”2 + b"2]%d"3) - (2*%b*PolyLogl[3, -((a*E~(c + d*Sqrt([x]))/(b +
Sqrt[a™2 + b~2]))]1)/(a*Sqrt[a”2 + b~2]*d"3))

3.62.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

S/
362 J a+bcsch (c+dy/z) dz
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3.62.4 Maple [F]

/ VT dx
a+b csch (¢ + dy/z)

input‘int(x”(1/2)/(a+b*csch(c+d*x”(1/2))),X)

output Lint (x~(1/2) / (a+b*csch(c+d*x~(1/2))) ,x)

3.62.5 Fricas [F]

Vi _ Vi
/a—l—bcsch (c+dy/z) do = / besch (dy/z + c) +adm

inputtintegrate(x‘(1/2)/(a+b*csch(c+d*x‘(1/2))),x, algorithm="fricas")

output Lintegral(sqrt (x)/(b*csch(d*sqrt(x) + c) + a), x)

3.62.6 Sympy [F]

N _ N )
/a+bcsch(c+d\/5) dm_/a+bcsch(c+d\/5) d

input Lintegrate (x*x(1/2) / (atb*csch(c+d*x**(1/2))) ,x)

output LIntegral(sqrt (x)/(a + bxcsch(c + d*sqrt(x))), x)

Y/ B
3.62. f a+bcsch (c+dy/z) dz
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3.62.7 Maxima [F]

Vi _ Vi )
/a+bcsch(c—|—d\/5) dm_/bcsch(d\/i—l—c) +ad

inputtintegrate(x“(1/2)/(a+b*csch(c+d*x“(1/2))),x, algorithm="maxima")

output‘—2*b*integrate(sqrt(x)*e‘(d*sqrt(x) + c)/(a"2xe” (2xd*sqrt(x) + 2%c) + 2xax
‘b*e‘(d*sqrt(x) +c) - a”2), x) + 2/3%x~(3/2)/a

3.62.8 Giac [F]

e _ e
/a+bcsch (c+dy/z) do = / besch (dy/z + c) —l-adx

inputLintegrate(x“(1/2)/(a+b*csch(c+d*x“(1/2))),x, algorithm="giac")

output Lintegrate(sqrt(x)/(b*csch(d*sqrt(x) +c) +a), x)

3.62.9 Mupad [F(-1)]

Timed out.

dx
a + besch (c + dﬁ) a+ sinh(c-t:-d V)

/ vz vz dz

inputtint(x”(1/2)/(a + b/sinh(c + d*x~(1/2))),x)

outputtint(x‘(1/2)/(a + b/sinh(c + d*x~(1/2))), x)

S v/
362 J a+bcsch (c+dy/z) dz
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1
3.63 / vi(a+besch(crdyz)) az

3.63.1 Optimal result . . . . . ... . ... . ... [374]
3.63.2 Mathematica [A] (verified) . . . . . .. . ... .. L 374
3.63.3 Rubi [A] (warning: unable to verify) . . ... ... ... . ... ... ... .
3.63.4 Maple [A] (verified) . . . . ... . . ... 377
3.63.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... . Rirdrd
3.63.6 Sympy [F] . . . . . . 378
3.63.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... B78
3.63.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 378
3.63.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 379

3.63.1 Optimal result

Integrand size = 22, antiderivative size = 63

a—btanh(% (ct+dy/x))
/ 1 i — 2 \/5 N 4barctanh< Va2 152 >
vz (a+ besch (¢ + dy/z)) a ava? + b2d

output | 4+bxarctanh((a-bktanh(1/2%c+1/2+d*x~(1/2)))/(a"2+b~2)"(1/2))/a/d/ (a~2+b"2)
LA(1/2)+2*X“(1/2)/a J

3.63.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.16

s 24202
2| S+ z - T
/ 1
dr =
vz (a+ besch (¢ + dy/z)) :
e LIntegrate [1/(Sqrt[x]*(a + b*Cschlc + d*Sqrt([x]])),x] J

output‘ (2x(c/d + Sqrt[x] - (2xbxArcTan[(a - b*Tanh[(c + d*Sqrt[x])/2])/Sqrt[-a~2
\— b~211)/(Sqrt[-a~2 - b~2]1*d)))/a

L dz

363 | lrachierava)
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3.63.3 Rubi [A] (warning: unable to verify)

Time = 0.37 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 378 Ryjjeg used = {5960,

integrand size
3042, 4270, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
Vz (a+ besch (¢ + dy/z))

l 5960

dzr

1
2 d
/ a + besch (¢ + dy/x) Ve
| 3042

1
2 d
/ a + ibesc (ic +idy/z) Ve

l_4270
(\/5 f asmh c+df) +1 )
l,3042
1 4
2 (\/E B f 1— zasm(zc{—zdf) \/E)
a a
| 3139

2 [ Mﬂd(ztanh( Le+dya)))

o VB = G
a ad
l 1083
. 1 2ia
\/5 4wad(22tanh( (C+d\/_)) )
9| M= _
a ad
l 217

L dz

363 | lrachierava)




input

output

rule 217

rule 1083

rule 3042

rule 3139

rule 4270

rule 5960
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btanh (1 (ct+dy/z))
0 @ 3 2barctanh<W)
a adva? + b2

-

LInt[l/(Sqrt [x]*(a + b*Cschlc + d*Sqrt[x11)),x]

~—

‘ 2x(Sqrt[x]/a - (2*bxArcTanh[(b*Tanh[(c + d*Sqrt([x])/2])/(2*Sqrt[a~2 + b~2]
)1)/(axSqrt[a~2 + b~2]1*d))

N\

3.63.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*xx + a
*e"2%x"2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

/Int[(csc[(c_.) + (d_)*(x_)1*(b_.) + (a_))"(-1), x_Symbol] :> Simpl[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a~2 - b~2, 0]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m

+ 1)/n], 0] && IntegerQ[p]

L dz

363 | lrachierava)
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3.63.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.41

method result size
—2btanh(9+M) +2a
2ln(tanh(%+d~2—z>71) 21n(tanh(%+%)+l> 4b arctanh 5 22+b§
derivativedivides | — z i — i av/a?+5? 89
—2btanh (%-{—%) +2a
21n(tanh(g+%)—1) 2ln(tanh(%+%)+l) 4b arctanh WA
B a + a + 2152
default y ava?+b 89

inputLint(1/(a+b*csch(c+d*x“(1/2)))/x“(1/2),x,method=_RETURNVERBOSE)

output‘2/d*(—1/a*ln(tanh(1/2*c+1/2*d*x“(1/2))—1)+1/a*1n(tanh(1/2*c+1/2*d*x“(1/2))
‘+1)+2*b/a/(a‘2+b“2)“(1/2)*arctanh(1/2*(-2*b*tanh(1/2*c+1/2*d*x“(1/2))+2*a)
/(a™2+b72)"(1/2)))

3.63.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(56) = 112.

Time = 0.27 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.95

1
/ VZ (@ + besch (¢ + dy/x)

)dx

2 <(a2 + b?)d+/z + Va2 + b2blog

asinh(dy/z+c)+b

( ab+ (a2+b2+\/ a2+b? b) cosh (dv/z+c)— (b2+\/ a2+b? b) sinh(dv/z+c)+Va2+b2%a

)

(a® + ab?)d

p
inputtintegrate(1/(a+b*csch(c+d*x‘(1/2)))/x‘(1/2),x, algorithm="fricas")

e—

p
output‘2*((a‘2 + b"2)*d*sqrt(x) + sqrt(a”2 + b~2)*b*log((a*xb + (2”2 + b~2 + sqrt(
'a™2 + b2)*b)*cosh(d*sqrt(x) + c) - (b™2 + sqrt(a™2 + b~2)*b)*sinh(d*sqrt
‘x) + ¢) + sqrt(a”2 + b~2)*a)/(a*sinh(d*sqrt(x) + c) + b)))/((a”3 + a*b~2)*
d)

N\

-~ @@

L dz

363 | lrachierava)
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3.63.6 Sympy [F]

1 1

Vz (a+ besch (c+ dy/z)) do = / vz (a+ besch (¢ + dy/x)) do

inputLintegrate(1/(a+b*csch(c+d*x**(1/2)))/x**(1/2),x)

output LIntegral(l/(sqrt(x)*(a + bxcsch(c + dxsqrt(x)))), x)

3.63.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.46

ae(—dvT—c) _p_\/a21p2
[t () e
ve (a - besch <C t d\/i)) Va2 + b2ad ad

input Lintegrate (1/ (atb*csch(c+d*x~(1/2)))/x~(1/2) ,x, algorithm="maxima")

output‘—2*b*log((a*e“(—d*sqrt(x) - c) - b - sqrt(a™2 + b"2))/(a*e”(-d*sqrt(x) - c
‘) - b + sqrt(a™2 + 172)))/(sqrt(a”™2 + b~2)*a*d) + 2x(d*sqrt(x) + c)/(a*xd)

3.63.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.46

()2ae(dﬁ+c)+2b—2 W’)

2blog

1 do — )2ae(dﬁ+c)+2b+2 \/m’ N 2 (dﬁ + c)
V7 (a+besch (c+dyz)) Va2 + b2ad ad

input Lintegrate (1/(atb*csch(c+d*x~(1/2)))/x~(1/2) ,x, algorithm="giac")

output‘-2*b*1og(abs(2*a*e“(d*sqrt(x) + c) + 2%b - 2*sqrt(a”2 + b72))/abs(2*axe”(d
‘*sqrt(x) + c) + 2%b + 2xsqrt(a”2 + b~2)))/(sqrt(a”2 + b~2)*a*xd) + 2x(d*sqr
t(x) + c)/(a*d)

L dz

363 | lrachierava)
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3.63.9 Mupad [B] (verification not implemented)

Time = 2.57 (sec) , antiderivative size = 145, normalized size of antiderivative = 2.30

2bed VT ge 2b(a—bedﬁec>
VZ (a+ besch (¢ + dy/x)) a ad+a? + b2

ed VE e 2b(a—be? VZec
2bIn (”agﬁ + az(ﬁwg%z))

ad+/a? + b2

+

inputLint(l/(x“(1/2)*(a + b/sinh(c + d*x~(1/2)))),x)

output (2*xx~(1/2))/a - (2*b*log((2¥b*exp(d*x~(1/2))*exp(c))/(a~2*x~(1/2)) - (2*bx
(a - bkexp(d*x~(1/2))*exp(c)))/(a”2*x~(1/2)*(a”2 + b~2)7(1/2))))/(a*d* (a2
+ b72)7(1/2)) + (2*b*log((2*bxexp(d*x~(1/2))*exp(c))/(a~2*x~(1/2)) + (2*b
*(a - bxexp(d*x~(1/2))*exp(c)))/(a~2*%x~(1/2)*(a"2 + b~2)"(1/2))))/(a*xd*(a~
2 + b"2)7(1/2))

L dz

363 | lrachierava)
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1

3.64 f 73/2 (a—i—bCSCh(c—l—d\/E)) dz

3.64.1 Optimalresult . . . . .. .. ... . .. 380
3.64.2 Mathematica [N/A] . . . .. .. .. . . 380
3.64.3 Rubi [N/A] © . o o oot e e
3.64.4 Maple [N/A] (verified) . . . . . . . . . . ..
3.64.5 Fricas [N/A] . . . . .
3.64.6 Sympy [N/A] . . . .
3.64.7 Maxima [N/A] . . . . . . . .
3.64.8 Giac [N/A] . . . . . .
3.64.9 Mupad [N/A] . . o oo oo

3.64.1 Optimal result

Integrand size = 22, antiderivative size = 22

1 1
/ 23/2 (a + besch (¢ + dy/x)) do = Int <x3/2 (a + besch (¢ + dy/z)) ,x)

output LUnintegrable (1/x(3/2) / (a+b*csch (c+d*x~(1/2))) ,%) J

3.64.2 Mathematica [N/A]

Not integrable

Time = 5.55 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

/ : = | :
23/2 (a + besch (¢ + dy/x)) T ] e (a + besch (¢ + dy/z))

dz

input ‘ Integrate[1/(x~(3/2)*(a + b*Cschlc + d*Sqrt[x]11)),x]

output LIntegrate [1/(x~(3/2)*(a + b*Cschlc + d*Sqrt[x11)), x] J

1
364 [ 2%/2 (a+bcSch (c+dy/a) ) dz
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3.64.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ z3/2 (a + besch (c + d\/:f)) de
l 5962

1
/ x23/2 (a + besch (c + d\/i)) de

inputLInt[l/(x‘(3/2)*(a + b*Csch[c + d*Sqrt[x]1])),x]

-

output L$Aborted

~—/

3.64.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (d_)*x)" (@ )1*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
\m, n, p}, xl

3.64.4 Maple [N/A] (verified)
Not integrable

Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ ! dz
3 (a+b csch (c+ dy/x))

input Lint (1/x~(3/2) / (a+b*csch(c+d*x~(1/2))) ,x)

output

int (1/x~(3/2)/ (a+b*csch(c+d*x~(1/2))),x)

N

1
364 [ 2%/2 (a+bcSch (c+dy/a) ) dz
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3.64.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.23

1 1
/ 73/2 (a + besch (c + d\/i)) de = / (bcsch (d\/i + c) + a)g;% de

inputLintegrate(1/x“(3/2)/(a+b*csch(c+d*x“(1/2))),x, algorithm="fricas")

outputtintegral(sqrt(x)/(b*x‘2*csch(d*sqrt(x) + c) + a*x”2), x)

3.64.6 Sympy [N/A]

Not integrable

Time = 1.60 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/ 1 dm—/ 1
23/2 (a + besch (¢ + dy/z)) ] i (a+besch (¢ + dy/7))

dz

inputLintegrate(1/x**(3/2)/(a+b*csch(c+d*x**(1/2))),X)

output‘Integral(l/(x**(3/2)*(a + b*csch(c + dxsqrt(x)))), x)

3.64.7 Maxima [N/A]
Not integrable

Time = 0.49 (sec) , antiderivative size = 67, normalized size of antiderivative = 3.05

/ 1 do — / 1
23/2 (a + besch (¢ + dy/x)) (besch (dy/z +¢) +a)z

5 dr
2

inputLintegrate(1/x‘(3/2)/(a+b*csch(c+d*x‘(1/2))),X, algorithm="maxima")

output‘—2*b*integrate(e‘(d*sqrt(x) + c)/(a”2xx" (3/2) *e~ (2*d*sqrt (x) + 2xc) + 2*ax*
‘b*x“(B/Q)*e‘(d*sqrt(x) + ¢c) - a”2%x~(3/2)), x) - 2/(a*sqrt(x))

1
364 [ 2%/2 (a+bcSch (c+dy/a) ) dz
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3.64.8 Giac [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

1 1
/ 23/2 (a + besch (¢ + dy/x)) dz = / (besch (dyz +¢) + a)x% d

input Lintegrate (1/x7(3/2) / (atb*csch(c+d*x~(1/2))) ,x, algorithm="giac")

output‘ integrate(1/((bxcsch(d*sqrt(x) + c) + a)*x~(3/2)), x)

3.64.9 Mupad [N/A]

Not integrable

Time = 2.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

1 1
/ 232 (a + besch (¢ + dy/x)) de = / 23/2 <a i +>

sinh(c+d /z)

dz

input‘ int(1/(x~(3/2)*(a + b/sinh(c + d*x~(1/2)))),x)

output Lint(l/(x"(3/2)*(a + b/sinh(c + d*x~(1/2)))), x)

1
364 [ 2%/2 (a+bcSch (c+dy/a) ) dz
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1
3.65 f 75/2 (a+bcsch(c+d\/5)> d

3.65.1 Optimal result . . . . . . .. ... . ... 3841
3.65.2 Mathematica [N/A] . . . . ... .. .
3.65.3 Rubi [N/A] . . o oo oot e
3.65.4 Maple [N/A] (verified) . . . . . . . . ... .
3.65.5 Fricas [N/A] . . . . .
3.65.6 Sympy [N/A] . . . .
3.65.7 Maxima [N/A] . . . . . . .. .
3.65.8 Giac [N/A] . . . . . . e
3.65.9 Mupad [N/A] . . . .

3.65.1 Optimal result

Integrand size = 22, antiderivative size = 22

1 1
/ 25/2 (a + besch (¢ + dy/x)) do = Int <x5/2 (a + besch (¢ + dy/z)) ,x)

output LUnintegrable (1/x(5/2) / (a+bcsch (c+d*x~ (1/2))) ,x) J

3.65.2 Mathematica [N/A]
Not integrable

Time = 5.76 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

/ : = | :
25/2 (a + besch (¢ + dy/x)) T ] o (a + besch (¢ + dy/z))

dz

input ‘ Integrate[1/(x~(5/2)*(a + b*Cschlc + d*Sqrt[x]11)),x]

output LIntegrate [1/(x~(5/2)*(a + b*Csch[c + d*Sqrt([x]])), x] J
1
3.65. f z5/2 (a_{-bCSCh(C"‘d\/E)) &
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3.65.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ 25/2 (a + besch (c + d\/:f)) de
l 5962

1
/ x25/2 (a + besch (c + d\/i)) de

inputLInt [1/(x~(5/2)*(a + b*Csch[c + d*Sqrt[x]1])),x]

-

output L$Aborted

~—/

3.65.3.1 Defintions of rubi rules used

rule 5962‘Int[((a_.) + Cschl(c_.) + (d_)*x)" (@ )1*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d,
‘m, n, pr, xI

3.65.4 Maple [N/A] (verified)
Not integrable

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ ! dz
3 (a+b csch (c+ dy/x))

input Lint (1/x~(5/2) / (a+b*csch(c+d*x~(1/2))) ,x)

output

int (1/x~(5/2)/ (a+b*csch(c+d*x~(1/2))),x)

N

1
3.65. f z5/2 (a_{-bCSCh(C"‘d\/E)) &
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3.65.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.23

1 1
/x5/2 (a + besch (¢ + dy/z)) de = / (besch (dy/z + ¢) +a)x3 de

inputLintegrate(1/x“(5/2)/(a+b*csch(c+d*x“(1/2))),x, algorithm="fricas")

outputtintegral(sqrt(x)/(b*x‘3*csch(d*sqrt(x) + c) + a*x"3), x)

3.65.6 Sympy [N/A]

Not integrable

Time = 1.59 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/ 1 dm—/ 1
z5/2 (a + besch (¢ + dy/z) ) ] 2 (a+besch (¢ + dy/7))

dz

inputLintegrate(1/x**(5/2)/(a+b*csch(c+d*x**(1/2))),X)

output‘Integral(l/(x**(5/2)*(a + b*csch(c + dxsqrt(x)))), x)

3.65.7 Maxima [N/A]

Not integrable

Time = 0.58 (sec) , antiderivative size = 67, normalized size of antiderivative = 3.05

1

1
/ z5/2 (a + besch (¢ + dy/x)) do = / (besch (dy/z +¢) + a)a:g d

inputLintegrate(1/x‘(5/2)/(a+b*csch(c+d*x‘(1/2))),X, algorithm="maxima")

output‘ -2*b*integrate (e~ (d*sqrt(x) + c)/(a~2*x~(5/2)*e~ (2xd*sqrt(x) + 2%c) + 2*ax
‘b*x“(5/2)*e*(d*sqrt(x) +¢) - a~2xx"(5/2)), x) - 2/3/(axx"(3/2))

1
3.65. f z5/2 (a_{-bCSCh(C"‘d\/E)) &
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3.65.8 Giac [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

1 1
/ 25/2 (a + besch (¢ + dy/x)) dz = / (besch (dyz +¢) + a)xg d

inputLintegrate(1/x‘(5/2)/(a+b*csch(c+d*x‘(1/2))),x, algorithm="giac")

output‘ integrate(1/((bxcsch(d*sqrt(x) + c) + a)*x~(5/2)), x)

3.65.9 Mupad [N/A]

Not integrable

Time = 2.24 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

1 1
/ 25/2 (a + besch (¢ + dy/x)) de = / £5/2 <a i +>

sinh(c+d /z)

dz

input‘ int(1/(x~(5/2)*(a + b/sinh(c + d*x~(1/2)))),x)

output Lint(l/(x‘(5/2)*(a + b/sinh(c + d*x~(1/2)))), x)

1
3.65. f z5/2 (a_{-bCSCh(C"‘d\/E)) &
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3/2
3.66 [ il  do
(a+besch(c+dya))

3.66.1 Optimalresult . . .. ... ... . ... .. .. ..
3.66.2 Mathematica [A] (verified) . . . . . . ... .. .. Lo
3.66.3 Rubi [A] (verified) . . . .. ... . . ...
3.66.4 Maple [F] . . . . . . .
3.66.5 Fricas [F] . . . . . . . .
3.66.6 Sympy [F] . . . . . . 392
3.66.7 Maxima [F] . . .. ... .. ... ..
3.66.8 Giac [F] . . . . . . 393
3.66.9 Mupad [F(-1)] . . . . . o o

3.66.1 Optimal result

Integrand size = 22, antiderivative size = 1639

3/2
/ ad 5 dr = Too large to display
(a + besch (¢ + dy/z))

-2xb~2*x"2/a~2/(a~2+b"2) /d-48*b~3*polylog(5,-a*exp (c+d*x~(1/2))/ (b-(a~2+b"~
2)~(1/2)))/a"2/(a"2+b~2)~(3/2) /d"5+48*b~3*polylog(5,-a*exp(c+d*x~(1/2)) /(b
+(a"2+b"2)"(1/2)))/a~2/(a"2+b"2)~(3/2) /d"5+96*b*polylog(5,-a*exp(c+d*x~ (1/
2))/(b-(a~2+b~2)~(1/2)))/a~2/d"5/(a~2+b~2) ~(1/2) -96*b*polylog(5,-a*exp (c+d
*x~(1/2))/ (b+(a~2+b~2)~(1/2)))/a~2/d"5/(a~2+b~2) ~(1/2) +48+b~2*polylog(4,-a
*exp (c+d*x~(1/2))/(b-(a"2+b~2)~(1/2))) /a"2/(a"2+b~2) /d~5+48%b~2*polylog(4,
—axexp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))/a~2/(a"2+b~2) /d"5+2/5*x~ (5/2) /a"2
-48xb~2*polylog(3,-a*exp (c+d*x~(1/2))/(b+(a”2+b"2)~(1/2)))*x~(1/2)/a~2/(a”
2+b~2) /d~4+48*b~3*polylog(4,-axexp (c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))*x~(1/
2)/a~2/(a~2+b~2)~(3/2) /d~4-48*b~3*polylog(4,-a*exp (c+d*x~(1/2))/(b+(a~2+b"
2)7(1/2)))*x~(1/2)/a~2/(a~2+b~2) ~(3/2) /d~4-96*b*polylog(4,-a*exp (c+d*x~(1/
2))/(b-(a"2+b~2)~(1/2)))*x~(1/2) /a~2/d~4/ (a~2+b~2) ~(1/2) +96*b*polylog(4,-a
xexp (c+d*x~(1/2))/(b+(a"2+b"2)~(1/2)))*x~(1/2)/a~2/d"4/(a"2+b"2) " (1/2) +8%*Db
~2%x~(3/2) *1n(1+a*exp(c+d*x~(1/2) )/ (b-(a~2+b~2)~(1/2)))/a~2/(a~2+b"2) /d~2+
2xb~3*x"2x1n(1+axexp (c+d*x~(1/2))/(b-(a"2+b"2)~(1/2)))/a~2/(a"2+b"2) " (3/2)
/d+8xb~2xx"~(3/2) *1n(1+a*exp(c+d*x~(1/2))/(b+(a~2+b"2)~(1/2))) /a~2/(a"~2+b"2
)/d”2-2xb~3%x"2*1n(1+a*exp(c+d*x~(1/2))/(b+(a"2+b~2)~(1/2)))/a~2/(a~2+b"2)
~(3/2) /d+24xb~2*x*polylog(2,-a*exp (c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))/a~2/(
a~2+b"2) /d"3+8%b~3*x~(3/2) *polylog(2,-a*exp(c+d*x~(1/2))/(b-(a~2+b"2) ~(1/2
)))/a~2/(a~2+b~2) " (3/2) /d"2+24*b~2*x*polylog (2, -a*xexp (c+d*x~(1/2) )/ (b+(. ..

3/2

dz

366/ (a+bCSCh(c+d\/E)>2
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3.66.2 Mathematica [A] (verified)

Time = 6.35 (sec) , antiderivative size = 1696, normalized size of antiderivative = 1.03

3/2
/ ad 5 dr = Too large to display
(a + besch (¢ + dy/z))

input | Integrate[x~(3/2)/(a + b*Csch[c + d*Sqrt[x]1)"2,x]

e N

output | (2*xCschlc + d*Sqrt[x]]~2*(b + a*Sinh[c + d*Sqrt[x]])*(x~(56/2)*(b + a*Sinh[
c + d*Sqrt[x]]) - (6xbxE~cx(2*b*E~c*x"2 - ((-1 + E~(2%c))*(4*b*d~3*Sqrt[(a
"2 + b"2)*E~(2*c)]*x”~(3/2)*#Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E~c - Sqrt[(
a"2 + b"2)*E~(2*c)])] - 2*a"2*d"4*E"cxx"2xLog[1l + (a*E~(2xc + d*Sqrt[x]))/
(b*E~c - Sqrt[(a”2 + b"2)*E~(2xc)])] - b~2*d"4*E~c*x"2+Log[l + (a*E~(2*c +
d*Sqrt[x]))/(b*E"c - Sqrt[(a”2 + b"2)*E~(2%c)])] + 4xb*d~3*Sqrt[(a”2 + b~
2)*E~ (2xc)1*x~(3/2)*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E"c + Sqrt[(a"2 + b
"2)*E7(2%c)])] + 2*a"2+d"4*E"c*x"2*Log[l + (axE~(2*c + dxSqrt[x]))/(b*E~c
+ Sqrt[(a”2 + b"2)*E~(2*c)])] + b"2xd"4+E”c*x"2+Log[1l + (a*xE~(2%c + d*Sqrt
[x]1))/(b*E~c + Sqrt[(a”™2 + b"2)*E~(2%c)])] - 4*d"2*(-3*b*Sqrt[(a”2 + b~2)*
E~(2%c)] + 2*a~2*d*E"c*Sqrt[x] + b~2*d*E~c*Sqrt[x])*x*PolyLogl[2, -((a*E~(2
xc + d*Sqrt[x]))/(b*E"c - Sqrt[(a”™2 + b~2)*E~(2%c)]))] + 4*d~2x(3*bxSqrt[(
a”2 + b"2)*#E"(2%c)] + 2%a”2*d*E"c*Sqrt[x] + b~2xd*E”c*Sqrt[x])*x*PolyLog[2
, —((a*E~(2*c + d*Sqrt[x]))/(b*E~c + Sqrt[(a”2 + b~2)*E~(2%c)]))] - 24*b*d
*Sqrt[(a~2 + b~2)*E~(2*c)]*Sqrt [x]*PolyLogl[3, -((a*xE~(2xc + d*Sqrt[x]))/(b
*E"c - Sqrt[(a™2 + b72)*E~(2%c)]))] + 24xa~2xd"2*E~c*x*PolyLog[3, -((a*E~(
2%c + d*Sqrt[x]))/(b*E~c - Sqrtl[(a~2 + b 2)*E~(2*c)]))] + 12%b~2*d~2*E~c*x
*PolyLog[3, -((a*xE~(2xc + d*Sqrt[x]))/(b*E"c - Sqrt[(a”2 + b"2)*E~(2*c)]))
1 - 24xb*d*Sqrt[(a”2 + b~2)*E~(2xc)]*Sqrt [x] *PolyLog[3, -((a*E~(2%c + d*Sq
rt[x]))/(b*E"c + Sqrt[(a™2 + b~2)*E~(2*c)]))] - 24*a~2*d~2*E~c*x*PolyLo...

3.66.3 Rubi [A] (verified)

Time = 3.07 (sec) , antiderivative size = 1640, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Lumber of rules _ ( 189 Ryles used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

£3/2
3.66. J (a+bCSCh(c+dﬁ)>2 dz
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390

23/2
/ 5 dz
(a + besch (c+ dy/x))
l 5960

2

2/ (a + besch (c+ d\/E))2
| 302
72

2/ (a+ibesc (ic + id\/i))2dﬁ
| 4679

dv'z

5 / _ 2bz2 n :ﬁ n b2 iz
a? (b+asinh (c+dyz)) a2 (b+ asinh (c+d\/5))2
| 2009

b—v/a2+b? b+v/a2+b2 " b—a2+b?

423/2 PolyLog (2,

z2 log ( etdVia 4 1) ¥ z?log ( etdVie | 1) b®  423/2 PolyLog (2, acctdve > b3
2 3/2 - 3/2 + 3/2
a2 (a? +62)32d a? (a? +b2)*7d a? (a? +b2)*“d?

a? (a® +1

-

input LInt [x~(3/2)/(a + bxCschlc + d*Sqrt[x]])~2,x]

~—

£3/2
3.66. J (a+bCSCh(c+dﬁ)>2 dz
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391

output

e

rule 2009L

2x(-((b"2*x"2)/(a"2%(a"2 + b~2)*d)) + x~(5/2)/(5%a"2) + (4*b~2*x~(3/2)*Log
[1 + (a*xE~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2])]1)/(a"2*(a"2 + b~2)*d"2) +
(b~3*x"2xLog[1 + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2])])/(a~2*(a~2
+ b"2)7(3/2)*d) - (2*b*xx"2*Logl[l + (a*E~(c + d*Sqrt[x]))/(b - Sgrt[a"2 + b
~2]1)1)/(a"2*Sqrt[a”2 + b~2]*d) + (4*%b~2*x~(3/2)*Log[l + (a*E~(c + d*Sqrt[x
1))/(b + Sgrtl[a~2 + b"2])]1)/(a"2*(a"2 + b~2)*d~2) - (b~3*x~2*Log[l + (a*E~
(c + d*Sqrt[x]1))/(b + Sgrt[a™2 + b"2])]1)/(a"2x(a"2 + b"2)"(3/2)*d) + (2*b*
x"2xLog[1 + (axE~(c + d*Sqrt[x]))/(b + Sqrt[a”™2 + b~2])])/(a"2xSqrt[a~2 +
b~2]*d) + (12*b~2*x*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2
1)1)/(@a™2%(a”2 + b~2)*d"3) + (4xb~3*x~(3/2)*PolyLog[2, -((a*E~(c + d*Sqrt
[x1))/(b - Sqrt[a™2 + b72]))1)/(a"2%(a”2 + b72)"(3/2)*d"2) - (8xb*x~(3/2)*
PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b - Sqrtl[a”2 + b~2]))])/(a"2*Sqrt[a~2
+ b"2]%d"2) + (12xb~2*x*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 +
b"2]1))]1)/(a"2%(a"2 + b"2)*d"3) - (4*b~3*x~(3/2)*PolyLogl[2, -((a*E~(c + d*
Sqrt[x]1))/(b + Sgrt[a™2 + b~2]))]1)/(a"2*(a"2 + b~2)"(3/2)*d"2) + (8xb*x~(3
/2)*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b~2]))])/(a"2*Sqrt[
a”2 + b~2]*d"2) - (24*b~2xSqrt[x]*PolyLogl[3, -((a*E~(c + d*Sqrt[x]1))/(b -
Sart[a”2 + b72]))1)/(a"2*(a"2 + b~2)*d"4) - (12%b~3*x*PolyLogl[3, -((a*xE~(c
+ d*Sqrt[x]))/(b - Sqrt[a™2 + b72]))]1)/(a"2%(a"2 + b~2)7(3/2)*d"3) + (24x
bxx*PolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2]))]1)/(a"2%3q...

3.66.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

-

rule 3042

rule 4679

rule 5960

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]“"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x"(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3/2

dz
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3.66.4 Maple [F]

Nl

5dx

/ (a+b csch (c+ dy/x))

input Lint (x~(3/2) / (a+b*csch(c+d*x~(1/2)))~2,x)

output Lint (x~(3/2)/ (a+b*csch(c+d*x~(1/2)))~2,x)

3.66.5 Fricas [F]

N[

/ z? 5 dr = / ad 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z 4+ ¢) +a)

inputtintegrate(x“(3/2)/(a+b*csch(c+d*x“(1/2)))“2,x, algorithm="fricas")

output‘integral(x‘(3/2)/(b‘2*csch(d*sqrt(x) + ¢c)72 + 2*axbxcsch(d*sqrt(x) + c) +
272), )

3.66.6 Sympy [F]

3
2

/ s 5 dr = / ad 5 dx
(a+ besch (¢ + dy/z)) (a+besch (c+ dy/z))

inputLintegrate(x**(3/2)/(a+b*csch(c+d*x**(1/2)))**2,x)

output LIntegral(x**(3/2)/(a + bxcsch(c + d*sqrt(x)))**2, x)

3/2

dz

366.J (a+bCSCh(c+dﬁ)>2
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3.66.7 Maxima [F]

N

/ z” 5 dr = / i 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x“(3/2)/(a+b*csch(c+d*x*(1/2)))‘2,x, algorithm="maxima")

output | 2/5% (10*a*xb~2*x~2 - (a~3*d*e” (2*c) + axb~2*d*e” (2*c))*x~(5/2) *e” (2*d*sqrt (
x)) + (a”3%d + a*b”2*d)*x~(5/2) - 2% (5%b~3*x"2*e"c + (a”2%bxd*e”~c + b~ 3*dx*
e"c)*x~(5/2))*e” (d*sqrt(x)))/(a"bxd + a~3*b~2xd - (a~b*d*e”(2xc) + a~3*b"2
xd¥e” (2xc) ) xe” (2xd*sqrt(x)) - 2+ (a~4*b*d*e”c + a~2xb~3xd*e”c)*e” (d*sqrt(x)
)) - integrate(-2*(4*a*xb~2*x"2 - (4xb~3*x"2*e"c + (2*a"2*b*d*e”c + b~ 3*xd*e
~c)*x~(5/2))*e” (d*sqrt (x)) )/ ((a~5*d*e” (2*%c) + a~3xb~2kd*xe” (2xc))*x*e” (2kd*
sqrt(x)) + 2x(a~4*bxd*e”c + a~2*b~3kd*e”c)*x*e” (d*sqrt(x)) - (a~6*d + a~3*
b~2*d) *x), x)

3.66.8 Giac [F]

3
2

/ s 5 dr = / i 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) + a)

input

integrate(x~(3/2)/(at+b*csch(c+d*x~(1/2)))"2,x, algorithm="giac")

N\

outputLintegrate(x“(3/2)/(b*csch(d*sqrt(x) +c) +a)”2, x)

3.66.9 Mupad [F(-1)]

Timed out.

sinh(c+d /@

£3/2 £3/2
/ 5 dr = / 5 dr
(a + besch (¢ + dy/z)) <a n %)

inputtint(x‘(3/2)/(a + b/sinh(c + d*x~(1/2)))"2,x)

—

outputtint(x‘(3/2)/(a + b/sinh(c + d*x~(1/2)))"2, x)

3/2

dz

366.J (a+bCSCh(c+dﬁ)>2
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3.67 [ Ve s dz
(a+bcsch(c+dﬁ))

3.67.1 Optimal result . . . . . . .. . . .. . ...
3.67.2 Mathematica [A] (verified) . . . . . .. ... .. .. L
3.67.3 Rubi [A] (verified) . . . . . ... . ...
3.67.4 Maple [F] . . . . . . . e 399
3.67.5 Fricas [F] . . . . . . . 399
3.67.6 Sympy [F] . . . . . 200
3.67.7 Maxima [F] . . . . . . . . 400
3.67.8 Giac [F] . o v oot A0
3.67.9 Mupad [F(-1)] . . . . . . 407

NG
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3.67.1 Optimal result

Integrand size = 22, antiderivative size = 959

/ VT dr — — 2%z 23/2 4b2\/510g (1 4 b“_%)
(a+ besch (c+ dﬁ))Q a?(a2+b%)d = 3a? a2 (a2 + b?) d2
203z log <1 + bi%) 4bx log <1 + bﬁ%)
@ (@ + )7 S
4b%\/x log (1 + %) 23z log (1 + %)
TREERE T a@
4bz log (1 + ﬁ%) 4b% PolyLog (2, _bie\c/%)
+ a2v/a? + bd + 2 (@ +0) B
4°\/z PolyLog (2, e )
+ a? (a2 + b2)3/2 &2
8by/z PolyLog (2, _ e )

a2/ 1 P
412 PolyLog (2, _ _aectiv )

4 b+v/aZ+b?
a? (a2 + b?) &3
aectdve
~ 4b%/z PolyLog (2, —w;ﬁ)
a? (a2 + 62)3/2 d2
aectdve
. 8b+/z PolyLog (2, - b+\/22ﬁ>

@ 1 B

453 PolyLog (3, —%)

a? (a? + b2)3/2 d3

8b PolyLog (3, — b“_e\c/%)

a2v/a? + b2d3

453 PolyLog (3, —%)

a? (a? + b2)3/2 d3

8b PolyLog (3, — bf\/Z—Z%)

a2v/a? + b2d3
2b%z cosh (¢ + dv/z)
a(a?+b?)d (b+ asinh (c+ dy/z))

+

+

NG
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-2%b"2xx/a"2/(a"2+b"~2) /d+2/3%x~ (3/2) /a”~2+2xb"3*x*1n(1+axexp (c+d*x~(1/2))/(
b-(a~2+b~2)~(1/2)))/a~2/(a"2+b~2) ~(3/2) /d-2%b~3*x*1n(1+a*exp (c+d*x~(1/2))/
(b+(a~™2+b"2)"(1/2)))/a~2/(a"2+b"2) " (3/2) /d+4*b~2*polylog(2,-a*exp (c+d*x~ (1
/2))/(b-(a~2+b~2)~(1/2)))/a~2/(a~2+b~2) /d~3+4*b~2*polylog (2, -a*exp (c+d*x~ (
1/2))/(b+(a~2+b~2)~(1/2)))/a~2/(a"2+b"2) /d"3-4*b~3*polylog(3,-a*exp(c+d*x"
(1/2))/(b-(a™2+b~2)~(1/2)))/a"2/(a~2+b~2) ~(3/2) /d~3+4*b"3*polylog (3, -a*exp
(c+d*x~(1/2))/ (b+(a”2+b"2)"(1/2)))/a~2/(a"2+b~2) ~(3/2) /d"3-2*b~2*x*cosh (c+
d*x~(1/2))/a/(a~2+b~2) /d/ (b+a*sinh (c+d*x~(1/2)) ) -4*b*x*1n(1+a*exp (c+d*x" (1
/2))/(b-(a~2+b~2)~(1/2)))/a~2/d/(a~2+b~2) ~(1/2) +4*b*x*1n (1+a*exp (c+d*x~ (1/
2))/(b+(a~2+b~2)~(1/2)))/a~2/d/(a~2+b~2) ~(1/2) +8*b*polylog(3,-a*exp (c+d*x"
(1/2))/(b-(a”2+b~2)~(1/2)))/a~2/d~3/(a”2+b~2) " (1/2) -8*b*polylog(3,-a*exp(c
+d*x~(1/2))/ (b+(a~2+b"2)~(1/2))) /a~2/d"3/(a~2+b"2) " (1/2) +4*b~2*1n (1+axexp(
c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))*x~(1/2) /a~2/(a~2+b"2) /d~2+4*b~2+1n(1+a*e
xp(c+d*x~(1/2))/ (b+(a~2+b~2)~(1/2)) ) *x~(1/2) /a~2/(a~2+b~2) /d~2+4*b"3*polyl
og(2,-axexp(c+d*x~(1/2))/(b-(a~2+b~2)~(1/2)))*x~(1/2)/a~2/(a~2+b~2)~(3/2)/
d~2-4*b"3*polylog(2,-a*exp(c+d*x~(1/2))/(b+(a~2+b~2)~(1/2)))*x~(1/2) /a~2/(
a~2+b~2)~(3/2) /d~2-8*bxpolylog(2,-a*exp(c+d*x~(1/2))/(b-(a~2+b~2) ~(1/2) ) ) *
x~(1/2)/a~2/d72/(a"2+b"2) ~(1/2) +8xb*polylog(2,-a*exp(c+d*x~ (1/2) )/ (b+(a"2+
b~2)~(1/2)))*x"~(1/2)/a~2/d"2/(a"2+b~2)~(1/2)

3.67.2 Mathematica [A] (verified)

Time = 3.17 (sec) , antiderivative size = 948, normalized size of antiderivative = 0.

][ vz dx
(a + besch (¢ + d\/i))2

6bec | 2bex—

csch?(c + dy/z) (b+ asinh (c+ dy/z)) | 22%/%(b+ asinh (c + dy/z)) —

99

e*c(—1+e2c) 2bd, [ (a2+62)e

-

inputLIntegrate[Sqrt[x]/(a + b*Csch[c + d*Sqrt[x]])~2,x]

| —

NG
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/(Csch[c + d*Sqrt[x]]1°2*(b + a*Sinh[c + d*Sqrt[x]])*(2*x~(3/2)*(b + a*Sinh[

c + d*Sqrt[x]]) - (6¥b*E”c*(2%b*E~c*x - ((-1 + E~(2%c))*(2+b*d*Sqrt[(a~2 +
b~2)*E~ (2*c)]*Sqrt [x]*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(bxE~c - Sqrt[(a~2
+ b"2)*E~(2%c)])] - 2%a”~2*xd"2+#E”c*x*Log[l + (a*E~(2*c + d*Sqrt[x]))/(b*E"c
- Sqrt[(a”2 + b™2)*E~(2*c)])] - b~2xd"2*E~c*x*Logl[1l + (a*E~(2%c + d*Sqrt[
x]1))/(*E~c - Sqrt[(a™2 + b~"2)*E~(2%c)])] + 2xb*d*Sqrt[(a”2 + b~2)*E~(2xc)
1*Sqrt [x]*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E~c + Sqrt[(a”2 + b~2)*E~(2*c
)1)] + 2xa~2+d"2+E-c*x*Log[1 + (a*E~(2*c + d*Sqrt[x]))/(b*E~c + Sqrt[(a~2
+ bT2)*E"(2*%c)])] + b"2%d"2+#E"c*x*Log[1l + (a*E~(2*c + d*Sqrt[x]))/(b*E"c +
Sqrt[(a”2 + b~2)*E~(2%c)])] + 2% (b*Sqrt[(a”2 + b~2)*E~(2%c)] - 2*a~2%d*E~
c*Sqrt [x] - b 2xd*E~c*Sqrt[x])*PolyLog[2, -((a*E~(2*c + d*Sqrt[x]))/(b*E"c
- Sqrt[(a”2 + b"2)*E~(2%c)]1))] + 2x(bxSqrt[(a”2 + b"2)*E~(2*c)] + 2*a”~2xd
*E~c*Sqrt [x] + b~2xd*E~c*Sqrt [x])*PolyLog[2, -((a*E~(2*c + d*Sqrt[x]))/(b*
E"c + Sqrt[(a”2 + b"2)*E~(2%c)]))] + 4*a~2+*E~c*PolyLog[3, -((a*E~(2*c + d*
Sqrt[x]))/(b*E~c - Sqrt[(a”2 + b~2)*E~(2%c)]1))] + 2xb~2xE~c*PolyLog[3, -((
a*E~(2*c + d*Sqrt[x]))/(b*E~c - Sqrt[(a™2 + b"2)*E~(2%c)]))] - 4*a~2+E"c*P
olyLog[3, -((a*E~(2*c + d*Sqrt([x]))/(b*E~c + Sqrt[(a~2 + b~2)*E~(2*c)]))]
- 2%b~2*E"c*PolyLog[3, -((a*E~(2xc + d*Sqrt([x]))/(b*E"c + Sqrt[(a”2 + b~2)
*E~(2%c)]1))]1))/(d"2*E~c*xSqrt [(a™2 + b72)*E~(2*c)]))*(b + a*Sinh[c + d*Sqrt
[x]11))/((a”2 + b~2)*d*(-1 + E~(2%c))) + (6xb~2*x*Csch[c]l*(b*Cosh[c] + a...

3.67.3 Rubi [A] (verified)

Time = 2.08 (sec) , antiderivative size = 960, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Lumber of rules _ 0.182, Rules used

integrand size
= {5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

]/ vz dz
(a-+—bcsdh(c-+—dx/5))2

l 5960
(

2/ka+b%dlc+d¢a)
| 3042

NG

2/ (a+ibesc (ic + id\/E))2d\/gE

l 4679

NG
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xb? 2xb T
2/ <a2 (b+ asinh (c+d\/5))2 C a? (b+ asinh (c+ dv/z)) + a2> vz
l 2009

ectdvag ectdvey aectdve 1
, (mlog (b—\/m n 1) B zlog (b+¢m n 1) »® 2.z PolyLog (2, —m) b* 2/ PolyLog (2, —

+
a2 (a2 +62)*%d a2 (a2 +b2)%%d a2 (a2 + b2)*/2 @2

a? (a® + b2)3’

e

inputpnt [Sqrt[x]/(a + b*Cschlc + d*Sqrt[x]11)"2,x]

~—  /

output 2x(-((b~2*x)/(a"2*(a”2 + b~2)*d)) + x7(3/2)/(3*a”2) + (2¥b~2xSqrt [x]*Log[1
+ (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2])])/(a"2*(a"2 + b~2)*d"2) + (
b~3*x*Log[1 + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a”2 + b~2])]1)/(a"2%(a"2 + b~
2)~(3/2)*d) - (2xb*xxLog[1l + (a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]1)])
/(a~2xSqrt[a”2 + b~2]1*d) + (2*b~2*Sqrt[x]*Logl[l + (a*E~(c + d*Sqrt[x]))/(b
+ Sqrt[a~2 + b~2])])/(a"2*(a"2 + b~2)*d"2) - (b~ 3*x*Log[l + (a*E~(c + dxS
qrt[x]1))/(b + Sqrt[a”2 + b~2])]1)/(a"2x(a~2 + b~2)"(3/2)*d) + (2xb*x*Logl[1
+ (a*E~(c + d*Sqrt[x]))/(b + Sqrt[a~2 + b"2])])/(a"2*%Sqrt[a"2 + b~2]*d) +
(2*%b~2*PolyLog[2, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a™2 + b~2]))])/(a"2*(a
2 + b72)*d"3) + (2¥b~3xSqrt[x]*PolyLogl[2, -((a*E~(c + d*Sqrt[x]))/(b - Sq
rt[a™2 + b72]))]1)/(a"2*%(a”2 + b~2)"(3/2)*d"2) - (4*b*Sqrt[x]*PolyLogl[2, -(
(a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]))])/(a"2*Sqrt[a~2 + b~2]*d"2) +
(2*%b~2*PolyLog[2, -((a*E~(c + dxSqrt[x]))/(b + Sqrt[a”2 + b~2]))]1)/(a"~2*(
a”2 + b"2)*d"3) - (2¥b~3*Sqrt[x]*PolyLogl[2, -((a*E~(c + d*Sqrt([x]))/(b + S
grt[a”2 + ©72]1))1)/(a"2+(a"2 + b~2)~(3/2)*d~2) + (4*b*Sqrt[x]*PolyLog[2, -
((a*E~(c + d*Sqrt[x]))/(b + Sqrtl[a~2 + b~2]))])/(a~2*Sqrt[a~2 + b~2]*d"2)
- (2*b~3*PolyLog[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt[a~2 + b~2]))]1)/(a~2*
(2”2 + b72)7(3/2)*%d"3) + (4*bxPolyLogl[3, -((a*E~(c + d*Sqrt[x]))/(b - Sqrt
[a”2 + b~2]))]1)/(a"2*Sqrt[a”2 + b"2]1*d~3) + (2*b~3*PolyLogl[3, -((a*E~(c +
d*Sqrt[x]1))/(b + Sgrt[a”2 + b~2]))])/(a"2x(a"2 + b72)~(3/2)*d"3) - (4*b...

3.67.3.1 Defintions of rubi rules used

rukaZOOQ‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk33042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

NG
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rule 4679 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)7p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[pl]

3.67.4 Maple [F]

/ Ve dz
(a+bcsch(c+ d\/i))z

inputLint(x‘(1/2)/(a+b*csch(c+d*xA(1/2)))‘2,X)

output‘int(x“(1/2)/(a+b*csch(c+d*x“(1/2)))”2,X)

3.67.5 Fricas [F]

/ Ve 5 dr = / vz 5 dT
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x‘(1/2)/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="fricas")

output‘ integral(sqrt(x)/(b"2*csch(d*sqrt(x) + c)~2 + 2*axb*csch(d*sqrt(x) + c) +
La‘2), x)

NG
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3.67.6 Sympy [F]

L/“ vz 2¢tt==u/q Ve 5 dT
(a+ besch (¢ + dy/z)) (a+ besch (c+ dy/z))

inputLintegrate(x**(1/2)/(a+b*csch(c+d*x**(1/2)))**2,x)

-/

outputLIntegral(sqrt(x)/(a + bxcsch(c + d*sqrt(x)))**2, x)

3.67.7 Maxima [F]

“/q vz izdz==u/m vz 5 dx
(a + besch (¢ + dy/z)) (besch (dy/z +¢) +a)

inputtintegrate(x‘(1/2)/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

output | 2/3*(6*a*xb~2*x - (a~3*d*e”(2%c) + axb~2kd*e”(2*c))*x~(3/2)*e” (2*d*sqrt(x))
+ (a”3xd + a*b~2*d)*x~(3/2) - 2%(3*b"3*x*e"c + (a"2*bxdxe”c + b~ 3*d*e”c)*
x7(3/2))*e” (d*sqrt(x)))/(a"b*d + a~3*%b"2xd - (a~b*d*e~(2%c) + a~3*b~2xd*xe”
(2%c))*e~ (2+d*sqrt (x)) - 2x(a~4*bxd*e”c + a~2*b~3*d*e”c)*e” (d*sqrt(x))) -
integrate(-2*(2*axb~2xx - (2%b~3*x*e”c + (2*a~2xb*d*e~c + b~3xd*e”c)*x~(3/
2))*e” (d*sqrt(x)))/((a~5*dxe”(2*c) + a~3xb~2*dxe” (2*c))*x*e” (2xd*sqrt(x))
+ 2x(a”4*b*d*e”c + a”~2*b"3*d*e”c)*x*e” (d*sqrt(x)) - (a"5*d + a~3*b~2%d) *x)

, X)

3.67.8 Giac [F]

b/“ Ve 2<tr:=u/‘ vz 5 dx
(a+ besch (¢ +dy/z)) (besch (dy/z +¢) +a)

inputLintegrate(x‘(1/2)/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="giac")

outputLintegrate(sqrt(x)/(b*csch(d*sqrt(x) +c) +a)72, x)

NG
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3.67.9 Mupad [F(-1)]

Timed out.

/ Ve 5 dz = / Ve 5 dr
(a + besch (¢ + dy/z)) (a—l— %)

sinh(c+d /@

input Lint(x“(l/Q)/(a + b/sinh(c + d*x~(1/2)))"2,x)

outputtint(x‘(1/2)/(a + b/sinh(c + d*x~(1/2)))"2, x)

NG
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3.68 1 d
/ vz(a+bcsch (c-l—d\/5)>2 !

3.68.1 Optimalresult . . . ... ... .. ... ..
3.68.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 02
3.68.3 Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... .. 403
3.68.4 Maple [A] (verified) . . . . . .. . . ... 00
3.68.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... . 407
3.68.6 Sympy [F] . . . . . . e 408
3.68.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 408
3.68.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 409
3.68.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 410

3.68.1 Optimal result

Integrand size = 22, antiderivative size = 118

1 20/T 4b(2a* + b?) arctanh <a_btalf/l(i2:dﬁ))>
dz = + ¢
/ vz (a+ besch (c+ d\/E))2 a? a? (a2 + b2)**d
2b? coth (¢ + dy/z)

 a(a? +b2)d (a + besch (c + dv/z))

output | 4xbx(2+a"2+b"2) *arctanh ((a-bxtanh(1/2xc+1/2+d*x"(1/2)))/(a"2+b"2)~ (1/2)) /a
‘“2/(a”2+b“2)“(3/2)/d-2*b“2*coth(c+d*x“(1/2))/a/(a”2+b“2)/d/(a+b*csch(c+d*x
T(1/2)))+2%x7(1/2) /a2 |

3.68.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.48

/ ! 5 dT
vz (@ + besch (¢ + dy/z))

a—b tanh(% (c+d\/5))
—a2_p2

9 2b(2a2+b2) arctan<
2csch(c + dvy/z) —W + (¢ + dy/z) (a+ besch(c+ dy/z)) +

(—a2—b2)3/?

a?d (a + besch (¢ + d\/i))2

1
3.68. J ﬁ(a+bcsch(c+dﬁ))2 dz
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input ‘ Integrate[1/(Sqrt[x]*(a + b*Cschlc + d*Sqrt[x]1]1)~2),x]

output | (2xCsch[c + d*Sqrt[x]]*(-((a*xb~2*Coth[c + d*Sqrt[x]])/(a”2 + b~2)) + (c +
d*Sqrt [x])*(a + bxCschlc + d*Sqrt[x]]) + (2*b*x(2+#a"2 + b~2)*ArcTan[(a - b*
Tanh[(c + d*Sqrt([x])/2])/Sqrt[-a”2 - b~2]]*(a + b*Cschlc + d*Sqrt[x]]1))/(-
a”2 - b72)7(3/2))*(b + axSinh[c + d*Sqrt[x]]))/(a"2*d*(a + b*Csch[c + d*Sq
rt[x]11)°2)

3.68.3 Rubi [A] (warning: unable to verify)

Time = 0.74 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.18,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 0.636, Rules

used = {5960, 3042, 4272, 25, 3042, 4407, 26, 3042, 26, 4318, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! 5 dT
vz (a+ besch (¢ + dy/z))
| 5960
2j/ 1 dvz
(a + besch (¢ + d\/i))Q
| 3042
Qj/ 1 dv/z
(a+ibesc (ic + id\/E))2
| 4272
a?—bcsch (c+dy/z)a+b?
9| _ S = a+besch (c+dy/z) dv/z B b? coth (¢ + dy/z)
a (a2 + b?) ad (a® + b%) (a + besch (¢ + dy/z))
| 25
a?-besch (c+dy/x) a+b?
5 J a+bcsch (c+dy/z) vz B b? coth (¢ + dy/z)
a (a? + b?) ad (a® + b?) (a + besch (¢ + dy/x))
| 3042
368. [ 1 de

ﬁ(a+bcsch(c+dﬁ))2
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f a?—ibcsc(ictidy/z)a+b? d\/i

_ b2 coth (C + d\/E) a+ib csc(ic+idy/z)
ad (a? + b%) (a + besch (¢ + dy/z) ) a(a?+b?2)
| 4407
o 9 42y iCSCh(ctdva)
b2 coth (c + dy/z) Valar) PRI 7 escherava T
~ ad(a? 4 b2) (a + besch (¢ + dy/z)) + a(a? +b?)

l 26

b(202+b2)f CSCh(c+d\/E) d\/i

, ﬁ(aa2+b2) B a+b§sch(c+dﬁ) b2 coth (c + dv/x)
a (a2 + b2) ad (a? + b%) (a + besch (¢ + dy/x))
| 3042
icsc(ic+id/T)
b2 coth (c + dv/z) N V(e ) __b@”2+*>f51§?£ﬁzazﬁﬁdvg
ad (a® + b?) (a + besch (¢ + dy/x)) a(a? + v2)
| 26
. csc(ic+id\/5)
b2 coth (c + dv/z) VE(E) ib(2a2+8%) [ Wdﬁ
- +
ad (a? + b2) (a + besch (¢ + dy/z) ) a(a?+b?2)
| 4318
(2a2+b2) f Wd\/i
9 ﬁ(ajerz) - P = b? coth (c + dy/z)
a (a? + b?) ad (a® + b?) (a + besch (¢ + dy/x))
| 3042
(2a24b2) [ mdﬁ
) b2 coth (c + dv/z) . ﬁ(ajﬂﬂ) _ 1—7{1 B
ad (a? + b%) (a + besch (¢ + dy/z)) a(a?+b?2)

l 3139

1
368 J ﬁ(a+bcsch(c+dﬁ))2 dz
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2i(2a%+b2) [ 1 d(s tanh(l (ct+dy/x)))
b2 coth (C + d\/i) vz (a?+b?) + oy 22t g ferdve)) tanh(%b(ﬁdﬁ)) +1 ’
21 — a ad
ad (a2 + b?) (a + besch (¢ + dy/z)) + a (a? + b?)
| 1083
4i(20°+b%) [ ——t——d(2itanh (3 (c+dv/z)) - %)
b2 coth (c + d\/E) Vz(a?+b?) . 74(;§+1)7I _
2 — a a,
ad (a? + b%) (a + besch (¢ + dy/z)) a(a?+b?)
| 217
2b(2a%+b?)arctanh btenh(§ (c+dva))
Vz(a®+b%) 2v/a2 412 )
5 a - advVaZ 1 B b? coth (¢ + dy/z)
a (a2 + b2) ad (a? + b?) (a + besch (¢ + dy/z))

input {Int [1/(Sqrt[x]*(a + b*Csch[c + d*Sqrt([x]])~2),x]

~—

output ‘/2*((((a‘2 + b"2)*Sqrt[x])/a - (2%bx(2%a~2 + b~2)*ArcTanh[(b*Tanh[(c + d*Sq
‘rt [x1)/21)/(2*Sqrt[a~2 + b~2])])/(a*Sqrt[a~2 + b~2]1*d))/(a*(a”2 + b~2)) -
‘ (b~2%Coth[c + d*Sqrt[x]])/(a*(a™2 + b~2)*d*(a + bx*Cschlc + d*Sqrt[x]])))

————————

3.68.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 26‘ Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al]) I ‘
\ nt[Fx, x], x] /; FreeQ[a, x] && EqQ[a~2, 1] \

( N

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
‘-D)*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
\& (LtQ[a, 01 || LtQ[b, 01)

rule 217

|\

1
3.68. J ﬁ(a+bcsch(c+dﬁ))2 dz
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rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

rule 4272 Int[(csc[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*xd*(n + 1)*(a”2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csc[c + d*x])~(n + 1)*Simp[(a~2 -
b™2)*(n + 1) - a*bx(n + 1)*Cscl[c + d*x] + b~ 2*x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

rule 4318 Int[cscl[(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a~"2 - b~2, 0]

rule 4407 Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

N\

rule 5960 Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x”(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

1
3.68. J ﬁ(a+bcsch(c+dﬁ))2 dz
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3.68.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.60

method result
dy/z
—2btanh( $4+ Y7 | 42a
2 N s (2 2)
a tanh(j‘FT b 2(2a +b )arctanh PYAEHTE.
4b 2a2+232 2424252
22 902) Va2 152
tanh 9+d‘/5 b (2& +2b ) a“+b
3T73 NN
21n(tanh(%+d‘2/5)+1) ———— 73— tatanh{ 5+ —5= |43
: . . . 2 — 2
derivativedivides a 2
dy/z
—2btanh( S+ 2%~ )4-2a
2 c dﬁ) - (2 2)
tanh{ 5+~ 2(2a2+b tanh
a an. (j n a (a )arc an. 2 a2+b2
4b 2a2+232 2424252
22 952) Va2 152
tanh( S+ 9Y=) 7 (202+262) VaZ+b
272 NN AW
21n(tanh(%+d\2/5)+1> ———— 95— tatanh{ 3+—5~ |+5
2 _ 2
default a 2

input| int (1/ (a+b*csch(c+d*x~(1/2)))~2/x~(1/2) ,x,method=_RETURNVERBOSE)

output

2/d*(1/a~2*1n(tanh(1/2%c+1/2*d*x~ (1/2))+1)-2/a"2*b*x ((1/2*a~2/(a~2+b~2) *tan
h(1/2*c+1/2*d*x~(1/2))+1/2xb*xa/(a~2+b~2))/(-1/2*tanh (1/2*c+1/2*d*x~(1/2)) "
2xb+axtanh (1/2*c+1/2*d*x~ (1/2) ) +1/2xb) -2* (2*xa~2+b~2) / (2*xa~2+2*xb~2) / (a~2+b~
2)~(1/2)*arctanh(1/2* (-2*b*xtanh (1/2*c+1/2*d*x~(1/2))+2*a)/(a~2+b~2)~(1/2))
)-1/a"2*1n(tanh(1/2*%c+1/2*d*x~(1/2))-1))

3.68.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 670 vs. 2(107) = 214.

Time = 0.32 (sec) , antiderivative size = 670, normalized size of antiderivative = 5.68

1
/ Vz (a+ besch (¢ + dv/z))

5 dr =

2 (2 a3b? + 2ab* — (a® + 2a3b? + ab*)d\/z cosh (dy/z + 0)2 — (a® + 2a®V? + ab*)dy/z sinh (dy/z + c):

input Lintegrate (1/ (atb*csch(c+d*x~(1/2)))~2/x~(1/2) ,x, algorithm="fricas")

3.68. dx

f 1

ﬁ(a+bcsch(c+dﬁ))2
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output | -2x(2+a~3%b"2 + 2*a*b”4 - (a”5 + 2*a"3*b~2 + axb~4)*d*sqrt(x)*cosh(d*sqrt(
X) + ¢c)”2 - (275 + 2*a~3%b"2 + axb”4)*d*sqrt(x)*sinh(d*sqrt(x) + c)"2 + (a
5 + 2#a”3%b”2 + axb”4)*dxsqrt(x) - 2*x(a”2*%b"3 + b"5 + (a4*b + 2*a”"2xb"3
+ b~B)*d*sqrt(x))*cosh(d*sqrt(x) + c) - ((2*a~3%b + axb~3)*sqrt(a”2 + b~2)
xcosh(d*sqrt(x) + c)~2 + (2*a"3*b + a*b~3)*sqrt(a”2 + b~2)*sinh(d*sqrt(x)
+ ¢)72 + 2%(2*a"2*b"2 + b~4)*sqrt(a”2 + b~2)*cosh(d*sqrt(x) + c) + 2x((2*a
~3*%b + axb”3)*sqrt(a”2 + b~2)*cosh(d*sqrt(x) + c) + (2%¥a"2%b"2 + b~4)*sqrt
(2”2 + b~2))*sinh(d*sqrt(x) + c) - (2*a”3*b + a*xb~3)*sqrt(a”2 + b~2))*log(
(a*b + (a”2 + b2 + sqrt(a™2 + b"2)*b)*cosh(d*sqrt(x) + c) - (b"2 + sqrt(a
“2 + b~2)*b)*sinh(d*sqrt(x) + c) + sqrt(a”2 + b~2)*a)/(a*sinh(d*sqrt(x) +
c) + b)) - 2%(a”2*b”3 + b5 + (a5 + 2%a"3*b"2 + axb~4)*d*sqrt(x)*cosh(d*s
qrt(x) + c) + (a~4*b + 2%a"2*b~3 + b~5)*d*sqrt(x))*sinh(d*sqrt(x) + c))/((
a~7 + 2#a"5%b”"2 + a~3*b~4)*d*cosh(d*sqrt(x) + c)~2 + (277 + 2*a”b*b"2 + a”
3*b~4)*d*sinh(d*sqrt(x) + c)~2 + 2x(a”6%b + 2*xa~4%b~3 + a~2%b~5)*d*cosh(d*
sqrt(x) + c) - (277 + 2*a”b*b"2 + a"3*xb"4)*d + 2x((a”7 + 2*¥a"b5xb”"2 + a~3#*b
~4)*d*cosh(d*sqrt(x) + c) + (a"6*b + 2*a~4*%b~3 + a~2*b~5)*d)*sinh(d*sqrt (x
) +¢))

3.68.6 Sympy [F]

1 1

/ 2dx:/ 5 dx
Vz (a + besch (¢ + dy/z)) Vz (a+ besch (¢ + dy/z))

~

input| integrate (1/ (atb*csch(c+drxr* (1/2)))%*2/x%%(1/2) ,%)

~—

-

outputLIntegral(l/(sqrt(x)*(a + bxcsch(c + d*sqrt(x)))**2), x)

~—

3.68.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.69

1
/ vz (a+ besch (¢ + dy/x)

ae(=dVE—c) _p_ /g
2(2a%b+ b*) log <ae(—dﬁ—c) _Z+¢%>

(a* + a?b?)va? + b%d
4 <b3e(_d\/5—c) + ab2> 2 (d\/f + c)

dx
)2

+
(a5 + a3b% + 2 (a%b + a2b3)e(~W7=) — (a5 + a3b2)e(-24V2-2¢))q ad

1
3.68. J ﬁ(a+bcsch(c+dﬁ))2 dz



input

output
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‘integrate(1/(a+b*csch(c+d*x”(1/2)))”2/x“(1/2),x, algorithm="maxima")

-2%(2%a"2*b + b~3)*log((a*e”(-d*sqrt(x) - c) - b - sqrt(a™2 + b~2))/(axe”(
-d*sqrt(x) - c) - b + sqrt(a™2 + b72)))/((a"4 + a~2+%b"2)*sqrt(a”2 + b"2)*d
) - 4x(b"3*e~(-d*sqrt(x) - c) + a*xb”2)/((a"5 + a~3%b”2 + 2%(a~4%b + a~2%b”
3)*e” (-d*sqrt(x) - c) - (2”5 + a"3*b"2)*e” (-2xd*sqrt(x) - 2*c))*d) + 2*(d*

p

sqrt(x) + c)/(a"2xd)

3.68.8 Giac [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.51

ae(dVate) b—2va2+b2
2(2a2b—i-b3)log(‘2 bR e )

/ 1 d [2ae(@VE+) 42542 Va2 b2
r=—
vz (a+ besch (c+ d\/E))2 (a*d + a2b2d)va? + b2

4 <b3e(d‘/5+c) - ab2)

(a4d + a2b2d) (ae(2 dvz+2¢) 4 9 peldvzte) _
2 (dyz +¢)

a2d

inputLintegrate(1/(a+b*csch(c+d*x‘(1/2)))‘2/x‘(1/2),x, algorithm="giac")

output

—/

-2x(2*a”~2*b + b~3)*log(abs(2*a*xe”(d*sqrt(x) + c) + 2%b - 2*sqrt(a”2 + b~2)
) /abs(2*a*e” (d*sqrt(x) + c) + 2xb + 2*sqrt(a”2 + b72)))/((a~4xd + a~2%b~2x

d)*sgrt(a”2 + b~2)) + 4x(b"3*e”(d*sqrt(x) + c) - a*b~2)/((a”4*d + a~2xb~2#

d) *(a*e™(2*d*sqrt(x) + 2%c) + 2%b¥e”(d*sqrt(x) + c) - a)) + 2k(d*sqrt(x) +
c)/(a~2xd)

1
3.68. J ﬁ(a+bcsch(c+dﬁ))2 dz
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3.68.9 Mupad [B] (verification not implemented)

Time = 2.82 (sec) , antiderivative size = 319, normalized size of antiderivative = 2.70

/ ! 5 dT
VZ (@ + besch (¢ + dv/z))

46?2 /x _4bdfzectdV®
. 2\/5 _ d (a3 \/z+ab? \/x) ad (a3 \/z+ab? \/z)
- a2 2bec+d\/5_a+ae2c+2d\/5
2ectd VT (9 2b+b3 2b(2a2+b2) a—bectd Ve
2 ln( e“3\/95((a2a+b2) L asﬁ(ag+b2)3/2 ) (2a® +0°)

a’?d(a® + b2)3/2
2bIn (w“ﬁ (2a2b4b%) | 2b(2a*+?) (a—bect ﬁ>) (2a2 + b?)

a3 /x (a?+b?) a3 /z (a2+52)3/2

a’?d(a® + b2)3/2

_|_

input‘ int(1/(x~(1/2)*(a + b/sinh(c + d*x~(1/2)))"2),x)

output | (2xx~(1/2))/a"2 - ((4*xb~2*x~(1/2))/(d*(a~3*x~(1/2) + a*b™2*x~(1/2))) - (4x
b~3*x~(1/2)*exp(c + d*x~(1/2)))/(a*d*(a~3*x~(1/2) + a*xb~2*x~(1/2))))/(2%bx
exp(c + d*x~(1/2)) - a + axexp(2xc + 2xd*x~(1/2))) - (2xb*log((2*exp(c + d
*x~(1/2))*(2%a”~2xb + b73))/(a~3*x~(1/2)*(a"2 + b~2)) - (2*%bx(2*a~2 + b~2)*
(a - b*exp(c + d*x~(1/2))))/(a"3*x"(1/2)*(a"2 + b"2)"(3/2)))*(2*xa"2 + b~2)
)/ (a”2xd*(a”2 + b72)7(3/2)) + (2*b*xlog((2xexp(c + d*x~(1/2))*(2*xa~2*b + b~
3))/(a"3*x~(1/2)*(a"2 + b72)) + (2%bx(2*a"2 + b~2)*(a - b*exp(c + d*x~(1/2
))))/(@™3*x~(1/2)* (a2 + b~2)7(3/2)))*(2%a"2 + b72))/(a"2*d*(a"2 + b~2)~(3
/2))

1
3.68. J ﬁ(a+bcsch(c+dﬁ))2 dz
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3.69 | L > dz
z3/2 (a-l—bCSCh (c—l—d\/i))

3.69.1 Optimal result . . . . . . .. . ... .. 411
3.69.2 Mathematica [N/A] . . . . .. . .. 417
3.69.3 Rubi [N/A] . . o oo oottt 12
3.69.4 Maple [N/A] (verified) . . . . . . ... ... 412
3.69.5 Fricas [N/A] . . . . . 4T3l
3.60.6 Sympy [N/A] . . . . . A13
3.60.7 Maxima [N/A] . . . . . . . A13
3.690.8 Giac [N/A] . . . . . 414
3.60.9 Mupad [N/A] . . . . 414

3.69.1 Optimal result

Integrand size = 22, antiderivative size = 22

/ 1 5 dr = Int 1 5, T
23/2 (a + besch (¢ + dy/x)) 23/% (a + besch (¢ + dy/z))

outputLUnintegrable(1/X‘(3/2)/(a+b*csch(c+d*x‘(1/2)))‘2,x)

3.69.2 Mathematica [N/A]
Not integrable

Time = 60.00 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

/ ! 5 dr = / ! 5 dx
23/2 (a + besch (¢ + dy/T)) 23/2 (a + besch (¢ + dy/z))

input LIntegrate [1/(x~(3/2)*(a + b*Csch[c + d*Sqrt[x]])~2),x]

~—

-

output | Integrate[1/(x~(3/2)*(a + b*Csch[c + d*Sqrt[x]]1)~2), x]

N\

i

L dz

3.69. f £3/2 (a.|_bCSCh(C'4'd\/E))2
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3.69.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dz
23/2 (a + besch (¢ + dy/z))
| 5962

/ﬁ 1 5dx
232 (a + besch (¢ + dy/z))

input‘ Int[1/(x~(3/2)*(a + b*Cschlc + d*Sqrt[x]])~2),x]

output L$Aborted

3.69.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.69.4 Maple [N/A] (verified)

Not integrable

Time = 0.22 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 3 : de
z2 (a+b csch (c+ dy/x))

p
input

int (1/x~(3/2)/ (a+b*csch(c+d*x~(1/2)))"2,x)

N\

output Lint (1/x~(3/2) / (a+b*csch(c+d*x~(1/2)))~2,x)

L dz

3.69. f £3/2 (a.|_bCSCh(C"‘d\/g))2
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3.69.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.18

/ ! 5 dr = / ! 5 dT
z3/% (a + besch (¢ + dy/z)) (besch (dy/z +¢) +a) z2

inputLintegrate(1/x‘(3/2)/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="fricas") J

output‘ integral (sqrt (x)/(b~2*x"2*csch(d*sqrt(x) + c)~2 + 2xaxb*x~2*csch(d*sqrt (x) ‘
L + c) + a"2*%x"2), x) J

3.69.6 Sympy [N/A]

Not integrable

Time = 2.37 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ ! 2dxz/ 3 ! 5 dx
232 (a + besch (¢ + dy/x)) 22 (a+ besch (c+ dy/z))

input‘integrate(1/x**(3/2)/(a+b*CSCh(C+d*X**(1/2)))**2’X) ‘

outputLIntegral(l/(x**(3/2)*(a + b*csch(c + d*sqrt(x)))**2), x) J

3.69.7 Maxima [N/A]

Not integrable

Time = 1.04 (sec) , antiderivative size = 311, normalized size of antiderivative = 14.14

/ ! 5 dr = / ! 5 dT
23/2 (a + besch (¢ + dy/z)) (besch (dy/z +¢) +a) z2

-

input Lintegrate (1/x~(3/2) / (a+bxcsch(c+d*x~(1/2)))~2,x, algorithm="maxima")

-/

L dz

3.69. f £3/2 (a.|_bCSCh(C"‘d\/‘a)2




output
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2% (2*%axb~2 + (a~3*dxe”(2*c) + a*b~2xd*e”(2*c))*sqrt(x)*e”(2*d*sqrt(x)) -
2x(b"3*e"c - (a”"2*bxd*e”c + b~ 3*d*e”c)*sqrt(x))*e”(d*sqrt(x)) - (a"3xd + a
*b~2xd) *sqrt (x) )/ ((a~bxd*e”~ (2xc) + a~3*b~2*d*e” (2*c))*x*e” (2*d*sqrt(x)) +
2% (a"4*xbxd*e”c + a~2*b~3xd*e”c)*x*e” (d*sqrt(x)) - (a~5*d + a~3*b”2*d)*x) +

integrate (-2*(2*a*b~2*sqrt(x) - (2*b~3*sqrt(x)*e”c - (2*a~2*b*d*e”c + b~3
xd*e”~c)*xx) *e” (d*sqrt (x)))/((a~b*dxe™ (2*c) + a~3*b~2xd*e” (2*c))*x~(5/2)*e” (
2xdxsqrt(x)) + 2x(a"4xb*d*e"c + a~2*b~3*d*e”c)*x”(5/2)*e” (d*sqrt(x)) - (a~
5xd + a”3*b"2*d)*x~(5/2)), x)

3.69.8 Giac [N/A]

Not integrable

Time = 2.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/ ! 5 dr = / ! 5 d
23/2 (a + besch (¢ + dy/x)) (besch (dy/z +¢) +a) z2

inputLintegrate(1/x‘(3/2)/(a+b*csch(c+d*x‘(1/2)))“2,x, algorithm="giac")

outputLintegrate(l/((b*csch(d*sqrt(x) + c) + a)"2*x~(3/2)), x)

3.69.9 Mupad [N/A]

Not integrable

Time = 2.91 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

1 1
/ 5 dr = / 5 dT
23/2 (a + besch (¢ + dy/7)) 13/2 <a + b ))

sinh(c+d /@

inputLint(l/(x‘(3/2)*(a + b/sinh(c + d*x~(1/2)))~2),x)

-

output Lint(l/(x‘(3/2)*(a + b/sinh(c + d*x~(1/2)))"2), x)

~—

L dz

3.69. f £3/2 (a.|_bCSCh(C'4'd\/E))2
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3.70 | L > dz

/2 (a-l—bCSCh (c—l—d\/i))
3.70.1 Optimal result . . . . . . .. . ... . AT
3.70.2 Mathematica [N/A] . . . . ... .. L 415
3.70.3 Rubi [N/A] . . . . o AT6l
3.70.4 Maple [N/A] (verified) . . . . . . ... ... 416
3.70.5 Fricas [N/A] . . . . . . 417
3.70.6 Sympy [N/A] . . . . 417
3.70.7 Maxima [N/A] . . . . . . . 417
3.70.8 Giac [N/A] . . . . o o 418
3.70.9 Mupad [N/A] . . . . 418
3.70.1 Optimal result
Integrand size = 22, antiderivative size = 22
/ 1 5 dr = Int 1 5, T
/2 (a + besch (¢ + dy/x)) z5/% (a + besch (¢ + dy/z))
output LUnintegrable (1/x~(5/2) / (a+b*csch(c+d*x~ (1/2)))"2,x) J

3.70.2 Mathematica [N/A]

Not integrable

Time = 61.46 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

/ ! 5 dr = / ! 5 dx
z5/2 (a + besch (¢ + dy/T)) /2 (a + besch (¢ + dy/z) )

input LIntegrate [1/(x~(5/2)*(a + b*Csch[c + d*Sqrt[x]])~2),x]

~—

-

i

output

Integrate[1/(x~(5/2)*(a + b*Cschl[c + d*Sqrt[x]1]1)~2), x]

N\

L dz

3.70. f £5/2 (a+bCSCh (c+dva) ) i
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3.70.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5962}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dz
%2 (a + besch (¢ + dy/z))
| 5962

/ﬁ 1 5dx
252 (a + besch (¢ + dy/z))

input‘ Int[1/(x~(5/2)*(a + b*Cschlc + d*Sqrt[x]])~2),x]

output L$Aborted

3.70.3.1 Defintions of rubi rules used

rule 5962‘(Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
‘1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d,
‘m, n, p}, x]

————————

3.70.4 Maple [N/A] (verified)

Not integrable

Time = 0.22 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 5 : de
z2 (a+b csch (c+ dy/x))

p
input

int (1/x~(5/2)/ (a+b*csch(c+d*x~(1/2)))~2,x)

N\

output Lint (1/x~(5/2) / (a+b*csch(c+d*x~(1/2)))~2,x)

L dz

3.70. f £5/2 (a+bCSCh (c+dva) ) i
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3.70.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.18

/ ! 5 dT =/ ! 5 dT
z5/2 (a + besch (¢ + dy/z)) (besch (dy/z +¢) +a) z2

inputLintegrate(1/x‘(5/2)/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="fricas") J

output ‘ integral (sqrt(x)/(b~2*x"~3*csch(d*sqrt(x) + c)~2 + 2¥axb*x~3*csch(d*sqrt (x) ‘
L + ¢c) + a~2*x~3), x) J

3.70.6 Sympy [N/A]

Not integrable

Time = 2.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ ! 2dxz/ = ! 5 dx
252 (a + besch (¢ + dy/x)) z2 (a+ besch (c+ dy/z))

input‘integrate(1/x**(5/2)/(a+b*CSCh(C+d*X**(1/2)))**2’X) ‘

outputLIntegral(l/(x**(5/2)*(a + b*csch(c + d*sqrt(x)))**2), x) J

3.70.7 Maxima [N/A]

Not integrable

Time = 1.36 (sec) , antiderivative size = 318, normalized size of antiderivative = 14.45

/ ! 5 dT =/ ! 5 dT
z5/2 (a + besch (¢ + dy/z)) (besch (dy/z +¢) +a) z2

-

inputLintegrate(1/x‘(5/2)/(a+b*csch(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

-/

L dz

3.70. f £5/2 (a+bCSCh (c+dva) ) i
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output | -2/3*(6*a*b~2 + (a~3xd*e”(2*c) + a*b~2*dxe” (2xc))*sqrt(x)*e” (2xd*sqrt(x))
- 2x(3*b"3%e"c - (a"2xb*d*e"c + b~3*dxe”c)*sqrt(x))*e” (d*sqrt(x)) - (a~3*d
+ a*b~2*d)*sqrt(x))/((a~b*dxe” (2*c) + a~3*b~2xd*e”(2*c))*x"2xe” (2*d*sqrt (
x)) + 2x(a"4*xbxd*e”c + a”2%b”3*d*e”c)*x"2%e” (d*sqrt(x)) - (a”b*d + a~3%b"2
*d)*x~2) + integrate(-2*(4*axb~2*sqrt(x) - (4*b~3*sqrt(x)*e”c - (2*a~2xbxd
*e~c + b~3xd*e”c)*x)*e” (d*sqrt(x)))/((a~5*d*e” (2%c) + a~3*b~2*d*e” (2%c))*x
~(7/2)*e” (2xd*sqrt(x)) + 2x(a~4xb*xd*e”~c + a”~2*b~3*d*e”c)*x~(7/2)*e” (d*sqrt
(x)) - (a”5*d + a~3*%b~2%d)*x~(7/2)), x)

3.70.8 Giac [N/A]

Not integrable

Time = 3.04 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.14

/ ! 5 dx =/ ! 5 d
25/2 (a + besch (¢ + dy/x)) (besch (dy/z +¢) +a) z2

inputLintegrate(1/x‘(5/2)/(a+b*csch(c+d*x‘(1/2)))“2,x, algorithm="giac")

outputtsageo*x

3.70.9 Mupad [N/A]
Not integrable

Time = 2.70 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ . g de = / ' 2
z5/2 (a + besch (¢ + dy/7)) 15/2 <a 4 b ))

sinh(c+d /@

dz

inputLint(l/(x‘(5/2)*(a + b/sinh(c + d*x~(1/2)))~2),x)

-

output Lint(l/(x"(S/Q)*(a + b/sinh(c + d*x~(1/2)))"2), x)

~—

L dz

3.70. f £5/2 (a+bCSCh (c+dva) ) i
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3.71 [(ex)™ (a + besch(c + dz™))’ dx

3.71.1 Optimal result . . . . . . .. . .. .. 419
3.71.2 Mathematica [N/A] . . . . ... .. . 419
3713 Rubi [N/A] © o o oot oo e e 70
3.71.4 Maple [N/A] (verified) . . . . . . . .. . . . Z9Al
3.71.5 Fricas [N/A] . . . . o 421]
3.71.6 Sympy [N/A] . . . . 4211
3.71.7 Maxima [N/A] . . . . . .. 422
3.71.8 Giac [N/A] . . . . o o 422
3.71.9 Mupad [N/A] . . . . o 422
3.71.1 Optimal result

Integrand size = 20, antiderivative size = 20

/(ex)m (a + besch(c + dz™))? dx = 7™ (ex)™ Int(z™(a + besch(c + dz™))?, x)

outputt(e*x)‘

m*Unintegrable (x"m* (a+b*csch(c+d*x"n)) “p,x) /(x"m)

3.71.

2 Mathematica [N/A]

Not integrable

Time = 14.63 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(ez)m (a + besch(c + dz™))P dx = /(ew)m (a + besch(c + dz™))? dx

input

N

Integrate[(e*x) “m*(a + bxCsch[c + d*x"n]) p,x]

output ‘ Integrate[(exx) “m*(a + b*Cschl[c + d*x"n]) p, x]

3.71.

[ (ex)™ (a + besch(c + dz™))? dx




input

output

rule 5962

rule 5964
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3.71.3 Rubi [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {5964,
integrand size
5962}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(ex)m (a + besch(c + dz™))P dx
| 5964
z ™ (ex)™ / x™(a + besch(dz™ + ¢))? dx
| 5962

z ™ (ex)™ / z™(a + besch(dz™ + ¢))P dz

-

LInt[(e*x)‘m*(a + b*Cschlc + d*x"n])"p,x]

~—

~—

L$Aborted

3.71.3.1 Defintions of rubi rules used

Int[((a_.) + Cschl(c_.) + (d_)*(x_)"(@ )I*x(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Unintegrable[x"m*(a + b*Csch[c + d*x"n]l)"p, x] /; FreeQ[{a, b, c, 4,
m, n, p}, x]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(_)]1*(b_.))"(p_.)*((e ) *(x_))"(m_.),
x_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
(a + b*Csch[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.71.  [(ex)™(a + besch(c + dz™))’ dx
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3.71.4 Maple [N/A] (verified)

Not integrable

Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (ex)™ (a+ b csch (¢ + dz™))’dz

input Lint ((exx) “m* (a+b*csch(c+d*x"n)) “p,x)

output Lint ((exx) “m* (a+b*csch(c+d*x"n)) “p,x)

-/

3.71.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(ex)m (a + besch(c + dz™))P dz = / (ex)™ (besch (dz™ + ¢) + a)? dz

inputkintegrate((e*x)‘m*(a+b*csch(c+d*x‘n))‘p,x, algorithm="fricas")

OutputLintegral((e*x)‘m*(b*csch(d*x‘n +c) + a)’p, x)

3.71.6 Sympy [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

/(ew)m (a + besch(c + dz™))? dz = / (ex)™ (a + besch (¢ + dz™))P dx

inputLintegrate((e*x)**m*(a+b*csch(c+d*x**n))**p,x)

outputLIntegral((e*x)**m*(a + b*csch(c + d*x**n))**p, x)

3.71.  [(ex)™(a + besch(c + dz™))’ dx
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3.71.7 Maxima [N/A]

Not integrable

Time = 0.38 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(em)m (a + besch(c + dz™))P dx = / (ex)™ (besch (dz™ + ¢) + a)f dx

p
inputLintegrate((e*x)‘m*(a+b*csch(c+d*x‘n))‘p,x, algorithm="maxima")

—

output Lintegrate((e*x)“m*(b*csch(d*x“n +c) + a)7p, x)

3.71.8 Giac [N/A]

Not integrable

Time = 0.76 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(ez)m (a + besch(c + dz™))? dx = / (ex)™ (besch (dz™ + ¢) + a)? dz

input Lintegrate ((exx) “m* (a+b*csch(c+d*x"n)) "p,x, algorithm="giac")

-

output Lintegrate((e*x)‘m*(b*csch(d*x‘n +c) + a)7p, x)

3.71.9 Mupad [N/A]

Not integrable

Time = 2.22 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

b
sinh (¢ + d z"

/(ea:)m (a + besch(c + dz™))? dz = / <a + ))P (ex)™ dz

input Lint((a + b/sinh(c + d*x"n)) “p*(e*x) “m,x)

output Lint((a + b/sinh(c + d*x"n)) p*x(e*x) m, x)

-/

3.71.  [(ex)™(a + besch(c + dz™))’ dx
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3.72 [(ex)™'*" (a + besch(c + dz™)) dx

3.72.1 Optimal result . . . . . . . . . ... 423]
3.72.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 423
3.72.3 Rubi [A] (verified) . . . . . . ... 427
3.72.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... . 425
3.72.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 425
3.72.6 Sympy [F] . . . . . 426
3.72.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 4261
3.72.8 Giac [F] . . . o 126
3.72.9 Mupad [B] (verification not implemented) . . ... ... ... ... .. .... 427

3.72.1 Optimal result

Integrand size = 20, antiderivative size = 45

) do = a(ex)™  bxr~™(ex)"arctanh(cosh (c + dz™))

—1+n h n
/ (ex) (a + besch(c + dz™) i, Ton

outputLa*(e*x)“n/e/n—b*(e*x)“n*arctanh(cosh(c+d*x“n))/d/e/n/(x“n) J

3.72.2 Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.36

/(ex)_l"'" (a + besch(c + dz™)) dx

z7"(ex)" (a(c+ dz™) — blog (cosh (3(c + dz™))) + blog (sinh (3 (c + dz™))))
den

input LIntegrate[(e*x)‘(—l + n)*(a + b*Csch[c + d*x"n]),x]

-/

output ‘ ((e*x) "n*(ax(c + d*x"n) - b*Log[Cosh[(c + d*x"n)/2]] + b*Log[Sinh[(c + d*x ‘
“n)/211))/(d*e*n*x"n)

N J

3.72.  [(ex)™"*"(a + besch(c + dz™)) dz
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3.72.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 15 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(e:c)"_1 (a + besch(c + dz™)) dx
| 2010

/ (a(ex)™ ! + b(ex)" ‘esch(c + dz™)) dz

| 2009
a(ez)”  bz~"(ex)"arctanh(cosh (c + dz™))
en den
inputLInt[(e*x)“(—l + n)*(a + bxCschlc + d*x"n]),x] J

output ‘ (ax(e*x)"n)/(e*n) - (b*(exx) n*ArcTanh[Cosh[c + d*x"n]])/(d*e*n*x"n)

3.72.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2010 ‘/Int [(u)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] &% SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a_)
L+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

~

3.72.  [(ex)™"*"(a + besch(c + dz™)) dz
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3.72.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.79 (sec) , antiderivative size = 155, normalized size of antiderivative = 3.44

method | result

(—14n) (71' csgn(ie) csgn(iz) csgn(iex) w1 csgn(ie) csgn(iez)27r+i csgn(iz) csgn(iez)z'rrfi csgn(iez)3w+2 In(e)+2 ln(z))
axre 2

risch —
n

2 arctanh (ec+‘

int ((e*x) ~ (-1+n)*(at+b*csch(c+d*x"n)) ,x,method=_RETURNVERBOSE)

N J

input

output‘a/n*x*exp(1/2*(—1+n)*(-I*csgn(I*e)*csgn(I*x)*csgn(I*e*x)*Pi+I*csgn(I*e)*cs
‘gn(I*e*x)“2*Pi+I*csgn(I*x)*csgn(I*e*x)“2*Pi-I*csgn(I*e*x)“3*Pi+2*1n(e)+2*1
‘n(x)))—2*arctanh(exp(c+d*x“n))/d/e*e“n/n*b*exp(1/2*I*Pi*csgn(I*e*x)*(-1+n)
‘*(csgn(I*e*x)—csgn(I*x))*(-csgn(I*e*x)+csgn(I*e))) ‘

3.72.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 180 vs. 2(45) = 90.

Time = 0.28 (sec) , antiderivative size = 180, normalized size of antiderivative = 4.00

/ (ez)~"" (@ + besch(c + dz™)) dz
_ adcosh ((n — 1) log (e)) cosh (nlog (z)) + ad cosh (nlog (z)) sinh ((n — 1) log (€)) — (bcosh ((n — 1) log (e

~—

input Lintegrate ((exx)~(-1+n)*(a+b*csch(c+d*x"n)),x, algorithm="fricas")

output | (axd*cosh((n - 1)*log(e))*cosh(n*log(x)) + axdxcosh(n*log(x))*sinh((n - 1)
x1log(e)) - (bxcosh((n - 1)*log(e)) + b*sinh((n - 1)*log(e)))*log(cosh(d*co
sh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh(d*cosh(n*log(x)) + d*sinh(n*lo
g(x)) + c) + 1) + (b*cosh((n - 1)*log(e)) + b*sinh((n - 1)*log(e)))*log(co
sh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh(d*cosh(n*log(x)) + d*si
nh(n*log(x)) + c) - 1) + (a*d*cosh((n - 1)*log(e)) + axd*sinh((n - 1)*log(
e)))*sinh(n*log(x)))/(d*n)

3.72.  [(ex)™"*"(a + besch(c + dz™)) dz
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3.72.6 Sympy [F]

/(e:c)_1+" (a + besch(c + dz™)) dz = / (ex)" " (a + besch (¢ + dz™)) dz

input Lintegrate ((exx)**(-1+n) * (atb*csch(c+d*x**n) ) ,x)

output

Integral ((e*x)**(n - 1)*(a + bxcsch(c + d*x**n)), x)

-

3.72.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.67

/(eaz)_Hn (a + besch(c + dz™)) dz

en

(e”‘l log ((e®"+9 +1)e(=9))  en~llog ((el®"+9) —1)e(=9)) ) (ex)"a
dn dn

inputtintegrate((e*x)‘(-1+n)*(a+b*csch(c+d*x“n)),x, algorithm="maxima")

output ‘/—b*(e"(n - 1)*log((e~(d*x™n + c) + 1)*e~(-c))/(d*n) - e~ (n - 1)*log((e”(d*
‘X’“n + c) - 1)*xe~(-c))/(d*n)) + (e*x) n*a/(e*n)

3.72.8 Giac [F]

/(ew)_“’" (a + besch(c + dz™)) dx = / (besch (dz™ + ¢) + a)(ex)" " dx

p
inputLintegrate((e*x)“(-1+n)*(a+b*csch(c+d*x“n)),x, algorithm="giac")

~—

outputLintegrate((b*csch(d*x“n +c) + a)x(exx)"(n - 1), x)

3.72.  [(ex)™"*"(a + besch(c + dz™)) dz
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3.72.9 Mupad [B] (verification not implemented)

Time = 5.04 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.49

/(ex)‘”" (a + besch(c + dz™)) dz

9 atan [ beet™ e ()" 1 V- nZa?n b2 22 (ex)’"
dnzm \/b2 z2 (ex)2m 2

\ /_d2 n2 x2n

input Lint((a + b/sinh(c + d*x"n))*(e*xx)"~(n - 1),x) J

output‘ (a*x*(exx)~(n - 1))/n - (2*atan((b*x*exp(d*x~n)*exp(c)*(e*x)~(n - 1)*(-d"2
\*n‘2*x“(2*n))“(1/2))/(d*n*x‘n*(b‘2*x“2*(e*x)“(2*n = 2))7(1/2))) * (b~ 2%x"~ 2% (
‘e*x)‘(2*n - 2))7(1/2))/(-d"2*n"~2*x~ (2*n) ) ~(1/2)

3.72.  [(ex)™"*"(a + besch(c + dz™)) dz



output ‘ 1/2*xa* (e*x)~ (2*n) /e/n-2%b* (exx) ~ (2*n) *arctanh (exp(c+d*x~n))/d/e/n/(x"n) -b*
‘ (e*x)~ (2*n) *polylog(2,-exp(c+d*x"n))/d~2/e/n/ (x~ (2*n) ) +b* (exx) ~ (2%n) *polyl

input
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3.73.1

Optimal result

Integrand size = 22, antiderivative size = 124

/(ez)_1+2" (a + besch(c + dz™)) dx =

a(ex)®™  2bz~"(ex)’arctanh(et%")

2en

bz~?"(ex)?" PolyLog (2, —e°t%")

den

N bz~?"(ex)? PolyLog (2, e“+4")

d?en

d?en

Log(Z,exp(c+d*x‘n))/d‘2/e/n/(x‘(2*n))

3.73.2

Time = 0.55 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.41

Mathematica [A] (verified)

/(ex)_1+2” (a + besch(c + dz™)) dx
g7 (ex)? (ad?z®™ + 2bclog (1 — e™*~%") + 2bdz"log (1 — e™*%") — 2bclog (1 + e~*~*") — 2bdz™ log

N\

Integrate[(e*x) (-1 + 2xn)*(a + b*Csch[c + d*x"n]),x]

3.73.

[ (ex)™'*?" (a + besch(c + dz™)) dz

2d2er
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output‘ ((exx) ~(2*n) * (a*d~2*x~(2%n) + 2%bxc*Log[l - E~(-c - d*x"n)] + 2xb*d*x"n*Lo

input LInt[(e*x)“(—l + 2*n)*(a + bxCsch[c + d*x"n]),x]

output‘ (a*x(e*x)~(2*n))/(2*%exn) - (2%b*(e*xx)”(2*n)*ArcTanh[E~(c + d*x"n)])/(d*e*nx*

‘g[l - E7(-c - d*x"n)] - 2xbxc*Log[l + E~(-c - d*x"n)] - 2*b*d*x"n*Log[1l + ‘
'E"(-c - d*x"n)] - 2*bkcxLog[Tanh[(c + d*x"n)/2]] + 2%b*PolyLogl2, -E~(-c - |
| @*x"n)] - 2#b*PolyLog[2, E"(-c - d*x"n)]))/(2*d"2*e*n*x"(2+n)) |

3.73.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ ( 197 Ryles used

integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(eac)zn—1 (a + besch(c + dz™)) dx
| 2010

/ (a(ex)® ! + b(ex)**esch(c + dz™)) dz

| 2009
a(ex)?”  2bz~"(ex)?marctanh(et9")  br~2"(ex)?" PolyLog (2, —ed"+¢)
2en den . d2en
bz~2"(ex)?" PolyLog (2, %" +¢)

d2en

-

~—/

‘ x"n) - (bx(e*x)~(2*n)*PolyLogl[2, -E~(c + d*x"n)])/(d"2%exn*x~(2*n)) + (b*(
e*x)~(2*n)*PolyLog[2, E~(c + d*x"n)])/(d"2*e*n*x~(2%n))

N\ J

3.73.  [(ex)™'**" (a + besch(c + dz™)) dz
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3.73.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32010‘Int[(u_)*((c_.)*(x_))“(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘

3.73.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.80 (sec) , antiderivative size = 326, normalized size of antiderivative = 2.63

method | result

(2n—1) (—i csgn(ie) csgn(ix) csgn(iex)w+1i csgn(ie) csgn(iex)27r+i csgn(iz) csgn(iem)27r—i csgn(iea})37'r+2 In(e)+2 ln(a:)) 2be~imm csgn(ie

3 ar e 2
risch 5 +

-

inputLint((e*x)‘(2*n—1)*(a+b*csch(c+d*x‘n)),x,method=_RETURNVERBOSE)

~—

output | 1/2%a/n*x*exp(1/2*(2*n-1)* (-I*csgn(I*e)*csgn(I*x)*csgn(I*e*x)*Pi+I*csgn(I*
e)*csgn (I*e*x) ~2*Pi+I*csgn(I*x)*csgn(I*e*x) "2*Pi-I*csgn(I*e*xx) "3*Pi+2x1n(e
)+2*1n(x)))+2*b*exp (-I*Pi*n*csgn (I*e)*csgn (I*x)*csgn(I*e*x))*exp (I*Pi*n*cs
gn(Ixe)*csgn(I*e*xx)~2)*exp(I*Pi*n*csgn (I*x)*csgn(I*e*x) 2)*exp(-I*Pi*n*csg
n(I*xexx) " 3)*exp(1/2*I*Pi*csgn(I*e)*csgn(I*x)*csgn(I*e*x))*exp(-1/2*%I*Pix*cs
gn(I*e)*csgn(I*exx) ~2)*exp(-1/2*xI*Pi*csgn(I*x)*csgn(I*e*x) ~2)*exp(1/2*I*Pi
*xcsgn(I*e*xx) ~3)*(e"n) ~2/e*exp(c)/n/d~2%(1/2%(1n(1-exp(c+d*x~n))-1n(exp(c+d
*x"n)+1) ) *d*x"n*exp(-c)+1/2*(dilog(1-exp(c+d*x~n))-dilog(exp(c+d*x"n)+1))*
exp(-c))

3.73.  [(ex)™'**" (a + besch(c + dz™)) dz



input

output
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3.73.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 555 vs. 2(121) = 242.

Time = 0.30 (sec) , antiderivative size = 555, normalized size of antiderivative = 4.48

/ (ex) 2" (@ + besch(c + dz™)) dx = Too large to display

p
Lintegrate((e*x)‘(—1+2*n)*(a+b*csch(c+d*x“n)),x, algorithm="fricas")

~—

1/2*(a*d"2*cosh((2*n - 1)*log(e))*cosh(n*log(x)) "2 + axd~2xcosh(n*log(x))”
2+sinh((2*n - 1)*log(e)) + (a*d™2xcosh((2*n - 1)*log(e)) + axd~2*sinh((2*n
- 1)*log(e)))*sinh(n*log(x))~2 + 2*(bxcosh((2*n - 1)*log(e)) + b*sinh((2x*
n - 1)#*log(e)))*dilog(cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh
(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)) - 2*(b*cosh((2*n - 1)*log(e)) +
b*sinh((2#n - 1)#*log(e)))*dilog(-cosh(d*cosh(n*log(x)) + d*sinh(n*log(x))
+ c¢) - sinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)) - 2*(b*d*cosh((2*n
- 1)*log(e))*cosh(n*log(x)) + b*d*cosh(n*log(x))*sinh((2*n - 1)*log(e)) +
(b*d*cosh((2*n - 1)*log(e)) + b*d*sinh((2*n - 1)*log(e)))*sinh(n*log(x)))*
log(cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh(d*cosh(n*log(x))
+ dxsinh(n*log(x)) + c) + 1) - 2x(bxc*cosh((2*n - 1)*log(e)) + b*c*sinh((2
*n - 1)*log(e)))*log(cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh(
d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) - 1) + 2x(b*d*cosh((2*n - 1)*log(
e))*cosh(n*log(x)) + bkxcxcosh((2*n - 1)*log(e)) + (b*d*cosh(n*log(x)) + b*
c)*sinh((2#%n - 1)#*log(e)) + (b*d*cosh((2*n - 1)x*log(e)) + b*d*sinh((2*n -
1)*log(e)))*sinh(n*log(x)))*log(-cosh(d*cosh(n*log(x)) + d*sinh(n*log(x))
+ ¢) - sinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + 1) + 2x(a*d~2*cosh(
(2#%n - 1)*log(e))*cosh(n*log(x)) + a*xd~2*cosh(n*log(x))*sinh((2*n - 1)*log
(e)))*sinh(n*log(x)))/(d"2+*n)

3.73.6 Sympy [F]

/(ex)‘”zn (@ + besch(c + dz™)) dox = / (ex)®™ " (a + besch (¢ + dz™)) da

.
input | integrate ((e*x)**(-1+2%n)*(a+b*csch(c+d*x*+n)) ,x)

output‘Integral((e*x)**(2*n - 1)*(a + b*csch(c + d*x**n)), x)

3.73.  [(ex)™'**" (a + besch(c + dz™)) dz
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3.73.7 Maxima [F]

/(ex)_1+2” (a + besch(c + dz™)) dx = / (besch (dz™ + ¢) + a)(ex)*™ " dx

input Lintegrate ((exx)~(-1+2*n) * (a+b*csch(c+d*x"n)) ,x, algorithm="maxima")

output‘2*b*integrate((e*x)‘(2*n - 1)/(e~(d*x"n + ¢) - e~ (-d*x"™n - c)), x) + 1/2%(
‘ exx)~ (2*n) *a/ (e*n)

3.73.8 Giac [F]

/(ex)_1+2” (a + besch(c + dz™)) dx = / (besch (dz™ + ¢) + a)(ex)*™ " dz

input Lintegrate ((e*x)~ (-1+2#n) * (a+b*csch(c+d*x"n) ) ,x, algorithm="giac")

output Lintegrate((b*csch(d*x“n +c) + a)x(exx)"(2%n - 1), x)

-/

3.73.9 Mupad [F(-1)]

Timed out.

b
sinh (¢ + dz")

/(em)‘Hzn (a + besch(c + dz™)) dz = / (a + ) (ex)’™ " da

input Lint((a + b/sinh(c + d*x"n))*(exx)~(2*n - 1),x)

-/

output Lint((a + b/sinh(c + d*x"n))*(e*x)~(2*n - 1), x)

3.73.  [(ex)™'**" (a + besch(c + dz™)) dz
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3.74 [(ex)~'*3" (a + besch(c + dz™)) dx

3.74.1 Optimal result . . . . . . . . . ... 433]
3.74.2 Mathematica [F] . . . . . . ... ... 434
3.74.3 Rubi [A] (verified) . . . . . . .. .. 434
3.74.4 Maple [F] . . . . . . o 430
3.74.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 435
3.74.6 Sympy [F] . . . . . 430
3.74.7 Maxima [F] . . . . . . .. 437
3.74.8 Giac [F] . . . . . e 437
3.74.9 Mupad [F(-1)] . . . . . o 437

3.74.1 Optimal result

Integrand size = 22, antiderivative size = 197

a(ex)®™  2bz~"(ex)*"arctanh(et®")

/(ez)_1+3" (a + besch(c + dz™)) dx =

3en den
2bz~2"(ez)*" PolyLog (2, —e*t4")
d%en
2bz 2" (ex)*" PolyLog (2, et%")
+
d%en
2bz 73" (ex)*" PolyLog (3, —e“t")
+
d3en
2bz 3" (ex)" PolyLog (3, e™*")
d3en

output | 1/3*ax (e*x) ~(3*n) /e/n-2*bx (e*x) ~(3*n) *arctanh (exp(c+d*x~n))/d/e/n/(x"n)-2*
b* (e*x) = (3*n) *polylog(2,-exp(c+d*x"n))/d~2/e/n/ (x~ (2*n) ) +2xb* (e*x) ~ (3*n) *p
olylog(2,exp(c+d*x~n))/d~2/e/n/ (x~ (2%n) ) +2xb* (exx) ~ (3*n) *polylog(3,-exp(c+
d*x"n))/d"3/e/n/ (x” (3*n) ) -2xb* (e*x) ~ (3*n) *polylog(3,exp(c+d*x~n))/d~3/e/n/
(x~(3*n))

3.714.  [(ex)™'*3" (a + besch(c + dz™)) dz
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3.74.2 Mathematica [F]

/(ex)_1+3” (a + besch(c + dz™)) dx = /(ex)_1+3" (a + besch(c + dz™)) dx

input‘ Integrate[(exx)~(-1 + 3#n)*(a + b*Csch[c + d*x"n]),x]

output‘ Integrate[(exx)~(-1 + 3*n)*(a + b*Csch[c + d*x™n]), x]

3.74.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.091, Rules used
integrand size

= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(eac)g’"_1 (a + besch(c + dz™)) dx
| 2010

/ (a(ex)®! + b(ex)**esch(c + dz™)) dz

| 2009
a(ex)®™  2bz~"(ex)3"arctanh(et4e") N 2ba3" (ez)* PolyLog (3, —e"+)
sen den n d36’n N
2bz~%"(ex)" PolyLog (3,e%"*+¢)  2bz~2"(ex)" PolyLog (2, —e®"+¢)
B +
d3en @en
2bz~2"(ex)®" PolyLog (2, e%*"+¢)
d?en

e

inputLInt[(e*x)‘(-l + 3*xn)*(a + b*Csch[c + d*x~n]),x]

~—

output | (a*(e*x) ~(3*n))/(3*xexn) - (2*bx(e*x) ~(3*n)*ArcTanh[E~(c + d*x"n)])/(d*e*nx*
x"n) - (2xbx(exx)~(3*n)*PolyLogl[2, -E~(c + d*x"n)])/(d"2*exn*x~(2+n)) + (2
*b* (exx) ~ (3*n) *PolyLog[2, E~(c + d*x"n)])/(d"~2*e*n*x~(2*n)) + (2%b*(e*x)~(
3%n)*PolyLog[3, -E~(c + d*x"n)])/(d"3%e*n*x~(3*n)) - (2*%b*(e*x)~(3*n)*Poly
Log[3, E~(c + d*x"n)])/(d"3*exn*x~ (3*n))

3.714.  [(ex)™'*3" (a + besch(c + dz™)) dz
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3.74.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32010‘Int[(u_)*((c_.)*(x_))“(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.74.4 Maple [F]

/ (ex) """ (a + b csch (¢ + dz™)) da

input Lint ((e*x)~(-1+3*n) * (a+b*csch(c+d*x™n) ) ,x)

-/

output‘int((e*x)‘(—1+3*n)*(a+b*csch(c+d*x‘n)),x)

3.74.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 951 vs. 2(196) = 392.

Time = 0.28 (sec) , antiderivative size = 951, normalized size of antiderivative = 4.83

/ (ex)™'*3" (a + besch(c + dz™)) dx = Too large to display

~

inputLintegrate((e*x)‘(-1+3*n)*(a+b*csch(c+d*x“n)),x, algorithm="fricas")

-

3.714.  [(ex)™'*3" (a + besch(c + dz™)) dz



output
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1/3*(a*d~3*cosh((3*n - 1)*log(e))*cosh(n*log(x))"3 + axd~3*cosh(n*log(x))”

3xsinh((3*n - 1)*log(e)) + (axd~3*cosh((3*n - 1)*log(e)) + a*xd~3*sinh((3*n
- 1)xlog(e)))*sinh(n*log(x))~3 + 3*(a*d"3*cosh((3*n - 1)*log(e))*cosh(n*l
og(x)) + a*d~3*cosh(n*log(x))*sinh((3*n - 1)*log(e)))*sinh(n*log(x))~2 + 6
* (b*d*cosh((3*n - 1)*log(e))*cosh(n*log(x)) + b*d*cosh(n*log(x))*sinh((3*n
- 1)*log(e)) + (bxd*cosh((3*n - 1)*log(e)) + bxd*sinh((3*n - 1)*log(e)))*
sinh(n*log(x)))*dilog(cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh
(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)) - 6%(b*d*cosh((3*n - 1)*log(e))
xcosh(n*log(x)) + b*d*cosh(n*log(x))*sinh((3*n - 1)*log(e)) + (b*d*cosh((3
*n - 1)*log(e)) + b*d*sinh((3*n - 1)*log(e)))*sinh(n*log(x)))*dilog(-cosh(
d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) - sinh(d*cosh(n*log(x)) + d*sinh(
n¥log(x)) + c)) - 3*(b*d"2*cosh((3*n - 1)*log(e))*cosh(n*log(x))~2 + b*d~2
xcosh(n*log(x))~2*sinh((3*n - 1)*log(e)) + (b*d"2*cosh((3*n - 1)*log(e)) +
b*d~2*sinh ((3*%n - 1)*log(e)))*sinh(n*log(x))~2 + 2%(b*d~2*%cosh((3*n - 1)*
log(e))*cosh(n*log(x)) + b*d~2*cosh(n*log(x))*sinh((3*n - 1)*log(e)))*sinh
(n*log(x)))*log(cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh(d*cos
h(n*log(x)) + d*sinh(n*log(x)) + c) + 1) + 3*(b*c 2*cosh((3*n - 1)*log(e))
+ bxc"2*sinh((3*n - 1)*log(e)))*log(cosh(d*cosh(n*log(x)) + d*sinh(n*log(
x)) + c¢) + sinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) - 1) + 3x(bxd~2xc
osh((3*n - 1)*log(e))*cosh(n*log(x))~2 - b*c " 2*cosh((3*n - 1)*log(e)) +...

-

3.74.6 Sympy [F]

/(ew)_1+3" (a + besch(c + dz™)) dx = / (ez)** " (a + besch (¢ + da™)) da

inputLintegrate((e*x)**(-1+3*n)*(a+b*csch(c+d*x**n)),X)

output

N

Integral((exx)**(3*n - 1)*(a + bk*csch(c + d*x*#*n)), x)

3.74.  [(ex)™'*3" (a + besch(c + dz™)) dz
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3.74.7 Maxima [F]

/(ex)_1+3” (a + besch(c + dz™)) dx = / (besch (dz™ + ¢) + a)(ex)®" " dx

input Lintegrate ((e*x)~(-1+3*n) * (a+b*csch(c+d*x"n)) ,x, algorithm="maxima")

output‘2*b*integrate((e*x)‘(3*n - 1)/(e~(d*x"n + ¢) - e~ (-d*x™n - c)), x) + 1/3%(
‘ exx)~ (3*n) *a/ (e*n)

3.74.8 Giac [F]

/(ex)_1+3” (a + besch(c + dz™)) dx = / (besch (dz™ + ¢) + a)(ex)*™ " dx

input Lintegrate ((e*x)~(-1+3*n) * (a+b*csch(c+d*x"n)) ,x, algorithm="giac")

output Lintegrate((b*csch(d*x“n +c) + a)x(exx)"(3*n - 1), x)

-/

3.74.9 Mupad [F(-1)]

Timed out.

b
sinh (¢ + dz")

/(em)_1+3n (a + besch(c + dz™)) dz = / (a + ) (ex)’™ " da

input Lint((a + b/sinh(c + d*x"n))*(exx)~(3*n - 1),x)

-/

output Lint((a + b/sinh(c + d*x"n))*(e*x)~(3*n - 1), x)

3.714.  [(ex)™'*3" (a + besch(c + dz™)) dz
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3.75 [(ex)~"*" (a + besch(c + dz™))? da

3.75.1 Optimalresult . . . . .. .. ... ... 438]
3.75.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 438
3.75.3 Rubi [A] (verified) . . . . . .. .. ... 4391
3.75.4 Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... 44T
3.75.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 442
3.75.6 Sympy [F] . . . . . 443
3.75.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 443
3.75.8 Giac [F] . . . . . . 443
3.75.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ... .. 444

3.75.1 Optimal result

Integrand size = 22, antiderivative size = 80

2 n -n n n
/(ez)_H” (a + besch(c + dz™)? dz = a (ee;) _ 2abz™"(ex) arct;nh(cosh (c+ dz™))
en

_ b*a7"(ex)" coth (c + dz™)
den

output‘a‘2*(e*x)‘n/e/n—2*a*b*(e*x)“n*arctanh(cosh(c+d*x“n))/d/e/n/(x“n)—b‘2*(e*x)
“nxcoth(c+d*x"n)/d/e/n/ (x"n) |

3.75.2 Mathematica [A] (verified)

Time = 0.92 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.29

/(em)‘”" (a 4 besch(c + dz™))? dx

z7"(ex)™ (—b® coth (3(c + dz™)) + 2a(ac + adz™ — 2blog (cosh (3(c + dz™))) + 2blog (sinh (3 (c + dz™)
2den

input LIntegrate[(e*x)‘(—l + n)*(a + b*Csch[c + d*x"n])~2,x]

-/

output‘((e*x)‘n*(—(b‘2*Coth[(C + d*x"n)/2]) + 2*a*(axc + axd*x"n - 2xbxLog[Cosh[(
‘¢ + d*x"n)/2]] + 2%b*Log[Sinh[(c + d*x"n)/2]]1) - b~2%Tanh[(c + d*x"n)/21))
‘/(2*d*e*n*xAn) ‘

3.75.  [(ex)™*" (a + besch(c + da™))? dx
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3.75.3 Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.71, number

of steps used = 13, number of rules used = 12, Bumber of rules _ 545 Ryles used =
integrand size

{5964, 5960, 3042, 4260, 25, 26, 3042, 25, 26, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(eac)"_1 (a + besch(c + dz™))? da

l 5964

" (ex)" [ " (a + besch(dz™ + ¢))? da
e
| 5960

z~"(ex)" [ (a+ besch(dz™ + c))? dz™
en
| 3042

™" (ex)” [ (a4 ibcsc (idz™ + ic))? dz™
en

l 4260

z7"(ex)" (2iab [ —icsch(dz™ + c) dz™ — b? [ —csch?(dz™ + c) dz™ + a®2™)
en

| 25
7" (ez)" (2iab [ —icsch(dz™ + c) dz™ + b? [ csch?(dz™ + c) dz™ + a’z™)
en
| 26
z7"(ex)" (2ab [ csch(dz™ + ¢) dz" + b? [ csch?(dz™ + ¢) dz" + a?z™)
en

l 3042

z~"(ex)" <2ab [ icsc (idz™ +ic) dz™ + b? [ — csc (idz™ + ic)® da™ + a2w">
en
| 25
z"(ex)" (2ab [ icsc (idz™ 4 ic) dz™ — b? [ csc (idz™ + ic)® dz™ + a%")

en

3.75.  [(ex)™*" (a + besch(c + da™))? dx
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| 26
z7"(ex)™ (2iab [ csc (ida™ + ic) dz™ — b [ csc (idz™ 4 ic)® dz™ + a2m">
en

l’4254

" (ex)” (2z’ab [ esc (idz™ + ic) dz™ — it J 1d(_iC;th(dxn+c)) + a%”)

en
| 24

z~"(ex)" <2iabf csc (idz™ + ic) dz™ + az™ — %jﬂlﬂ))
en
| 4257

n 2 n
m—n(ex)n ((IZIL‘" . 2abarctanhficosh(c+dw ) b cothsic+d;z; ))

en

inputLInt[(e*x)‘(-l + n)*(a + bxCschlc + d*x~n])"2,x]

output ‘ ((e*x) "n*x(a~2*x"n - (2*a*b*ArcTanh[Cosh[c + d*x"n]])/d - (b~2*Coth[c + d*x
'"n])/d))/(e*n*x"n)

3.75.3.1 Defintions of rubi rules used

rule 24LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

ruke25t;nt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.75.  [(ex)™*" (a + besch(c + da™))? dx




rule 4254

rule 4257

rule 4260

rule 5960

rule 5964
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Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xI]

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2*x, x] +
(Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b™2 Int[Cscl[c + d*x]~2, x]
» x1) /; FreeQl{a, b, c, d}, x]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (0 )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x"(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*((e_)*(x_))"(m_.),
x_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
(a + b*Cschlc + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.75.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 1.90 (sec) , antiderivative size = 271, normalized size of antiderivative = 3.39

method | result
) (—14n) (71' csgn(ie) csgn(iz) csgn(iex) w41 csgn(ie) csgn(iez)27r+i csgn(iz) csgn(iez)z-rrfi csgn(iez)37r+2 In(e)+2 ln(z)) (—1+4
. a?ze 2 2zcx""e
risch n B
input Lint ((exx)~(-1+n) *(a+b*csch(c+d*x"n)) ~2,x,method=_RETURNVERBOSE) J

3.75.  [(ex)™*" (a + besch(c + da™))? dx



output
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a~2/n*x*exp(1/2*(-1+n) * (-I*csgn(I*e) *csgn (I*x)*csgn(I*e*x) *Pi+I*csgn(I*e)*

csgn(I*xexx) "2xPi+Ixcsgn(I*x)*csgn(I*e*xx) "2*xPi-Ixcsgn(I*e*x) ~3*Pi+2*1n(e)+2
*1n(x)))-2/d/n*x/(x"n) *exp(1/2*(-1+n) * (-I*csgn(I*e) *csgn (I*x) *csgn (I*e*xx) *
Pi+I*csgn(I*e)*csgn(I*e*x) "2xPi+I*csgn(I*x)*csgn(I*e*x) " 2xPi-I*csgn(I*e*x)
~3%Pi+2*1n(e)+2*1n(x)))*b~2/ (exp(2*c+2*d*x"n)-1)-4*arctanh(exp(c+d*x"n))/d
/e*e"n/n*a*b*xexp(1/2*I*Pikcsgn(I*e*x)*(-1+n)*(csgn(I*e*x)-csgn(I*x))*(-csg
n(Ixexx)+csgn(Ixe)))

N

3.75.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 854 vs. 2(80) = 160.

Time = 0.28 (sec) , antiderivative size = 854, normalized size of antiderivative = 10.68

/ (ex) ™™ (a + besch(c + da™))? dx = Too large to display

input‘integrate((e*x)‘(-1+n)*(a+b*csch(c+d*x‘n))‘2,x, algorithm="fricas")

output

/—(a“2*d*cosh((n - 1)*log(e))*cosh(n*log(x)) - (a~2*d*cosh((n - 1)*log(e))=*

cosh(n*log(x)) + a~2*d*cosh(n*log(x))*sinh((n - 1)*log(e)) + (a~2*d*cosh((
n - 1)*log(e)) + a"2*d*sinh((n - 1)*log(e)))*sinh(n*log(x)))*cosh(d*cosh(n
*log(x)) + d*sinh(n*log(x)) + c)~2 + 2+b~2*cosh((n - 1)*log(e)) - 2x(a~2*d
*cosh((n - 1)*log(e))*cosh(n*log(x)) + a~2*d*cosh(n*log(x))*sinh((n - 1)*1
og(e)) + (a2xd*cosh((n - 1)*log(e)) + a~2*d*sinh((n - 1)*log(e)))*sinh(n*
log(x)))*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)*sinh(d*cosh(n*log(x
)) + d*sinh(n*log(x)) + c) - (a"2xd*cosh((n - 1)*log(e))*cosh(n*log(x)) +
a~2*d*cosh(n*log(x))*sinh((n - 1)*log(e)) + (a"2*d*cosh((n - 1)*log(e)) +
a~2xd*sinh((n - 1)*log(e)))*sinh(n*log(x)))*sinh(d*cosh(n*log(x)) + d*sinh
(n*log(x)) + c)~2 + 2x((a*b*cosh((n - 1)*log(e)) + axb*sinh((n - 1)*log(e)
))*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)~2 - axb*cosh((n - 1)*log(
e)) + 2x(axbxcosh((n - 1)*log(e)) + axbxsinh((n - 1)*log(e)))*cosh(d*cosh(
n*log(x)) + dxsinh(n*log(x)) + c)*sinh(d*cosh(n*log(x)) + d*sinh(n*log(x))
+ c) + (axb*cosh((n - 1)*log(e)) + axb*sinh((n - 1)*log(e)))*sinh(d*cosh(
nxlog(x)) + d*sinh(n*log(x)) + c)~2 - a*bxsinh((n - 1)*log(e)))*log(cosh(d
*xcosh(n*log(x)) + d*sinh(n*log(x)) + c) + sinh(d*cosh(n*log(x)) + d*sinh(n
*log(x)) + c) + 1) - 2*((axb*cosh((n - 1)*log(e)) + a*bxsinh((n - 1)*log(e
)))*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)~2 - ax*b*cosh((n - 1)*log
(e)) + 2x(a*bxcosh((n - 1)*log(e)) + a*b*sinh((n - 1)*log(e)))*cosh(dx*c...

3.75.  [(ex)™*" (a + besch(c + da™))? dx




CHAPTER 3. LISTING OF INTEGRALS

3.75.6 Sympy [F]

/(ex)‘”" (a + besch(c 4 dz™))” dz = / (ez)" " (a + besch (¢ + da™))? dx

inputLintegrate((e*x)**(-1+n)*(a+b*csch(c+d*x**n))**2,x)

p
outputtIntegral((e*x)**(n - 1)*(a + b*csch(c + d*x**n))**2, x)

e—

3.75.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.36

/(ez)_l"'” (a + besch(c + dz™))? dx

- <e”‘1 log ((e@"+9) +1)e(=9))  en~Llog ((eld"+) — 1)6(_0))>
=—2a

dn dn
2 b%e™ (ex)" a?
dene2dz"+2¢) _ den en

inputtintegrate((e*x)‘(-1+n)*(a+b*csch(c+d*x‘n))‘2,x, algorithm="maxima")

output‘—2*a*b*(e"(n - 1)*log((e"(d*x™n + c) + 1)*e"(-c))/(d*n) - e~ (n - 1)*log((e
\‘(d*x‘n + ¢c) - 1)*xe"(-c))/(d*n)) - 2%b~2*e"n/(d*e*n*e” (2*d*x™n + 2%c) - d*
Le*n) + (exx) n*a~2/(exn)

3.75.8 Giac [F]

/(em)‘Hn (a + besch(c + dz™))? dz = / (besch (dz™ + ¢) + a)’(ex)™ " da

inputLintegrate((e*x)‘(—1+n)*(a+b*csch(c+d*x‘n))‘2,x, algorithm="giac")

—

output Lintegrate((b*csch(d*x”n +c) + a)"2*(exx)"(n - 1), x)

3.75.  [(ex)™*" (a + besch(c + da™))? dx
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3.75.9 Mupad [B] (verification not implemented)

Time = 2.32 (sec) , antiderivative size = 160, normalized size of antiderivative = 2.00

/(ex)‘Hn (a + besch(c + dz™))? da

abzed® &€ (ex)" 1 V/—d2n2z2" 219 .9 2n—2
) a1 4atan —— a?b?z? (ex)
a z(ex) dnam \/a2b2z2(ez)

n B ,/_d? n2 x?n
202z (ex)" "
dn (e2c+2dz" _ 1)

input‘ int((a + b/sinh(c + d*x"n)) " 2*(e*x)"(n - 1),x)

output‘ (a™2xx*x(e*x)"(n - 1))/n - (4*atan((axb*x*exp(d*x~n)*exp(c)*(e*x)~(n - 1)*(
\—d“2*n”2*x“(2*n))“(1/2))/(d*n*x“n*(a“2*b“2*x“2*(e*x)“(2*n - 2))°(1/2)))*(a
\“2*b‘2*x“2*(e*x)‘(2*n - 2))7(1/2))/(-a"2*n"2*x~(2*n) ) ~(1/2) - (2%b~2*x* (ex
‘x)"(n - 1))/(d*n*x"n*(exp(2*c + 2*d*x"n) - 1))

3.75.  [(ex)™*" (a + besch(c + da™))? dx
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3.76 [ (ex)~1+?" (a + besch(c + dz™))? da

3.76.1 Optimalresult . . . . . . .. . ... ... 445
3.76.2 Mathematica [B] (verified) . . . . . . .. ... .. L Lo oL 446
3.76.3 Rubi [A] (verified) . . . . . . ... ... 446
3.76.4 Maple [F] . . . . . . . 44g]
3.76.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 448
3.76.6 Sympy [F] . . . . . . 449
3.76.7 Maxima [F] . . .. . ... . 50
3.76.8 Giac [F] . . . . . . 4500
3.76.9 Mupad [F(-1)] . . . . . 450

3.76.1 Optimal result

Integrand size = 24, antiderivative size = 198

2 2n dabr™" 2n tanh c+dz™
/(em)‘”zn (a + besch(c + dz™))* dz = o’(ex)™ _ dabe (ex)*"arctanh (e )

2en den

_ b’z7"(ex)*" coth (c + dz™)
den

b’z ~?"(ex)?™ log (sinh (c + dz™))

+ 2
d?en
2abz 2" (ez)?" PolyLog (2, —e°™®")
d?en

2abz~?"(ez)?™ PolyLog (2, e“+%")

+ 2
d?en

output ‘( 1/2%a~2* (e*x) ~(2*n) /e/n-4*a*b* (e*x) ~(2*n) *arctanh (exp(c+d*x~n))/d/e/n/(x"n
‘ )-b~2* (e*xx) ~ (2*n) *coth(c+d*x"n) /d/e/n/ (x"n) +b~2* (e*x) ~ (2*n) *1n(sinh (c+d*x~
‘ n))/d"~2/e/n/ (x~(2*n))-2*a*b* (e*x) ~ (2*n) *polylog(2,-exp(c+d*x"n))/d~2/e/n/(
Lx" (2#n) ) +2xaxb* (e*x) ~ (2*n) *polylog(2,exp(c+d*x~n))/d"2/e/n/ (x~ (2*n))

| —

3.76.  [(ex)™'*?" (a + besch(c + da™))? dw
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3.76.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 488 vs. 2(198) = 396.

Time = 2.75 (sec) , antiderivative size = 488, normalized size of antiderivative = 2.46

/(e:v)_1+2" (a + besch(c 4 dz™))? dx
g7 (ex)?" (—4b%da™ — a’d*z®" + a’d®e*z®™ — 207 log (1 — e=~%") + 2b%e* log (1 — e *%") — 4abda’

e

inputLIntegrate[(e*x)"(-l + 2xn)*(a + b*Csch[c + d*x"n])"2,x]

~—

s ™

output | ((exx)~(2*n)* (-4*b~2*d*x™n - a~2*%d"2*x~(2*n) + a”~2*d"2+E~ (2*c)*x~(2*n) - 2
*b~2+Log[1 - E"(-c - d*x"n)] + 2*b"2xE~(2*c)*Log[l - E"(-c - d*x"n)] - 4xa
*b*d*x"n*xLog[1l - E~(-c - d*x"n)] + 4*a*xbxd*E~(2xc)*x"nxLog[l - E~(-c - d*x
“n)] - 2%b~2#Logl[l + E"(-c - d*x"n)] + 2¥b"2+E~(2*c)*Log[l + E~(-c - d*x"n
)] + 4xaxbkxd*x"n*Log[l + E"(-c - d*x"n)] - 4*a*bxd*E~(2xc)*x"n*Log[1l + E~(
-c - d*x"n)] + 4xaxb*(-1 + E~(2%c))*PolyLog[2, -E~(-c - d*x"n)] - 4*a*b*(-
1 + E~(2*c))*PolyLog[2, E"(-c - d*x"n)] - b~2*d*x"n*Csch[c/2]*Csch[(c + dx*
x"n)/2]1*Sinh[(d*x"n) /2] + b~2*d*E~ (2*c)*x"n*Csch[c/2]*Csch[(c + d*x"n)/2]*
Sinh[(d#x"n)/2] + b~2*d*x"n*Sech[c/2]*Sech[(c + d*x"n)/2]*Sinh[(d*x"n) /2]
- 4xb~2*d*E” (2*c)*x n*Csch[c]*Csch[c + d*x"n]*Sinh[c/2]*Sinh[(d*x"n)/2]*Si
nh[(c + d*x"n)/2]))/(2*d"2*e*x (-1 + E~(2%c))*n*x~(2*n))

3.76.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.63,
number of steps used = 6, number of rules used = 5, number of rules _ 0.208, Rules used

integrand size
= {5964, 5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(ez)zn_l (a + besch(c + dz™))? dx

l 5964

2" (ex)?" [ 22"~1(a + besch(dz™ + ¢))? da
e

l 5960

3.76.  [(ex)™'*?" (a + besch(c + da™))? dw
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2" (ex)?™ [ 2"(a + besch(dz™ + ¢))? da™
en

l 3042

22 (ex)? [ z"(a + ibesc (idz™ + ic))” dz™
en
l’4678

7 (ex)? [ (a’z™ + b2csch?(dz™ + c) 2" + 2abesch(dz™ + ¢) 2™) dz™
en
| 2009

4abznarctanh <e°+d’”n ) 2ab PolyLog (2,—edwn ""C) 2ab PolyLog (2,edwn+c)

CL'_2n(€.'L')2n (éa2l.2n _ p _ s + -

b2 log(sinh(c+dz™)) &
+ d2 T

en

input LInt[(e*x)‘(-l + 2*%n)*(a + b*Csch[c + d*x"n])~2,x]

e

((e*xx) " (2*n)*((a"2*x~(2*n) ) /2 - (4*xa*b*x"n*ArcTanh[E~(c + d*x™n)])/d - (b~
‘ 2xx"n*Coth[c + d*x"n])/d + (b~2+Logl[Sinh[c + d*x"n]])/d~2 - (2*a*b*PolyLog
‘ [2, -E~(c + d*x"n)])/d"2 + (2xa*b*PolyLog[2, E~(c + d*x"n)])/d"2))/(e*xn*x"
((2*))

output

~

3.76.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 Int[(cscl(e_.) + (f_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)“m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.76.  [(ex)™'*?" (a + besch(c + da™))? dw
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rule 5960 | Int[((a_.) + Cschl[(c_.) + (d_.)*(x_)"(_)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

rule 5964 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)1*(b_.))"(p_.)*((e )*(x_))"(m_.),
x_Symbol] :> Simp[e~IntPart[m]*((e*x) “FracPart[m]/x"FracPart[m]) Int[x"m*
(a + b*Csch[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.76.4 Maple [F]

/ (ex)® ' (a+ b csch (c+ dz™))’dz

input \ int ((e*x)~(2*n-1) * (a+b*csch(c+d*x™n)) ~2,x)

output ‘ int ((exx) ~(2*n-1) * (a+b*csch(c+d*x™n)) ~2,x)

3.76.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2678 vs. 2(197) = 394.

Time = 0.32 (sec) , antiderivative size = 2678, normalized size of antiderivative = 13.53

/ (ex) 1% (a + besch(c + dz™))? dz = Too large to display

input Lintegrate ((exx)~ (-1+2#n) * (a+b*csch(c+d*x"n) ) "2,x, algorithm="fricas")

3.76.  [(ex)™'*?" (a + besch(c + da™))? dw
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-1/2*(a~2*d"2*cosh((2*n - 1)*log(e))*cosh(n*log(x))~2 - 4xb~2*cxcosh((2*n

- 1)*log(e)) - (a"2xd"2*cosh((2*n - 1)*log(e))*cosh(n*log(x)) "2 - 4*b~2xd*
cosh((2*n - 1)*log(e))*cosh(n*log(x)) - 4*b~2*kc*xcosh((2*n - 1)*log(e)) + (
a~2*%d"2+cosh((2*n - 1)*log(e)) + a~2+%d"2*sinh((2*n - 1)*log(e)))*sinh(n*lo
g(x))"2 + (a"2*d"2*cosh(n*log(x))~2 - 4*b~2*d*cosh(n*log(x)) - 4*b~2x*c)*si
nh((2*n - 1)*log(e)) + 2*(a"2*d"2*cosh((2*n - 1)*log(e))*cosh(n*log(x)) -
2¥b~2*d*cosh((2*n - 1)*log(e)) + (a"2*d"2*cosh(n*log(x)) - 2*b~2%d)*sinh((
2*n - 1)*log(e)))*sinh(n*log(x)))*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x))
+ ¢c)"2 - 2%(a~2+d"2*cosh((2*n - 1)*log(e))*cosh(n*log(x))~2 - 4%b~2xd*cos
h((2*n - 1)*log(e))*cosh(n*log(x)) - 4*b~2xc*kcosh((2*n - 1)*log(e)) + (a~2
*d"2%cosh((2+n - 1)*log(e)) + a~2+d"2*sinh((2*n - 1)*log(e)))*sinh(n*log(x
))"2 + (a”2*d"2xcosh(n*log(x)) "2 - 4xb~2*d*cosh(n*log(x)) - 4*b~2*c)*sinh(
(2%n - 1)*log(e)) + 2*%(a"2*xd"2*cosh((2*n - 1)*log(e))*cosh(n*log(x)) - 2*b
~2*%d*cosh((2*n - 1)*log(e)) + (a"2*d"2*cosh(n*log(x)) - 2%b~2+#d)*sinh((2*n
- 1)*log(e)))*sinh(n*log(x)))*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) +
c)*sinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) - (a"2*d"2xcosh((2*n - 1)
*x1og(e))*cosh(n*log(x)) "2 - 4*b~2*d*cosh((2*%n - 1)*log(e))*cosh(n*log(x))
- 4xb~2*c*cosh((2*n - 1)*log(e)) + (a~2*xd"2*cosh((2*n - 1)*log(e)) + a~2*d
~2*sinh((2*n - 1)*log(e)))*sinh(n*log(x))~2 + (a~2*d"2xcosh(n*log(x))~2 -
4%b~2*d*cosh(n*log(x)) - 4xb~2+c)*sinh((2*n - 1)*log(e)) + 2*(a”2xd"2xc...

3.76.6 Sympy [F]

/(ew)_Hz" (a + besch(c 4 dz™))” dz = / (ez)** " (a4 besch (¢ + dz™))? dz

inputLintegrate((e*x)**(-1+2*n)*(a+b*csch(c+d*x**n))**2,x)

output

N

Integral((exx)**(2*n - 1)*(a + bk*csch(c + d*x*#*n))**2, x)

3.76.  [(ex)™'*?" (a + besch(c + dz™))? da

-/

_
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3.76.7 Maxima [F]

/(ex)_1+2" (a + besch(c + dz™))? dx = / (besch (dz™ + ¢) + a)*(ex)*™ " dz

inputLintegrate((e*x)‘(—1+2*n)*(a+b*csch(c+d*x‘n))‘2,x, algorithm="maxima")

output

4% (e~ (2#n)*integrate (1/2*x~(2*n)/(exx*e~(d*x™n + c) + e*xx), x) + e~ (2*n)*i

ntegrate(1/2*x~(2*n)/(e*x*e” (d*x™n + c) - e*x), x))*a*b - b~2x(2%e~(2+*n)*e
~(2xd*x"n + nxlog(x) + 2*c)/(d*e*nxe”(2xd*x"n + 2%c) - d*e*n) - e”(2*n - 1
)*¥log((e~(d*x™n + c) + 1)*e~(-c))/(d"2*n) - e~ (2%n - 1)*log((e~(d*x"n + c)
- 1)*e"(-c))/(d"2*n)) + 1/2*(e*x)”(2*n)*a~2/(e*n)

3.76.8 Giac [F]

/(em)_1+2” (a + besch(c 4 dz™))? do = / (besch (dz™ + ¢) + a)*(ex)*™ ' dz

inputLintegrate((e*x)‘(—1+2*n)*(a+b*csch(c+d*x‘n))‘2,x, algorithm="giac")

outputLintegrate((b*csch(d*x‘n + c) + a)"2*(exx)"(2*n - 1), x)

3.76.9 Mupad [F(-1)]

Timed out.

b

/(ez)_1+2" (a + besch(c + dz™))? dz = / (a + sinh (c 1 dmn)>2 (ex)*" 'dzx

inputtint((a + b/sinh(c + d*x"n)) 2x(e*xx)~(2*%n - 1),x)

Outputtint((a + b/sinh(c + d*x"n)) " 2*(e*x)~(2*n - 1), x)

3.76.  [(ex)™'*?" (a + besch(c + da™))? dw
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3.77

3.77.1
3.77.2
3.77.3
3.77.4
3.77.5
3.77.6
3.77.7
3.77.8
3.77.9

3.77.

Integrand size = 24, antiderivative size = 344

Optimal result . . ... .. ... ..
Mathematica [F] . ... ... . ...
Rubi [A] (verified) . . ... ... ..
Maple [F] . .. ... ... .....

[(ex)~1+3" (a + besch(c + dz™))? da

Fricas [B] (verification not implemented) . . . . . . . ... ... ... .....

Sympy [F] . . ... ... ......
Maxima [F] .. ... ........

Giac [F] . ... ... ... .....
Mupad [F(-1)] . ... ... .....

1 Optimal result

/(ea:)_H?’” (a + besch(c 4 dz™))” dz =

a2(e:v)3" B b2x—n (6()’))3n

3en den
4abz~"(ex)*"arctanh (e“t4")
den
_ b’z (ex) coth (c + dz™)
den
202 p—2n (6:17)3n lOg (1 _ e2(c—|—d9c"))
+
d?en
4abz?"(ex)*" PolyLog (2, —e*t%")
d?en
4abz~?"(ex)*" PolyLog (2, e“4*")
+
d?en
b2z 3" (ex)3" PolyLog (2, e2(¢+d2"))
+
d3en
4abz 3" (ex)>" PolyLog (3, —e*™%")
+
d3en
4abz~*"(ex)*" PolyLog (3, e“+4")
d3en

452
452
454
454
459)
450
456
450!

3.77.

[(ex)~1+3" (a 4 besch(c + dz™))? dx
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output | 1/3%a”~2*(e*x) ~(3*n) /e/n-b~2*(e*x) ~(3*n) /d/e/n/ (x"n)-4*axb* (e*x) ~ (3%n) *arct
anh (exp(c+d*x~n))/d/e/n/ (x"n) -b~2* (e*x) ~ (3*n) *coth (c+d*x"n) /d/e/n/ (x"n) +2*
b~2*x (exx) " (3*n) *1n(1-exp (2*c+2*d*x"n) ) /d~2/e/n/ (x~ (2*n) ) ~4*a*b* (exx) ~ (3*n)
*polylog(2,-exp(c+d*x~n))/d~2/e/n/ (x~(2*n) ) +4*a*xb* (exx) ~ (3*n) *polylog(2,ex
p(c+d*x~n))/d"2/e/n/ (x~(2*n) ) +b~2* (e*x) ~ (3*n) *polylog (2, exp (2*c+2*d*x"n) ) /
d~3/e/n/(x~ (3*n) ) +4*a*b* (e*x) ~(3*n) *polylog(3,-exp(c+d*x"n))/d~3/e/n/ (x~(3
*n) ) —4*axbx (exx) ~ (3*n) *polylog(3,exp(c+d*x~n))/d"3/e/n/(x~ (3*n))

3.77.2 Mathematica [F]

/(ex)_1+3" (a 4 besch(c + dz™))? dz = /(ew)_1+3n (a + besch(c + dz™))* dz

input LIntegrate[(e*x)‘(-l + 3*n)*(a + b*Csch[c + d*x"n])"~2,x] J

output LIntegrate[(e*x)"(-l + 3*n)*(a + b*Csch[c + d*x"n])"2, x] J

3.77.3 Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 217, normalized size of antiderivative = 0.63,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 948 Ryles used

' integrand size
= {5964, 5960, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(ea:)3"_1 (a + besch(c 4 dz™))? dx

l 5964

=3 (ex)®™ [ 23"~1(a + besch(dz™ + ¢))? da
e

l 5960

273" (ex)?" [ 22" (a + besch(da™ + ) dz™
en

l 3042

3.77.  [(ex)™'**" (a + besch(c + da™))? dx
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z73(ex)®" [ 2" (a + ibcsc (idz™ + ic))? dz"

en
l 4678
73 (ex)®" [ (a®2®™ + bZcsch®(dz™ + ¢) 22" + 2abesch(da™ + ¢) z27) dz™
en
l 2009
—3n 3n [ 1.2 3n 4abz2nrarctanh (ec"'dmn) 4ab PolyLog (3,—ed$n+°> 4ab PolyLog (3,6‘“”“‘0) 4abx™ PolyLog (2,—6‘1“"
x~°"(ex) za“z" — 4 + 3 - 3 - az

en

input | Int[(e*x) (-1 + 3*n)*(a + b*Csch[c + d*x"n])"~2,x]

output  ((e*x)~(3*n)*(-((b~2*x~(2*n))/d) + (a~2*%x~(3*n))/3 - (4*a*xb*x~(2*n)*ArcTan
h[E"(c + d*x"n)])/d - (b~2*x~(2*n)*Coth[c + d*x"n])/d + (2%b"2*x"n*Logl[l -

E~(2x(c + d*x"n))])/d"2 - (4*axb*x"n*PolyLog[2, -E~(c + d*x"n)])/d"2 + (4
xa*xbxx"n*PolyLog[2, E~(c + d*x"n)])/d"2 + (b~2#PolyLog[2, E~(2*x(c + d*x"n)
)1)/d"3 + (4*a*b*PolyLogl[3, -E~(c + d*x"n)])/d"3 - (4*a*b*PolyLog[3, E~(c
+ d*x"n)])/d"3) )/ (e*n*x~ (3+*n))

3.77.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(csc[(e_.) + (f_.)*(x_)1*(b_.) + (a)) " (n_.)*((c_.) + (d_.)*(x))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

N\

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)~(n_)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

3.77.  [(ex)™'**" (a + besch(c + da™))? dx
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ruk35964‘Int[((a_.) + Cschl(c_.) + (@_.)*(x_ )" (@ )I*(b_.))"(p_)*((e )*(x_))"(m_.),
‘x_Symbol] :> Simp[e~IntPart [m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
‘(a + bxCschlc + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.77.4 Maple [F]

/ (ex) """ (a + b csch (¢ + dz™))’da

-

input Lint ((e*x)~ (-1+3%n) * (a+b*csch (c+d*x"n) ) ~2,x)

~—

outputLint((e*x)‘(—1+3*n)*(a+b*csch(c+d*xAn))‘2,x)

~—

3.77.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4967 vs. 2(346) = 692.

Time = 0.34 (sec) , antiderivative size = 4967, normalized size of antiderivative = 14.44

/ (ex) 13" (a 4 besch(c + dz™))? dz = Too large to display

-

inputLintegrate((e*x)‘(-1+3*n)*(a+b*csch(c+d*x“n))‘2,x, algorithm="fricas")

~—

3.77.  [(ex)™'**" (a + besch(c + da™))? dx
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output

-1/3%(a~2*d"3*cosh((3*n - 1)*log(e))*cosh(n*log(x))~3 + 6xb~2*c~2*cosh((3*

n - 1)*log(e)) + (a"2*d"3*cosh((3*n - 1)*log(e)) + a"2xd"3*sinh((3*n - 1)*
log(e)))*sinh(n*log(x))~3 - (a”2*d"3*cosh((3*n - 1)#*log(e))*cosh(n*log(x))
~3 - 6%b~2*d"2*cosh((3*n - 1)*log(e))*cosh(n*log(x))~2 + 6*b~2*c~2*cosh((3
*n - 1)*log(e)) + (a~2*d"3*cosh((3*n - 1)*log(e)) + a~2*d"3*sinh((3*n - 1)
*xlog(e)))*sinh(n*log(x))~3 + 3*(a"2*d"3*cosh((3*n - 1)*log(e))*cosh(n*log(
x)) - 2xb~2xd"2*cosh((3*n - 1)*log(e)) + (a~2*d"3*cosh(n*log(x)) - 2*¥b~2*d
~2)*sinh((3*n - 1)*log(e)))*sinh(n*log(x)) "2 + (a~2*d~3*cosh(n*log(x))~3 -
6%b~2*d"2*cosh(n*log(x)) "2 + 6xb~2%c~2)*sinh((3*n - 1)*log(e)) + 3*(a~2+d
~3%cosh((3*n - 1)*log(e))*cosh(n*log(x))~2 - 4*b~2xd"2*cosh((3*n - 1)*log(
e))*cosh(nxlog(x)) + (a~2*d"3*cosh(n*log(x))~2 - 4xb~2*d"2*cosh(n*log(x)))
*sinh ((3*n - 1)*log(e)))*sinh(n*log(x)))*cosh(d*cosh(n*log(x)) + d*sinh(n*
log(x)) + c)~2 - 2%(a"2*d"3*cosh((3*n - 1)*log(e))*cosh(n*log(x))~3 - 6*b~
2xd~2*cosh((3*n - 1)*log(e))*cosh(n*log(x))~2 + 6%b~2*%c"2*cosh((3*n - 1)*1
og(e)) + (a”2%d"3*cosh((3*n - 1)*log(e)) + a~2*%d"3*sinh((3*n - 1)*log(e)))
*sinh(n*log(x))~3 + 3*(a"2*d"3*cosh((3*n - 1)*log(e))*cosh(n*log(x)) - 2xb
~2%d"2*cosh((3*n - 1)*log(e)) + (a~2*d"3*cosh(n*log(x)) - 2%b~2*d"2)*sinh(
(3*n - 1)*log(e)))*sinh(n*log(x))~2 + (a~2*d"3*cosh(n*log(x))~3 - 6xb~2xd~
2%cosh(n*log(x))~2 + 6*%b~2*c~2)*sinh((3*n - 1)*log(e)) + 3*(a~2*d~3*cosh((
3*n - 1)*log(e))*cosh(n*log(x))~2 - 4xb~2*d"2*cosh((3*n - 1)*log(e))*co...

-

3.77.6 Sympy [F]

/(ew)_H?’" (a + besch(c 4 dz™))” dz = / (ez)** " (a4 besch (¢ + dz™))? dz

inputLintegrate((e*x)**(-1+3*n)*(a+b*csch(c+d*x**n))**2,x)

output

N

-/

Integral ((exx)**(3*n - 1)*(a + bk*csch(c + d*x*#*n))**2, x)

_

3.77.  [(ex)™'*® (a + besch(c + dz™))? da
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3.77.7 Maxima [F]

/(ex)_1+3" (a + besch(c + dz™))? dx = / (besch (dz™ + ¢) + a)*(ex)*™ " dz

inputLintegrate((e*x)‘(—1+3*n)*(a+b*csch(c+d*x‘n))‘2,x, algorithm="maxima")

output‘ -2xb~2%e”~ (3*n) *x~ (2*n) / (d*e*n*e” (2*xd*x™n + 2%c) - d*e*n) + 1/3*(e*x)”(3*n)
‘*a“2/(e*n) + integrate(2x(axb*d*e” (3*n)*x~(3%n) - b~2*e~(3*n)*x~ (2*n))/(d*
‘e*x*e“(d*x“n + c) + dxe*x), x) + integrate(2+*(axb*d*e” (3*n)*x”~(3*n) + b~2*
‘e“(3*n)*x“(2*n))/(d*e*x*e“(d*x“n + c) - d*e*x), x)

3.77.8 Giac [F|

/(ex)_1+3" (a + besch(c 4 dz™))? do = / (besch (dz™ + ¢) + a)*(ex)*™ dz

input Lintegrate ((exx)~ (-1+3#n) * (atb*csch(c+d*x"n) ) "2,x, algorithm="giac")

output

integrate((b*csch(d*x™n + c) + a)~2*(e*x)~(3*n - 1), x)

N\

3.77.9 Mupad [F(-1)]

Timed out.

b
sinh (¢ + dz")

/(ez)_1+3" (a + besch(c + dz™))? dx = / (a + )2 (ex)*" dzx

input Lint((a + b/sinh(c + d*x"n)) 2*(e*xx)~(3*%n - 1),x)

output Lint((a + b/sinh(c + d*x"n)) 2*(e*x)~(3*n - 1), x)

3.77.  [(ex)™'**" (a + besch(c + da™))? dx
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( ex)—1+n
3.78 | dz
a+bcsch(c+dzn)

3.78.1 Optimal result . . . . . . .. . ... . 457
3.78.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 457
3.78.3 Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... ... A58
3.78.4 Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ... 460
3.78.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 46T
3.78.6 Sympy [F] . . . . . . 46Tl
3.78.7 Maxima [F] . . . . . .. . . 162
3.788 Giac [F] . . . . . o 162
3.78.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 162

3.78.1 Optimal result

Integrand size = 22, antiderivative size = 82

/

(ex)—l—}—n

a—btanh (% (c+dz™))

Va2 +b2

a + besch (¢ + dzm)

aen

(ez)" 2bx‘”(ex)”arctanh<
+

ava? + biden

p
output‘(e*x)*n/a/e/n+2*b*(e*x)“n*arctanh((a-b*tanh(1/2*c+1/2*d*x“n))/(a“2+b“2)‘(1

/2))/a/d/e/n/ (x"n)/(a~2+b72)" (1/2)

3.78.2

Time = 0.54 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.02

Mathematica [A] (verified)

(GCL') —1+n

/ a + besch (¢ + dzn)

(ex)"

d+cx ™ —

2bxz~™ arctan <

a—b tanh(% (c+dzn))

—a2_p2

)

\/—a2—b2

aden

input Llntegrate[(e*x)‘(-l + n)/(a + b*Csch[c + d*x"n]),x]

~—

p
output \ ((exx)"nx(d + c/x"n - (2*bxArcTan[(a - b*Tanh[(c + d*x"n)/2])/Sqrt[-a~2 -

‘b‘2]])/(Sqrt[—a‘2 - b~2]*x"n)))/ (axd*e*n)

~

3.78.

J

(ex)~1+n
a+bcsch(c+dan) dz
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3.78.3 Rubi [A] (warning: unable to verify)

Time = 0.48 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.90, number
of steps used = 9, number of rules used = 8, Bumber of rules _ , 364 Ryjleg used = {5964,

integrand size
5960, 3042, 4270, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

n—1
/ (ex) e
a + besch (¢ + dz™)
l 5964

n—1

z7(ex)" | ricschye 9°
e

l 5960

- 1
T n(ew)n f a+besch(dzm+c) dz”

en

l 3042

—n n 1 n
z (EI) f a+1ib csc(idz™+ic) dzx
en

l 4270

1
n f asinh(dmn+c)+1dxn
" (ex)" | & — b

a

l,3042

1
n f 1_ta sin(idz™4ic) dz™
—-n n r_ __ b
" (ex)" | § -

en

l 3139

, 1 . N
2 f 2a taﬂh(%(dzn+c)) d(l tanh( 5 (d$n+c)))
+ b +1

— n _  \N&« = =007
" (ex)" | &+ -

en
l 1083

(et
378 | reschraon %



N

input |
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a ad

4if %d(%tanh(l(dz"'f‘c))_%)
z"(ex)"” (”’" - _z%_4<b%+l) 2 )

en
l 217

2barct anh M )

2v/a2+b2
adva2+b2

— n
" (ex)” T —

en

Int[(e*x)~(-1 + n)/(a + b*Csch[c + d*x"n]),x]

~—

p
output ‘

((e*x) "n*(x"n/a - (2*bxArcTanh[(b*Tanh[(c + d*x"n)/2])/(2*%Sqrt[a”"2 + b~2])
1)/ (axSqrt[a~2 + b~2]*d)))/(e*n*x"n)

~

3.78.3.1 Defintions of rubi rules used

rule 217

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 1083

rule 3042

rule 3139

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2xbxexx + a
xe"2xx"2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

(et
378 | reschraon %



rule 4270

rule 5960

rule 5964
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Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, 4},
x] && NeQ[a"2 - b~2, 0]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)" (@ )]*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

Int[((a_.) + Cschl(c_.) + (@_.)*(x_)"(a_)]1*(b_.)) " (p_.)*x((e_)*(x_))"(m_.),
x_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
(a + bxCsch[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.78.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.88 (sec) , antiderivative size = 319, normalized size of antiderivative = 3.89

method | result

(—14n) (71' csgn(ie) csgn(iz) csgn(iex) w41 csgn(ie) csgn(iea:)27r+i csgn(iz) csgn(iez)z'rrfi csgn(iem)37r+2 In(e)+2 ln(m))
re 2

2be

_ imn csgn(ie)

risch

an

input | int ((e*x) ~(-1+n) / (a+b*csch(c+d*x"n) ) ,x,method=_RETURNVERBOSE)

output

1/a/n*x*exp(1/2*%(-1+n) * (-Ixcsgn(I*e)*csgn (I*x)*csgn (I*e*xx)*Pi+Ixcsgn(I*e)*
csgn(I*xexx) "2xPi+Ixcsgn(I*x)*csgn(I*e*xx) "2*xPi-Ixcsgn (I*e*x) ~3*Pi+2*1n(e)+2
*1n(x)))-2%b/a/n*exp(-1/2*I*Pi*n*csgn(I*e)*csgn (I*x)*csgn(I*e*x))*exp (1/2*
IxPi*n*csgn(I*e)*csgn(I*exx) ~2)*exp(1/2+I*Pi*n*csgn(I*x)*csgn(I*e*x) ~2)*ex
p(-1/2*%I*Pi*n*csgn(I*e*x) ~3)*exp(1/2*xI*Pi*csgn(I*e)*csgn(I*x)*csgn(I*e*x))
*xexp (-1/2*I*Pi*csgn(I*e)*csgn(I*e*x) ~2)*xexp(-1/2*I*Pik*csgn(I*x)*csgn(I*e*x
) "2) xexp(1/2*I*Pi*csgn(I*e*x) ~3)*e"n/exexp(c)/d/ (-a~2*exp(2*c)—exp(2*c) *b~
2)~(1/2)*arctan(1/2* (2*a*exp (2*c+d*x"n) +2*exp(c) *b) / (-a~2xexp (2*c) —exp (2*c

)*b~2)~(1/2))

(ex)~1+n
3.78. f a+bcsch(c+dan) dz
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3.78.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 248 vs. 2(79) = 158.

Time = 0.28 (sec) , antiderivative size = 248, normalized size of antiderivative = 3.02

(ex)—l—i—n
/ a + besch (¢ + dz™) dz
(a® + b?)d cosh ((n — 1) log (€)) cosh (nlog (z)) + (a? + b%)d cosh (nlog (z)) sinh ((n — 1) log (¢)) + (v/a?

input‘integrate((e*x)“(—1+n)/(a+b*csch(c+d*x“n)),x, algorithm="fricas")

output | ((a™2 + b~2)*d*cosh((n - 1)*log(e))*cosh(n*log(x)) + (a"2 + b~2)*d*cosh(n*
log(x))#*sinh((n - 1)*log(e)) + (sqrt(a”2 + b~2)*bxcosh((n - 1)*log(e)) + s
grt(a”2 + b"2)*b*sinh((n - 1)*log(e)))*log((a*b + (2”2 + b~2 + sqrt(a”2 +

b~2) *b) *cosh (d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) - (b"2 + sqrt(a™2 +

b~2) *b) *sinh (d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + sqrt(a”2 + b~2)*a)
/(axsinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + b)) + ((a”2 + b~2)*d*c
osh((n - 1)*log(e)) + (a2 + b~2)*d*sinh((n - 1)*log(e)))*sinh(n*log(x)))/
((a™3 + a*b~2)*d*n)

N\

3.78.6 Sympy [F]

—14n n—1
/ (e2) dz = / (e2) dz
a + besch (¢ + dzn) a+ besch (¢ + dzn)

-/

input Lintegrate ((exx)**(-1+n) / (atb*csch(ct+d*x**n)) ,x)

output LIntegral((e*x)**(n - 1)/(a + b*csch(c + d*x**n)), x) J
%
378 | reschraon %
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3.78.7 Maxima [F]

—14n n—1
/ (ex) dp — / (ex) i
a + besch (¢ + dzn) besch (dz™ +¢) +a

inputLintegrate((e*x)“(—1+n)/(a+b*csch(c+d*x“n)),x, algorithm="maxima") J

output‘-2*b*e”n*integrate(e“(d*x“n + nxlog(x) + c)/(a"2*e*xx*e” (2*d*x"n + 2%c) + 2
‘*a*b*e*x*e“(d*x‘n + c) - a"2%e*xx), x) + e~ (n - 1)*x"n/(a*n) ‘

3.78.8 Giac [F|

—14n n—1
/ (e2) dz = / (e2) dx
a + besch (¢ + dzn) besch (dz™ +¢) +a

inputLintegrate((e*x)“(—1+n)/(a+b*csch(c+d*x“n)),x, algorithm="giac") J

output Lintegrate((e*x)“(n - 1)/(b*csch(d*x™n + c) + a), x) J

3.78.9 Mupad [B] (verification not implemented)

Time = 8.68 (sec) , antiderivative size = 410, normalized size of antiderivative = 5.00

a + besch (¢ + dzn) an

/ (ex)~tm PR (ex)"!

2bz(ew)n71 2bdna™ (em)l_n\/

aZed®” ¢ \/ +
- 4dnagn /6222 (ex)2M—2 42 0 a2 n2 22162 b2 g2 2
z(ex)" 1 /—aZd2nZz2" (a24b2) @ a2z —a%d?n?22n—q n
2atan( A \/b2 a2 2 atan 3

V—atd?n?z2m —

input Lint((e*x)"(n - 1)/(a + b/sinh(c + d*x"n)),x) J

(et
378 | reschraon %
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output | (x*(e*x)~(n - 1))/(a*n) - ((2*atan((x*(e*x)~(n - 1)*(-a~2*d~2*n~2*x~ (2*n)*
(a”2 + b~2))"(1/2))/ (a*d*n*x"n* (b~ 2*x"2* (e*x) ~(2*n - 2))~(1/2))) - 2*atan(
(a~2xexp(d*x~n) *exp(c) * ((2xb*x* (exx) “(n - 1))/(a~4*d*n*x"n*(b~2*x~2* (exx)~
(2*n - 2))7(1/2)) + (2%b*d*n*x"n*(exx) (1 - n)*(b"2*x"2*(exx) "~ (2*xn - 2))~(
1/2)) /(@ 2*x* (- a~4*d"2*n"2*x”~(2*n) - a”~2*%b~2*d"2*n"2*x~(2*n)) " (1/2)*(-a"2
*d"2*xn"2xx~ (2*n) * (2”2 + b72))"(1/2)))* (- a~4*d"2*n"2*x" (2%n) - a~2*b~2xd"2
*n"2xx~(2*n)) " (1/2)) /2 - (a*d*n*x"n*x(e*xx) " (1 - n)*(b"2*x"2*(exx) "~ (2*n - 2)
)7(1/2))/ (x*(—a™2+%d"2*%n"2*xx~ (2*xn) * (a2 + b~2)) " (1/2))) ) *(b~2*xx" 2% (e*xx) ~ (2%
n - 2))7(1/2))/(- a~4%d"2+n"2+x~(2*n) - a~2*b~2*d"2*n"2*x~(2*n)) ~(1/2)

(ex)~1+n
3.78. f a+bcsch(c+dan) dz



output
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( e .’L’) —1+2n
3.79 | dz
a+bcsch(c+dzn)

3.79.1 Optimal result . . . . . . .. . ... 464
3.79.2 Mathematica [C] (verified) . . . . . . . . ... .. L Lo 465
3.79.3 Rubi [A] (verified) . . . . . . ... .. 465
3.79.4 Maple [C| (warning: unable to verify) . . . . . . ... ... ... ... 467
3.79.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 168
3.79.6 Sympy [F] . . . . . . 469
3.79.7 Maxima [F] . . . . . ... AT70
3.79.8 Giac [F] . . . . . . Zy(\)
3.79.9 Mupad [F(-1)] . . . . o 470

3.79.1 Optimal result

Integrand size = 24, antiderivative size = 291

—n n aec dz™
/ (ex)~1+2n o (ez)?" ~ bz "(ex)?" log (1 + ,—:2+b2>
a+besch (c+dzm) —~ 2aen ava? + b2den
—n n ae’ dz™
. bz "(ex)*™ log <1 + Wﬁ)
ava? + b2den
—2n 2n gectd="
B bx (61}) POlyLOg <2, —m)
ava? + b*d?en
—2n 2n aectde"
N bx (65!3) POlyLOg (2, —m)
ava? + b*d?en

1/2x(exx) ~(2*n) /a/e/n-b* (e*xx) ~ (2*n) *1n(1+a*exp(c+d*x"n)/(b-(a~2+b~2) ~(1/2)
))/a/d/e/n/(x"n)/(a"2+b"2) " (1/2) +b* (e*x) ~ (2*n) *1n (1+a*exp (c+d*x"n)/ (b+(a~2
+b72)"(1/2)))/a/d/e/n/(x"n) /(a~2+b~2) ~(1/2) -b* (e*x) ~ (2*n) *polylog(2,-a*exp
(c+d*x"n)/(b-(a”2+b~2)"(1/2)))/a/d"2/e/n/ (x~(2%n)) / (a~2+b~2) " (1/2) +b* (e*x)
~(2#n) *polylog(2,-a*exp(c+d*x"n)/(b+(a~2+b~2)~(1/2)))/a/d"2/e/n/(x~ (2*n)) /
(a”2+b"2)"(1/2)

379 | Hescheram %
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3.79.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 4.65 (sec) , antiderivative size = 1181, normalized size of antiderivative = 4.06

/ (ex)—1+2n dx = Too large to displa;
a+ besch (c +dzm) & pay

input | Integrate[(e*x)~(-1 + 2#n)/(a + b*Cschlc + d*xnl),x]

output | ((exx)~(2*n)*Cschlc + d*x"n]l*(1 - (2*%b*(((-I)*Pi*ArcTanh[(-a + b*Tanh[(c +
d*x"n)/2])/Sqrt[a~2 + b~2]])/Sqrt[a”2 + b"2] - (2*(c + I*ArcCos[((-I)*b)/
a])*ArcTan[((a - I*b)*Cot[((2*#I)*c + Pi + (2*I)*d*x"n)/4])/Sqrt[-a~2 - b~2
11 + ((-2%I)*c + Pi - (2*I)*d*x"n)*ArcTanh[(((-I)*a + b)*Tan[((2*I)*c + Pi
+ (2*%I)*d*x"n)/4])/Sqrt[-a"2 - b"2]] - (ArcCos[((-I)*b)/al - 2*ArcTan[((a
- Ixb)*Cot [((2*%I)*c + Pi + (2*I)*d*x"n)/4])/Sqrt[-a~2 - b~2]1]1)*Log[((a +
Ixb)*(a - I*b + Sqrt[-a~2 - b"2])*(1 + I*Cot[((2*I)*c + Pi + (2*I)*d*x"n)/
4]1))/(ax(a + I*¥b + I*Sqrt[-a"2 - b"2]*Cot[((2*I)*c + Pi + (2*I)*d*x"n)/4])
)] - (ArcCos[((-I)*b)/a] + 2xArcTan[((a - I*b)*Cot[((2*I)*c + Pi + (2*I)*d
*x~n)/4])/Sqrt[-a~2 - b~2]])*Log[(I*(a + I*b)*(-a + I*b + Sqrt[-a”2 - b~2]
)*(I + Cot[((2%I)*c + Pi + (2*#I)*d*x"n)/4]))/(a*(a + Ixb + IxSqrt[-a™2 - b
~2]*Cot [((2*I)*c + Pi + (2xI)*d*x"n)/4]1))] + (ArcCos[((-I)*b)/al + 2*ArcTa
n[((a - I*#b)*Cot[((2*#I)*c + Pi + (2*I)*d*x"n)/4])/Sqrt[-a~2 - b"2]] - (2*I
)*ArcTanh[(((-I)*a + b)*Tan[((2*I)*c + Pi + (2*I)*d*x"n)/4])/Sqrt[-a~2 - b
~2]1) *#Log[-(((-1)~(3/4)*Sqrt[-a~2 - b~2]*E~(-1/2%c - (d*x"n)/2))/(Sqrt[2]*
Sqrt[(-I)*al*Sqrt[b + a*Sinh[c + d*x"n]]))] + (ArcCos[((-I)*b)/al - 2*ArcT
an[((a - I*b)*Cot[((2*I)*c + Pi + (2*I)*d*x"n)/4])/Sqrt[-a"2 - b"2]] + (2%
I)*ArcTanh[(((-I)*a + b)*Tan[((2*I)*c + Pi + (2xI)*d*x"n)/4])/Sqrt[-a~2 -
b~2]])*Log[((-1)~(1/4)*Sqrt[-a"2 - b~2]*E~((c + d*x"n)/2))/(Sqrt[2]*Sqrt [(
-I)*al*Sqrt[b + a*Sinh[c + d*x"n]])] + I*(PolyLog[2, ((I*b + Sqrt[-a~2 ...

3.79.3 Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 236, normalized size of antiderivative = 0.81,
number of steps used = 6, number of rules used = 5, Lumber of rules _ 0.208, Rules used

' integrand size
= {5964, 5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

379 | Hescheram %
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2n—1
/ (ex) iz
a + besch (¢ + dz)
l 5964

m2n—1 d
" dr
a+bcsch(dz™+c)

e

l 5960

—2n 2n z™ n
z (e.’L‘) f a+bcsch(dzm +c) dz

en
J’3042

.’13_2n(6.’1,‘)2n f

z2n (em)Zn f a+ib cscaéidx"—l—ic) dz™
en
l 4679

—2n n ” bz™ n
z 2 (ex)Z f <% - a(b—}-asin:fl(d:c"—}-c))) dx

en
l 2009
aedw"+c aed:vn+c n aec—!—d:c” n aec+dwn
—2n( )2n _bPolyLog(2,—b_ T-&-Iﬂ) N bPolyLog(2,—b+ T2+b2) B bx log(b_ T2+b2+1) N bx log( Tz+b2+b+1) N 22
z ex ad?/a24+b2 ad?v/a24+b2 adva2+b2 adva2+b2 2a
en
inputLInt[(e*x)‘(-l + 2%n)/(a + b*Csch[c + d*x"n]),x] J
output | ((e*x)~(2#n)*(x~(2*n)/(2*a) - (b*x"n*Log[1l + (a*E~(c + d*x"n))/(b - Sqrtl[a
2 + b72])]1)/(a*Sqrt[a”2 + b"2]*d) + (b*x"n*Logl[l + (a*E~(c + d*x"n))/(b +
Sqrt[a~2 + b~2])])/(a*Sqrt[a~2 + b~2]*d) - (b*PolyLogl[2, -((a*E~(c + d*x~
n))/(b - Sart[a~2 + b~2]))1)/(a*Sqrt[a~2 + b~2]*d"2) + (b*PolyLog[2, -((ax*
E"(c + d*x"n))/(b + Sqrt[a™2 + b~2]))]1)/(axSqrt[a~2 + b~2]1*d"2)))/ (e*n*x"(
2*n))

(CIIJ) —142n
379. a+bcsch(ctdzn) dz
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3.79.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4679

rule 5960

rule 5964

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_)) " (a_.)*((c_.) + (d_.)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])™n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*((e_)*(x_))"(m_.),
x_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
(a + b*Cschlc + d*x"nl)"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.79.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.88 (sec) , antiderivative size = 577, normalized size of antiderivative = 1.98

method | result

(2n—1) (—z‘ csgn(ie) csgn(iz) csgn(iex )i csgn(ie) csgn(iew)27r+i csgn(iz) csgn(iez)27r—i csgn(iez)37r+2 In(e)+2 ln(z))

Te 2

risch 3
an

input Lint ((exx)~(2*n-1)/(a+b*csch(c+d*x"n) ) ,x,method=_RETURNVERBOSE)

379 | Hescheram %

2be—imn csgn(ie)



output
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1/2/a/n*x*exp(1/2%(2*n-1) * (-I*csgn(Ixe) *csgn (I*x) *csgn(Ixexx) *Pi+Ixcsgn (I*
e)*csgn(I*xexx) "2xPi+Ixcsgn (I*x)*csgn(I*exx) "2*xPi-Ixcsgn(I*e*x) ~3*%Pi+2*1n(e
)+2x1n(x)) ) -2*b/axexp (-I*Pi*n*csgn(I*e)*csgn(I*x) *csgn(I*e*xx) )*exp (I*Pi*n*
csgn(I*e)*csgn(I*exx) ~2)*exp (I*Pi*n*csgn (I*x)*csgn(I*e*x) ~2)*exp(-I*Pi*n*c
sgn (I*e*x) ~3) *exp(1/2*I*Pi*csgn(I*e)*csgn (I*x)*csgn(I*e*xx))*exp(-1/2*%I*Pix
csgn(I*e)*csgn(I*exx) ~2)*exp(-1/2*%I*Pi*csgn(I*x)*csgn(I*e*xx) ~2)*exp(1/2*I*
Pikcsgn(I*ex*x) ~3)*(e"n) 2/exexp(c)/n/d"2x(1/2*x " n*d* (1n((axexp(2*c+d*x"n)+
exp (c) *b-(a~2*exp(2*c)+exp (2*c) *b~2) ~(1/2)) / (exp(c) *b-(a~2*exp (2*c) +exp (2%
c)*b~2)~(1/2)))-1n((axexp(2*c+d*x"n)+exp (c) *b+(a"~2*exp (2*c) +exp (2*c) *b~2) ~
(1/2))/ (exp(c) *b+(a~2*exp (2*c) +exp (2*c) *b~2) ~(1/2))) ) / (a~2*exp (2*c) +exp (2%
c)*b~2)~(1/2)+1/2*(dilog((a*exp (2*c+d*x n)+exp (c)*b-(a~2*exp (2*c) +exp (2*c)
*b~2)~(1/2)) / (exp(c) *b-(a~2xexp (2*c) +exp (2*c) *b~2) ~(1/2) ) ) -dilog((a*exp (2%
ct+d*x"n)+exp(c) *b+(a"2xexp(2*c)+exp(2*c) *b~2) ~(1/2) ) / (exp(c) *b+(a~2*exp (2%
c)+exp(2xc)*b~2)~(1/2))))/(a"2xexp(2*c)+exp(2*c)*b~2) " (1/2))

3.79.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1183 vs. 2(271) = 542.

Time = 0.30 (sec) , antiderivative size = 1183, normalized size of antiderivative = 4.07

/ (ew)—1+2n dzxz = Too large to displa;
a+besch (c+dz™) & pay

-

inputLintegrate((e*x)“(-1+2*n)/(a+b*csch(c+d*x“n)),x, algorithm="fricas")

| —

379 | Hescheram %
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input

output
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1/2%((a”2 + b~2)*d"2*cosh((2*n - 1)*log(e))*cosh(n*log(x))~2 + (a"2 + b~2)
*d"2*cosh(n*log(x)) "2*sinh ((2*n - 1)*log(e)) + ((a"2 + b~2)*d"2*cosh((2*n
- 1)xlog(e)) + (2”2 + b~2)*d"2*sinh((2*n - 1)*1log(e)))*sinh(n*log(x))~2 -
2x (axb*sqrt((a™2 + b72)/a"2)*cosh((2*%n - 1)*log(e)) + axb*sqrt((a™2 + b~2)
/a”2)*sinh((2*n - 1)*log(e)))*dilog(((a*sqrt((a™2 + b~2)/a"2) + b)*cosh(d*
cosh(n*log(x)) + d*sinh(n*log(x)) + c) + (a*sqrt((a”2 + b~2)/a"2) + b)*sin
h(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) - a)/a + 1) + 2*(axb*sqrt((a~2
+ b~2)/a"2)*cosh((2*n - 1)*log(e)) + axbxsqrt((a”2 + b~2)/a"2)*sinh((2*n -
1)*log(e)))*dilog(-((a*sqrt((a”2 + b~2)/a"2) - b)*cosh(d*cosh(n*log(x)) +
d*sinh(n*log(x)) + c) + (axsqrt((a™2 + b~2)/a"2) - b)*sinh(d*cosh(n*log(x
)) + d*sinh(n*log(x)) + c) + a)/a + 1) - 2*(axbxc*sqrt((a”2 + b~2)/a"2)*co
sh((2*n - 1)#*log(e)) + ak*bxc*sqrt((a~2 + b~2)/a"2)*sinh((2*n - 1)*log(e)))
*x1og(2*a*xcosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + 2*a*sinh(d*cosh(n
*log(x)) + d*sinh(n*log(x)) + c) + 2xa*sqrt((a™2 + b72)/a"2) + 2%b) + 2*(a
*xbxcksqrt((a”2 + b~2)/a"2)*cosh((2*n - 1)*log(e)) + a*b*cksqrt((a”2 + b~2)
/a”2)*sinh((2*n - 1)*log(e)))*1log(2*a*xcosh(d*cosh(n*log(x)) + d*sinh(n*log
(x)) + c) + 2xa*sinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) - 2*axsqrt ((
a"2 + b"2)/a"2) + 2xb) - 2x(axb*d*sqrt((a”2 + b~2)/a"2)*cosh((2*n - 1)*log
(e))*cosh(n*log(x)) + axb*cxsqrt((a™2 + b~2)/a~2)*cosh((2*n - 1)*log(e)) +
(a*bxd*sqrt((a~2 + b~2)/a"2)*cosh(n*log(x)) + axb*c*sqrt((a”2 + b~2)/a...

3.79.6 Sympy [F]

—1+2n 2n—1
/ (ex) dp — / (ex) i
a + besch (¢ + dzn) a + besch (¢ + dzn)

‘integrate((e*x)**(-1+2*n)/(a+b*csch(c+d*x**n)),x)

Integral ((e*x)**(2xn - 1)/(a + bxcsch(c + d*x**n)), x)

N

379 | Hescheram %
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3.79.7 Maxima [F]

—142n 2n—1
/ (e2) dz = / (e2) dx
a + besch (¢ + dzn) besch (dz™ +¢) +a

inputLintegrate((e*x)“(—1+2*n)/(a+b*csch(c+d*x“n)),x, algorithm="maxima")

output‘-2*b*e”(2*n)*integrate(e“(d*x“n + 2#nxlog(x) + c)/(a"2xexx*e™ (2%d*x"n + 2%
‘c) + 2xaxbkexx*e~(d*x™n + c) - a"2%e*xx), x) + 1/2%e~(2*n - 1)*x~(2*n)/(a*n

)

3.79.8 Giac [F]

—142n 2n—1
/ (ex) dp — / (ex) i
a + besch (¢ + dz™) besch (dzm +¢) +a

inputLintegrate((e*x)“(-1+2*n)/(a+b*csch(c+d*x“n)),x, algorithm="giac")

outputLintegrate((e*x)‘(2*n - 1)/(b*csch(d*x™n + ¢c) + a), x)

3.79.9 Mupad [F(-1)]

—142n 2n—1
/ (eIE) - dr = / % dz
a + besch (¢ + dz™) O+ Shetdan)

Timed out.

inputtint((e*x)‘(Q*n - 1)/(a + b/sinh(c + d*x"n)),x)

output Lint((e*x)“(Q*n - 1)/(a + b/sinh(c + d*x"n)), x)

379 | Hescheram %



CHAPTER 3. LISTING OF INTEGRALS 471
(ex)™ 1+3n
3.80 | dz
a+bcsch(c+dzn)

3.80.1 Optimal result . . . . .. .. . .. . .. 4TIl
3.80.2 Mathematica [F] . . . . ... ... ... ... L AT72
3.80.3 Rubi [A] (verified) . . . . .. ... ... 72
3.80.4 Maple [F] . . . . . . 474
3.80.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... zye!
3.80.6 Sympy [F] . . . . . . 475
3.80.7 Maxima [F] . . .. . ... .. 476
3.80.8 Giac [F] . . . . . . 476
3.80.9 Mupad [F(-1)] . . . . o 470

3.80.1 Optimal result

Integrand size = 24, antiderivative size = 428

/ (€$)_1+3n
a + besch (¢ + dz™)

c+dz™

_ (ex)n bz " (ex)®" log <1 + e

)

3aen

+

+

+

aec—i—dw”

bz (ex)>" log (1 +

ava? + biden

—b+\/m)

ava? + b%den
2bz~2"(ez)3" PolyLog (2, —

aec+dm"

b—va2+b2

ava? + b*d?en
20z 2" (ex)®" PolyLog <2, —

aec+dzn

b+va2+b2

ava? + b2d%en
20273 (ex)®™ PolyLog <3, —

aec+d:cn

b—VaZ 152

ava? + b2 d3en

2bz 73" (ex)®™ PolyLog (3, —e

ava? + b2d3en

3.80.

J

(ex)—11+3n
— x
a+bcsch(c+dan)
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output

input [

1/3%(e*x) ~(3*n) /a/e/n-b*x (exx) " (3*n) *1n (1+a*exp (c+d*x"n)/ (b-(a~2+b"2) " (1/2)
))/a/d/e/n/(x"n)/(a~2+b~2) " (1/2)+b* (e*x) ~ (3*n) *1n (1+a*exp(c+d*x"n)/ (b+(a~2
+b~2)~(1/2)))/a/d/e/n/(x"n) /(a~2+b~2) " (1/2) -2*b* (e*x) ~ (3*n) *polylog(2,-a*e
xp(c+d*x~n) /(b-(a~2+b~2)~(1/2)))/a/d"2/e/n/ (x~(2*n)) / (a~2+b"2) ~ (1/2) +2xb*(
e*xx) ~(3*n) *polylog(2,-a*exp(c+d*x~n)/(b+(a~2+b~2)~(1/2)))/a/d~2/e/n/ (x~ (2%
n))/(a~2+b"2) " (1/2)+2xb* (exx) ~ (3*n) *polylog(3,-a*exp(c+d*x~n)/ (b-(a"2+b"2)
~(1/2)))/a/d"3/e/n/ (x~ (3*n)) /(a~2+b~2) " (1/2) -2*b* (e*x) ~ (3*n) *polylog(3, —ax*
exp(c+d*x"n)/(b+(a"2+b"2)~(1/2)))/a/d"3/e/n/(x~ (3*n) ) /(a~2+b~2) ~(1/2)

3.80.2 Mathematica [F]

—1+3n —143n
/ (ez) dr = / (ez) dz
a + besch (¢ + dzn) a + besch (¢ + dzn)

Integrate[(e*x)~ (-1 + 3*n)/(a + b*Csch[c + d*x"n]),x]

~—

e

output LIntegrate[(e*x)A(-l + 3*n)/(a + bxCschlc + d*x"nl), x]

N

3.80.3 Rubi [A] (verified)

Time = 1.14 (sec) , antiderivative size = 347, normalized size of antiderivative = 0.81,
number of steps used = 6, number of rules used = 5 number of rules _ 0.208, Rules used

' integrand size
= {5964, 5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3n—1
/ (ex) iz
a + besch (¢ + dz)
| 5964

—3n 3n z3n—l
z (633) f a+besch(dzn+c) dz

e
l 5960

—3n 3n z2n n
z (e:c) f a+bcsch(dzm+c) dz

en

3.80. f a+bcsch(c+dan) o
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| 3042
—3n 3n z2n n
z (SI) f a+1b csc(idz™ +ic) dzx
en
l'4679
$_3n(€.’17)3nf 2" _ bx2" dx™
a a(b+asinh(dz™+c))
en
| 2009
_ aedxn"—c _ aedm"+c n _ aed:z:"+c n ___ae
$—3n(ew)3n 2bPolyLog<3, bim) B 2bPolyLog(3, b+\/m) B 2bx PolyLog(Z, 7b7\/m) N 2bx PolyLog(Z, =y
ad3v/a2+b2 ad3v/a2+b2 ad2v/a2+b2 ad?v/a2+b2
en

e

inputLInt[(e*x)‘(-l + 3%n)/(a + b*Csch[c + d*x~n]),x]

~—

output | ((e*x)~(3*n)*(x~(3*n)/(3*a) - (b*x~(2*n)*Log[1l + (a*E~(c + d*x"n))/(b - Sq
rt[a”2 + b2])]1)/(axSqrt[a”2 + b~2]1*d) + (b*x~(2*n)*Logl[l + (a*E~(c + d*x~
n))/(b + Sgrt[a~2 + b~2])]1)/(a*Sqrt[a”2 + b~2]*d) - (2*b*x"n*PolyLogl[2, -(
(a*E"(c + d*x"n))/(b - Sqrt[a”2 + b~2]))])/(axSqrt[a”2 + b~2]*d"2) + (2*b*
x"n*PolyLog[2, -((a*xE~(c + d*x"n))/(b + Sqrt[a~2 + b~2]))])/(axSqrt[a~2 +
b~2]*d~2) + (2*b*PolyLogl[3, -((a*E~(c + d*x"n))/(b - Sqrt[a~2 + b~2]))]1)/(
axSqrt[a~2 + b~2]*d"3) - (2*bxPolyLogl[3, -((a*E~(c + d*x"n))/(b + Sqrt[a~2
+ b~2]))])/(axSqrt[a~2 + b~2]*d~3)))/(e*n*x~(3*n))

3.80.3.1 Defintions of rubi rules used

ruka2009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt

Q[m, 0]

(e:c) —143n
380 f a+bcsch(ctdzn) dz
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rule 5960 | Int[((a_.) + Cschl[(c_.) + (d_.)*(x_)"(_)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

rule 5964 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(n_)1*(b_.))"(p_.)*((e )*(x_))"(m_.),
x_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
(a + b*Csch[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.80.4 Maple [F]

—143n
/ (ex) d
a+b csch (c+ dzn)

inputLint((e*x)“(-1+3*n)/(a+b*csch(c+d*x”n)),x)

output Lint ((e*x)~ (-1+3%n) / (a+b*csch(c+d*x"n)) ,x)

3.80.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1850 vs. 2(402) = 804.

Time = 0.31 (sec) , antiderivative size = 1850, normalized size of antiderivative = 4.32

/ (ez)—1+3n dzxz = Too large to displa;
a+besch (c+dz™) & pay

inputLintegrate((e*x)“(-1+3*n)/(a+b*csch(c+d*x“n)),x, algorithm="fricas")

3.80. f a+bcsch(c+dan) o



output

input

output
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1/3*((a”2 + b~2)*d"3*cosh((3*n - 1)*log(e))*cosh(n*log(x))~3 + (a"2 + b~2)
*d"3*cosh(n*log(x)) "3*sinh((3*n - 1)*log(e)) + ((a”2 + b~2)*d"3*cosh((3*n
- 1)xlog(e)) + (a”2 + b~2)*d"3*sinh((3*n - 1)*1log(e)))*sinh(n*log(x))~3 +
3*x((a"2 + b~2)*d"3*cosh((3*n - 1)*log(e))*cosh(n*log(x)) + (a”2 + b~2)*d"3
*cosh(n*log(x))*sinh((3*%n - 1)*log(e)))*sinh(n*log(x))~2 - 6*(a*b*d*sqrt ((
a”2 + b"2)/a"2)*cosh((3*n - 1)*log(e))*cosh(n*log(x)) + axb*d*sqrt((a™2 +
b~2) /a~2) *cosh(n*log(x))*sinh((3*n - 1)*log(e)) + (a*bxd*sqrt((a~2 + b~2)/
a~2)*cosh((3*n - 1)*log(e)) + a*b*d*sqrt((a™2 + b~2)/a"2)*sinh((3*n - 1)*1
og(e)))*sinh(n*log(x)))*dilog(((a*sqrt((a~2 + b~2)/a~2) + b)*cosh(d*cosh(n
*log(x)) + d*sinh(n*log(x)) + c) + (axsqrt((a”2 + b72)/a"2) + b)*sinh(d*co
sh(n*log(x)) + d*sinh(n*log(x)) + c) - a)/a + 1) + 6%(a*b*d*sqrt((a~2 + b~
2)/a"2)*cosh((3*%n - 1)*log(e))*cosh(nxlog(x)) + a*b*d*sqrt((a”2 + b~2)/a"2
)*cosh(n*log(x))*sinh((3*n - 1)#*log(e)) + (a*b*xd*sqrt((a™2 + b~2)/a"2)*cos
h((3*n - 1)*log(e)) + ax*bxd*sqrt((a”2 + b~2)/a"2)*sinh((3*n - 1)*log(e)))*
sinh(n*log(x)))*dilog(-((a*sqrt((a~2 + b~2)/a"2) - b)*cosh(d*cosh(n*log(x)
) + d*sinh(n*log(x)) + c) + (a*sqrt((a”2 + b~2)/a"2) - b)*sinh(d*cosh(n*lo
g(x)) + dxsinh(n*log(x)) + c) + a)/a + 1) + 3x(axbxc”™2*sqrt((a”2 + b~2)/a"
2)*cosh((3*n - 1)*log(e)) + axb*c™2*sqrt((a”2 + b~2)/a"2)*sinh((3*n - 1)*1
og(e)))*log(2*a*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + 2*a*sinh(d
*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + 2*xa*sqrt((a”2 + b~2)/a"2) + 2...

3.80.6 Sympy [F]

—1+3n 3n—1
/ (ex) dp — / (ex) i
a + besch (¢ + dzn) a + besch (¢ + dzn)

‘integrate((e*x)**(-1+3*n)/(a+b*csch(c+d*x**n)),x)

Integral ((e*x)**(3*n - 1)/(a + bxcsch(c + d*x**n)), x)

N

3.80. J‘a+bcsch(c+d$") ?
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3.80.7 Maxima [F]

—143n 3n—1
/ (e2) dz = / (e2) dx
a + besch (¢ + dzn) besch (dz™ +¢) +a

inputLintegrate((e*x)“(—1+3*n)/(a+b*csch(c+d*x“n)),x, algorithm="maxima")

output‘-2*b*e”(3*n)*integrate(e“(d*x“n + 3*nxlog(x) + c)/(a"2xexx*e™ (2%d*x"n + 2%
‘c) + 2xaxbkexx*e~(d*x™n + c) - a"2%e*xx), x) + 1/3%e”(3*n - 1)*x~(3*n)/(a*n

)

3.80.8 Giac [F]

—143n 3n—1
/ (ex) dp — / (ex) i
a + besch (¢ + dz™) besch (dzm +¢) +a

inputLintegrate((e*x)“(-1+3*n)/(a+b*csch(c+d*x“n)),x, algorithm="giac")

outputLintegrate((e*x)‘(S*n - 1)/(b*csch(d*x™n + ¢c) + a), x)

3.80.9 Mupad [F(-1)]

—143n 3n-1
/ (eIE) - dr = / % dz
a + besch (¢ + dz™) O+ Shetdan)

Timed out.

inputtint((e*x)‘(B*n - 1)/(a + b/sinh(c + d*x"n)),x)

output Lint((e*x)“(B*n - 1)/(a + b/sinh(c + d*x"n)), x)

3.80. f a+bcsch(c+dan) o
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3.81 [ gy

(a—i—bCSCh(c—i—dw”))
3.81.1 Optimal result . . . . . . . . . . . . .. iy
3.81.2 Mathematica [A] (verified) . . . . . . . .. .. 4T
3.81.3 Rubi [A] (warning: unable to verify) . . ... ... ... ... . ... ... 478
3.81.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... 482l
3.81.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 482
3.81.6 Sympy [F] . . . . . 483
3.81.7 Maxima [F] . . . . . . 434
3.81.8 Giac [F] . . . o o o (484
3.81.9 Mupad [B] (verification not implemented) . . . . ... .. ... .. ...... 484

3.81.1 Optimal result

Integrand size = 22, antiderivative size = 149

n n a—btanh (2 (c+dz”
/ (ez)~1+n : (ex)" .\ 2b(2a% + b?) z7"(ex) arctanh( \/a(isz ))>
(

a + besch (¢ + dz))? a’en a2 (a? + b2)*? den
B b’>z~"(ex)™ coth (c + dz™)
a (a? + b?) den (a + besch (¢ + dzn))

OUtPUt‘(e*X)*n/a“2/e/n+2*b*(2*a“2+b‘2)*(e*x)‘n*arctanh((a—b*tanh(1/2*c+1/2*d*x‘n)
‘)/(a“2+b“2)“(1/2))/a‘2/(a“2+b“2)“(3/2)/d/e/n/(x“n)—b“2*(e*x)“n*coth(c+d*x‘
\ n)/a/(a~2+b"2)/d/e/n/(x"n)/ (a+bxcsch(c+d*x"n)) \

3.81.2 Mathematica [A] (verified)

Time = 0.92 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.12

(6{)3)_1+n
(a + besch (¢ + dan))?
" (ez)" (—ab2 V—a? —b” coth (¢ + dz™) + <_(_‘12 — 8% (¢ + dz™) — 2b(2a? + b?) arctan (a_btﬁ
a?(—a? — b2)3/2 den (a + besch (¢ + dz™))

input LIntegrate[(e*x)“(—l + n)/(a + bxCschlc + d*x"n])~2,x] J

(ex)—1+n
3.81. J (a+bCSCh(c+dg;n)>2 dz
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output‘ -(((exx) "n*(-(axb~2*Sqrt[-a~2 - b~2]*Coth[c + d*x"n]) + (-((-a"2 - b~2)"(3
‘/2)*(0 + d*x"n)) - 2xbx(2*a”"2 + b"2)*ArcTan[(a - b*Tanh[(c + d*x"n)/2])/Sq
\rt [-a”2 - b~2]])*(a + bxCsch[c + d*x"n])))/(a"2*(-a"2 - b~2)~(3/2) *d*e*n*x
“n*(a + bxCschlc + d*x"n])))

3.81.3 Rubi [A] (warning: unable to verify)

Time = 0.88 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.98,

_ _ number of rules _
number of steps used = 16, number of rules used = 15, integrand size 0.682, Rules

used = {5964, 5960, 3042, 4272, 25, 3042, 4407, 26, 3042, 26, 4318, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ 1
(a + besch (¢ + dzn))?
| 5964

n xn—l

—n d
v (efL') f (a+bCSCh(dx"+c))2 v

e
l 5960

—n n 1 dx™
2 ea)" | (a+bCSCh(dw"+C)>2 v

en
l,3042

z~" (ex)n f (a+ib csc(z‘ldm"+ic))2 dz”

en
l 4272

a2-bCSCN (de™ +c)a+b? ,
— f B a+bCSCh(dx"+c) dz b2 COth(C-i—d:l:n)
z "(ex)" | —

a(a?+b2) ad(a?+b2) (a+bCSCh(C+dxn))

en

l 25

I a2 —bCSCh (dz™ +c) a+b2 dg™
& (ex)" a+bCSchdan ) b2 coth(c+dz™)

a(a?+b%) ad(a?+b2) (a+bcsch(c+dw"))

en

l 3042

(ew)—1+n
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azfibcsc idz" +ic a+b2
w_n(ex)n — b? COth(C-I-d:L‘n) + f a+ibc£c(idz"+1‘c) dz™
ad(a2+b2) <a+bCSCh(c+dzn)) a(a2+b?)
en
| 4407
ib(2a2+b2 iCSCh(dwn-H:) da
(24e2)an @7 40%) - o ) ™
" (6.’13)" _ b2 coth(c+dz™) + — — b
ad(a2-+b2) (a-+besch(c+dom) a(a2+57)
en

lzo‘

csch(dam+e) | n

0242) gn b(2a2+b2)f7n
x_n(ex)n ( +Z ) _ a+bCSCh(dz +c) B2 COth(C+d€l}")

(@15 "~ ad(a>+4?) (atbesch(ctdon))
en
l 3042
" 2,2 [ _iosc(ida"tic)
“n(eg)" b coth(c+da™) + (+02)en 020" 1) | giifcciammig
T Eexr -
ad(a2+b2) (a+bCSCh(C+diE")> a(0,2+b2)
en
l 26
232),n  ib(2a2482) [ osclide"die) o
" (ex)" | — b2 coth(c+dz™) + (s ) o _ ) B
ad(a?+b%) (a +besch(e +dxn)) a(a?15%)
en
l 4318
(@2a2)en () Sommrey 4"
.’L'—”(Bx)" a — a b _ v? COth(c—'_dmn)
(@) ad(a?+62) (atbesch(c+dan))
en
l 3042
()er () | g "
_ b2 coth(c+dz™) —
2" (ez)” | — + @ ¢
(ex) ad(a2+b2)<a+bcsch(0+dw“)) ala™+%)
en
l 3139

(ew)—1+n
3.81. J (a+bCSCh(c+dg;n)>2 dz
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2i(2a2+62) [ 1 d(itanh( § (dz™+c)
b2 coth(c+dz™) (a?+6)a" o sy 22t (3@ 40) (emndns)
—-n n _ co c " — -
z™"(ex) ad(a2+b2)<a+bCSCh(c+dzn)> + T
en
| 1083
4i(202402) [ —— L d(2itann(} (da"+e) ) - 2j2)
—-n n b2 coth(c+dz™) (a2+b2)wn - _zzn_4(?§+12
7" (ex) _a,d(a,2+b2)(a—i—bCSCh(c-}-dzn)) + (7T
en
| 217
l C X
(a2452)en m(2a2+b2)arctanl1(fffgﬁlzéfggfl)>
a T o
z " (ex)” a ad/a2 152 _ b2 coth(c-Hda™)
a(a?+b2) ad(a2+b2) (a+bCSCh(c+dw"))
en

input LInt[(e*x)"(—l + n)/(a + bxCsch[c + d*x~n])~2,x]

~—

output‘(((e*x)‘n*((((a“2 + b™2)*x"n)/a - (2%b*x(2*a~2 + b~2)*ArcTanh[(b*Tanh[(c + d
‘*x“n)/2])/(2*Sqrt[a*2 + b~2])]1)/(axSqrt[a~2 + b~2]*d))/(ax(a"2 + b~2)) - (
‘b"2*Coth[c + d*x~n])/(a*x(a~2 + b~2)*d*(a + b*Csch[c + d*x"n]))))/(e*n*x"n)

———

3.81.3.1 Defintions of rubi rules used

e

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

(ew)—1+n
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rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

rule 4272 Int[(csc[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*xd*(n + 1)*(a”2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csc[c + d*x])~(n + 1)*Simp[(a~2 -
b™2)*(n + 1) - a*bx(n + 1)*Cscl[c + d*x] + b~ 2*x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

rule 4318 Int[cscl[(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a~"2 - b~2, 0]

rule 4407 Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

N\

rule 5960 Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x”(Simplify[(m + 1)/n] - 1)*(a + b*Csch[c + d*x]
)°p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

(ew)—1+n
3.81. J (a+bCSCh(c+dg;n)>2 dz
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ruk35964‘Int[((a_.) + Cschl(c_.) + (@_.)*(x_ )" (@ )I*(b_.))"(p_)*((e )*(x_))"(m_.),
‘X_Symbol] :> Simp[e~IntPart [m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
‘(a + bxCschlc + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.81.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 5.43 (sec) , antiderivative size = 490, normalized size of antiderivative = 3.29

method | result

(—14n) (—i csg
2e

(—14n) (—i csgn(ie) csgn(ix) csgn(iex) w41 csgn(ie) csgn(iea:)27r+i csgn(iz) csgn(iez)27r—i csgn(iem)37r+2 In(e)+2 ln(m))
re 2
a?n

risch

input | int ((e*x) ~(-1+n) / (a+b*csch(c+d*x"n) ) ~2,x,method=_RETURNVERBOSE)

output | 1/a~2/n*x*exp(1/2*(-1+n)* (-I*xcsgn(I*e)*csgn(I*x)*csgn(I*e*x)*Pi+I*csgn(Ixe
) *csgn (I*xexx) “2xPi+I*csgn (I*x) *csgn(I*exx) "2xPi-Ixcsgn(I*e*x) ~3*Pi+2*1n(e)
+2x1n(x)))-2*exp(1/2* (-1+n) * (-I*xcsgn(I*e) *csgn(I*x)*csgn(I*e*x) *Pi+I*csgn(
Ixe)*csgn(I*exx) "2xPi+I*csgn(I*x)*csgn(I*xe*xx) "2*xPi-I*csgn(I*e*x) ~3*Pi+2*1ln
(e)+2*1n(x) ) ) *b~2*x* (-b*exp(c+d*x"n)+a)/a~2/(a"2+b"2) /d/n/ (x"n) / (a*xexp(2*c
+2xd*x"n) +2*%bxexp (c+d*x"n)-a) -2xb/a~2* (2*a~2+b~2) / (a"2+b~2) /n*exp (-1/2*I*P
i*n*csgn(Ixe)*csgn(I*x)*csgn(I*e*x))*exp(1/2*xI*Pi*n*csgn(I*e)*csgn(I*xexx)”
2) xexp (1/2*I*Pixn*csgn(I*x)*csgn(I*e*x) ~2)*exp(-1/2*I*Pi*n*csgn(I*e*x) ~3)*
exp (1/2xI*Pi*csgn(I*e)*csgn(I*x)*csgn(I*e*x))*exp(-1/2*xI*Pixcsgn(I*e)*csgn
(I*e*x)~2)*xexp(-1/2*I*Pi*csgn(I*x)*csgn(I*e*x) ~2)*exp(1/2*xI*Pixcsgn(I*e*x)
~3)*e"n/exexp(c)/d/ (-a~2xexp(2*c)-exp(2*c) *b~2) " (1/2) *arctan (1/2* (2*xa*exp (
2xc+d*x"n)+2*exp(c) *b) / (—a~2*exp (2*c) —exp (2*c) *b~2) ~(1/2))

3.81.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1729 vs. 2(146) = 292.

Time = 0.29 (sec) , antiderivative size = 1729, normalized size of antiderivative = 11.60

(6.’L’)_1+n )
5 dr = Too large to display
(a + besch (¢ + dx™))
inputLintegrate((e*x)“(—1+n)/(a+b*csch(c+d*x“n))‘2,x, algorithm="fricas") J

(ex)—1+n
3.81. J (a+bCSCh(c+dg;n)>2 dz
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-((a”5 + 2xa~3*b"2 + axb~4)*d*cosh((n - 1)*log(e))*cosh(n*log(x)) - ((a~5

+ 2%a”3*b~2 + a*b~4)*dxcosh((n - 1)*log(e))*cosh(n*log(x)) + (a~5 + 2*a~3*
b~2 + a*b~4)*d*cosh(n*log(x))*sinh((n - 1)*log(e)) + ((a”5 + 2*a~3*b"2 + a
*b~4)*d*cosh((n - 1)*log(e)) + (a”5 + 2*a~3%b~2 + a*b~4)*d*sinh((n - 1)*lo
g(e)))*sinh(n*log(x)))*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)~2 - (
(2”5 + 2%xa~3%b~2 + a*b~4)*d*cosh((n - 1)*log(e))*cosh(n*log(x)) + (a”5 + 2
*a~3*%b”"2 + a*b~4)*d*cosh(n*log(x))*sinh((n - 1)*log(e)) + ((a”5 + 2%a~3*b~
2 + a*b”4)*d*cosh((n - 1)*log(e)) + (a”5 + 2¥a"3*b"2 + a*b~4)*d*sinh((n -

1)*log(e)))*sinh(n*log(x)))*sinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)~
2 - 2x((a~4*b + 2%a~2*b~3 + b~5)*d*cosh((n - 1)*log(e))*cosh(n*log(x)) + (
a"2%b~3 + b~5)*cosh((n - 1)*log(e)) + (a”2*b"3 + b~5 + (a~4*b + 2*a~2*b~3

+ b~5)*d*cosh(n*log(x)))*sinh((n - 1)*log(e)) + ((a"4xb + 2*a~2%b~3 + b~5)
xd*cosh((n - 1)*log(e)) + (a~4*b + 2*¥a~2xb”3 + b~5)*d*sinh((n - 1)*1log(e))
)*sinh(n*log(x)))*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c) + 2x(a"3*b
~2 + axb”4)*cosh((n - 1)*log(e)) - (((2*a~3*b + a*b~3)*sqrt(a”2 + b~2)*cos
h((n - 1)*log(e)) + (2%a"3*b + a*b~3)*sqrt(a”2 + b"2)*sinh((n - 1)*log(e))
)*cosh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)~2 + ((2*a"3xb + a*b~3)*sqr
t(a"2 + b"2)*cosh((n - 1)*log(e)) + (2%a~3%b + axb~3)*sqrt(a”2 + b~2)*sinh
((n - 1)*log(e)))*sinh(d*cosh(n*log(x)) + d*sinh(n*log(x)) + c)~2 - (2%a”3
*b + a*b~3)*sqrt(a”2 + b~2)*cosh((n - 1)*log(e)) - (2*a~3*b + axb~3)*sq...

\

3.81.6 Sympy [F]

/ (ez) - / (ez)"” s
(a + besch (¢ + dzn))? (a + besch (¢ + dzn))?

integrate((e*x)**(-1+n) / (atb*csch(c+d*x**n) ) **2,x)

-

N\

Integral ((e*x)**(n - 1)/(a + bxcsch(c + dkx**n))**2, x)

(ex)—1+n
3.81. J (a+bCSCh(c+dg;n)>2 dz
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3.81.7 Maxima [F]

/ (ez) ™ - / (ez)"™ s
(a + besch (¢ + dzn))? (besch (dam + ¢) + a)’

input | integrate ((e*x)~(-1+n)/(a+b*csch(c+d*x"n))~2,x, algorithm="maxima")

output | -2 (2*a~2xb*e n*e”c + b~ 3*e"n*e”c)*integrate(e”(d*x"n + n*log(x))/((a~b*e*
e~ (2xc) + a~3*b"2kexe” (2*xc))*x*xe” (2xd*x"n) + 2x(a~4*bxe*e”c + a~2*b~3*exe”
c)*x*xe” (d*x"n) - (a"b*e + a~3*b~2*e)*x), x) + (2*xa*b"2*e"n + (a~3*d*e"n +
a*b~2*xd*e"n)*x"n - (a"3*d*e"n*e” (2*c) + axb"2xd*e"nke” (2*c))*e” (2*xd*x"n +
n*xlog(x)) - 2*(b~3*e"n*e"c + (a"2*b*d*e"n*e”c + b~ 3*d*e n*e”c)*x"n)*e” (d*x
“n))/(a"b*xdxe*n + a~3*b"2*d*exn - (a~bkdxe*nxe” (2*c) + a~3*b”"2xd*exn*e” (2%
c))*e” (2xd*x"n) - 2x(a~4*bxd*exn*e”c + a~2*b~3*d*e*n*e”c)*e” (d*x"n))

3.81.8 Giac [F]

/ (ex)~1n - / (ex)"! i
(a + besch (¢ + dzn))? (besch (dz™ + ¢) + a)?

/

input‘integrate((e*x)‘(-1+n)/(a+b*csch(c+d*x‘n))‘2,x, algorithm="giac")

~—

-

output Lintegrate((e*x)‘(n - 1)/(b*csch(d*x™n + ¢) + a)72, x)

~—

3.81.9 Mupad [B] (verification not implemented)

Time = 17.96 (sec) , antiderivative size = 1449, normalized size of antiderivative = 9.72

(6:1:)_1+n )
5 dr = Too large to display
(a + besch (¢ + dzm))
inputtint((e*x)‘(n - 1)/(a + b/sinh(c + d*x"n))"2,x) J

(ex)—1+n
3.81. J (a+bCSCh(c+dg;n)>2 dz
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((2xatan(((a~5*(- a~10*d~2*n~2%x~(2%n) - a~4*b~6%d~2*n"2%x~(2%n) - 3*a~6*b

“4xd"2+n"2*x” (2%n) - 3*%a”~8xb~2+%d"2*n"2*x”~(2#n))~(1/2))/2 + (a"3*%b"2*%(- a~1
0%d"2#n"2%x~(2*n) - a~4*b~6*d"2*n"2*x"(2*n) - 3*a~6*b"4*d"2*n"2*x" (2#%n) -
3*xa”~8xb~2xd"2*n"2*x~ (2%n)) ~(1/2)) /2) * (exp (d*x"n) *exp (c) * ((2* (e*x)~(1 - n)=*
(a~4*bxd*n*x"n* (b"6*x" 2% (e*x) ~(2%n - 2) + 4*a”~2%b~4*x"2*(e*x) " (2%n - 2) +
4xa~4*b"2%x" 2% (exx) ~(2*n - 2)) 7 (1/2) + a~2%b"3*d*n*x"n* (b~ 6*x" 2% (e*x) " (2*n
- 2) + 4%a”2xb"4xx"2*%(e*xx) " (2%n - 2) + 4*a~4xb"2xx"2*(e*xx) " (2%n - 2))~(1/
2)))/(a™2*xxx(a”4 + a~2*b"2)*(2*%a"2 + b~2)*(- a~10*d"2*n"2*x~ (2%n) - a~4*b~
6*d"2+n"2*%x”~ (2*n) - 3*a”6*b~4*xd"2*4n"2*x~(2%n) - 3*a”8*b~2+d"2*n~24x~ (2#*n))
~(1/2)*(-a~4*%d~2*xn"2*x~ (2*n) *(a~2 + b~2)"3)"(1/2)) + (2*x(b~3*x*(e*x) " (n -
1)*(- a~10%d~2*n"2xx~ (2*n) - a”~4*b~6*d"2*xn"2xx~(2*n) - 3*a~6*b~4*d"2%n"2%*x
~(2*%n) - 3*%a”8*b"2+d"2*n"2*x~ (2#n)) " (1/2) + 2*xa”2*b*x*(e*x) " (n - 1)*(- a~1
0%d"2+n"2%x~(2*n) - a~4*b~6*d"2*n"2*x"(2%n) - 3*a~6*b"4*d"2*n"2*x" (2%n) -
3*%a~8*xb~2*%d"2*n"2*x~ (2*%n) ) ~(1/2)))/(a"4*d*n*x"n*x(a~4 + a~2*xb"2)*(a"2 + b~2
Yx(b™2xx" 2% (e*x) " (2%n - 2)*(2*a"2 + b~2)"2) " (1/2)* (- a~10*d~2*n"2*x~ (2*n)
- a”4%b"6*d"2*n"2*x” (2*n) - 3*a”6*b"4*d"2*n"2xx” (2*n) - 3*a”~8*b"2*d"2*n"2x*
x~(2*%n))~(1/2))) - (2*(exx)~ (1 - n)*(a"5*d*n*x"n* (b~ 6*x"2*(e*xx) " (2*%n - 2)
+ 4%a"2%b"4*x" 2% (exx) ~(2*n — 2) + 4*%a"4*b"2*x"2*(exx) "~ (2*xn - 2))"(1/2) + a
~3*b " 2kd*n*x " n* (b"6*x"2x (exx) " (2*n - 2) + 4*a”2xb~4*x"2*(e*xx) "~ (2%n - 2) +
4xa”~4xb~2xx"2x (e*x) ~(2*%n - 2))7(1/2)))/(a"2*x*x(a"4 + a"2*b~2)*(2*a"2 + ...

(ex)—1+n
3.81. J (a+bCSCh(c+dmn)>2 dz
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—1+4+2n
3.82 [— s d
(a—l—bCSCh(c—l—dw"))

3.82.1 Optimalresult . . .. ... . . .. . . . e 487
3.82.2 Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... .. 488
3.82.3 Rubi [A] (verified) . . . . . ... .. 489
3.82.4 Maple [F] . . . . . . o 491]
3.82.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. A9T]
3.82.6 Sympy [F] . . . . . . 492
3.82.7 Maxima [F] . . .. .. ... .. 192
3.82.8 Giac [F] . . . . . . 192
3.82.9 Mupad [F(-1)] . . . . oo 493
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3.82.1 Optimal result

Integrand size = 24, antiderivative size = 681

(ex)1+2n (ex)> bz~ (ex)?" log <1 + %)
/ (a + besch (¢ 4 dzn))? *= 2a2en + a2 (a? + b2)*% den
2bz7"(ex)?" log (1 + %)
a?va? + b2den
bz (ex)*" log (1 + b+&%>
- a? (a2 + b2)*? den
2bz7"(ex)?" log (1 + ﬁ%)

+ a’?va? + b*den
N b?z~?"(ex)*" log (b + asinh (¢ + dz™))
a? (a? + b?) d?en
b’z ~?"(ex)? PolyLog <2 —;‘%)
* a? (a? + b?)** d2en
22" (e’ PolyLog (2, ~ /45 )
B a2v/a? + b2d2%en
z~?"(ez)?" PolyLog ( —3 +\Z:%>
- a? (a2 + b2)** d2en
.\ 2bz =" (ex)*™ PolyLog ( , b+\2;%>

a’va? + b:d%en
b’z ~"(ex)?" cosh (c + dz™)
a (a? + b%) den (b + asinh (¢ + dz™))

3.82.

(em) —142n
J (a+bescherdar))’ de



output
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1/2%(e*x)~(2*n)/a~2/e/n+b~2* (e*x) ~ (2*n) *1n(b+a*sinh (c+d*x"n) ) /a~2/(a~2+b"2
)/d"2/e/n/(x” (2%n) ) +b"3* (exx) ~ (2*n) *1n (1+a*exp (c+d*x"n)/ (b-(a~2+b~2) ~(1/2)
))/a~2/(a"2+b~2)~(3/2)/d/e/n/ (x"n)-b~3* (e*x) ~ (2*n) *1n (1+a*exp (c+d*x"n) / (b+
(a=2+b72)"(1/2)))/a"2/(a"2+b"2)~(3/2) /d/e/n/ (x"n) +b~3* (e*x) ~ (2*n) *polylog(
2,-a*xexp(c+d*x"n)/(b-(a"2+b"2)~(1/2)))/a~2/(a"2+b"2)~(3/2)/d"2/e/n/(x~ (2*n
))-b"3*(e*x) ~(2*n) *polylog(2,-a*exp(c+d*x~n)/ (b+(a~2+b~2)~(1/2)))/a~2/(a"2
+b~2)~(3/2)/d"2/e/n/ (x~(2*n) ) -b~2* (exx) ~ (2*n) *cosh(c+d*x"n) /a/(a~2+b~2) /d/
e/n/(x"n)/(b+a*sinh(c+d*x"n))-2*b* (e*x) ~(2*n) *1n(1+axexp(c+d*x"n) / (b-(a”~2+
b~2)~(1/2)))/a"2/d/e/n/(x"n)/(a"2+b~2) " (1/2) +2*b* (e*x) ~ (2*n) *1n (1+a*exp (c+
d*x~n)/ (b+(a~2+b~2)~(1/2)))/a~2/d/e/n/(x"n)/(a~2+b~2) ~(1/2) -2*b* (e*x) ~ (2*n
)*polylog(2,-a*exp(c+d*x~n)/(b-(a~2+b~2)~(1/2)))/a~2/d"2/e/n/(x~(2*n))/(a~
2+b~2) " (1/2) +2xbx (exx) ~ (2*n) *polylog(2,-a*exp(c+d*x"n)/ (b+(a~2+b"2) " (1/2))
)/a”2/d"2/e/n/(x~(2*n))/(a~2+b"2) " (1/2)

3.82.2 Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 20.68 (sec) , antiderivative size = 3219, normalized size of antiderivative = 4.73

(ex)—1~|—2n
5 dr = Result too large to show
(a + besch (¢ + dzn))

input’Integrate[(e*x)“(—l + 2*n)/(a + bxCschlc + d*x"n])~2,x]

(em)—1+2n
3.82. J (a+bCSCh(c+dg;n)>2 dz
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output | (b"2*x~ (1 - n)*(e*xx)~ (-1 + 2*n)*Csch[c/2]*Csch[c + d*x"n] ~2*Sech[c/2]*(b*xC
osh[c] + a*Sinh[d*x"n])*(b + a*Sinh[c + d*x"n]))/(2*a~2*x(a"2 + b~2)*d*n*(a
+ b*Csch[c + d*x"n])"2) + (b™2*x~(1 - n)*(e*xx) (-1 + 2*n)*Coth[c]*Cschlc
+ d*x"n] "2*%(b + a*xSinh[c + d*x"n])"2)/(a"2*%(a"2 + b~2)*d*n*(a + b*Csch[c +
d*x"n])"2) + (2*%b"3*x~ (1 - 2#n)*(e*x)~ (-1 + 2*n)*ArcTanh[(b + a*E~(c + d*
x"n))/Sqrt[a~2 + b~2]]1*Coth[c]*Csch[c + d*x~n] ~2*(b + a*Sinh[c + d*x"n])~2
)/(@a~2*(a~2 + b~2)~(3/2)*d"2*n*(a + b*Csch[c + d*x"n])~2) - (b"2+E~c*x~(1
- 2#%n)*(exx) (-1 + 2*n)*Csch[c]*Csch[c + d*x"n] 2*x((d*x"n)/a + (b*x(1 + E~(
2%c) ) *ArcTanh[(b*E"c + a*E~(2xc + d*x"n))/(Sqrt[a~2 + b~2]*E~c)])/(a*Sqrt[
a”2 + b"2]#E"(2%c)) - ((1 - E~(-2%c))*Logla - 2¥b*E~(c + d*x"n) - a*E~(2*c
+ 2xd*x"n)])/(2*%a))*(b + axSinh[c + d*x"n])~2)/(ax(a"2 + b~2)*d 2*n*(a +
b*Cschlc + d*x"n])~2) - (2xb*x~ (1 - 2*n)*(e*x)”~ (-1 + 2#n)*Csch[c + d*x"n]~
2% (((~I)*PixArcTanh[(-a + b*Tanh[(c + d*x"n)/2])/Sqrt[a~2 + b~2]])/Sqrt[a”
2 + b™2] - (2%((-I)*c + Pi/2 - I*d*x"n)*ArcTanh[(((-I)*a + b)*Cot [((-I)*c
+ Pi/2 - I*d*x"n)/2])/Sqrt[-a~"2 - b~2]] - 2*((-I)*c + ArcCos[((-I)*b)/al)=*
ArcTanh[(((-I)*a - b)*Tan[((-I)*c + Pi/2 - I*d*x"n)/2])/Sqrt[-a~2 - b~2]]
+ (ArcCos[((-I)#*b)/al] - (2*I)*(ArcTanh[(((-I)*a + b)*Cot[((-I)*c + Pi/2 -
I*d*x"n)/2])/Sqrt[-a~2 - b~2]] - ArcTanh[(((-I)*a - b)*Tan[((-I)*c + Pi/2
- I*d*x"n)/2])/Sqrt[-a~2 - b~2]1]1))*Logl[Sqrt[-a~2 - b~2]/(Sqrt[2]*Sqrt[(-I)
*a] *E~ ((I/2)*((-I)*c + Pi/2 - I*d*x"n))*Sqrt[b + axSinh[c + d*x"n]])] +...

3.82.3 Rubi [A] (verified)

Time = 1.53 (sec) , antiderivative size = 527, normalized size of antiderivative = 0.77,
number of steps used = 6, number of rules used = 5, Lumber of rules _ 0.208, Rules used

integrand size
= {5964, 5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2n—1
/ (ex) e
(a + besch (¢ + dz™))
l 5964

2n—1

—2n( 2n T

T exr
) <a+bCSCh(dw”+c)) ?

e

l 5960

—2n 2n " n
T er T
(ez) <a+bcsch(dz"+«g>2

en

(em)—1+2n
3.82. J (a+bCSCh(c+dmn)>2 dz
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| 3042
—2n 2n "™ n
z (ex) f (a+ibcsc(idz™+ic) )2 dz

en

J'4679

—2n 2n _ 2bx™ " b2z n
r (6(17) f ( a?(b+asinh(dz"+c)) + a? + a2(b+asinh(da:"+c))2) dx

en

l 2009

_ aedm"-kc _ aedmn+c n aec+dm"
—2n 2n 2b PolyLog (2’ b—m) 2b PolyLog <2’ b+v/a24b2 b2 log(a sinh(c+dz™)+b) 2ba log b—a2+b2 +1
z (ea:) a2d2v/a2+b2 a2d2+v/a2+b2 + a2d2(a2+b2) - a2d"/a2+b2 +

p
input

Int[(exx)~(-1 + 2*n)/(a + b*Csch[c + d*x"n])~2,x]

output

((e*x)~(2*n)*(x~(2*n)/(2*a~2) + (b~3*x"nxLogl[l + (a*E~(c + d*x"n))/(b - Sq
rt[a™2 + b72])])/(a"2%(a"2 + b72)7(3/2)*d) - (2*b*x"n*Logl[l + (a*E~(c + d*
x™n))/(b - Sqrt[a2 + b~2])])/(a"2*Sqrt[a~2 + b~2]*d) - (b~3*x"n*Logl[l + (
a*xE~(c + d*x"n))/(b + Sqrt[a~2 + b~2])])/(a"2x(a"2 + b~2)"(3/2)*d) + (2xb*
x"n*Log[1l + (a*E~(c + d*x"n))/(b + Sqrt[a~2 + b~2])])/(a~2*Sqrt[a"2 + b~2]
x*d) + (b~2#Log[b + a*Sinh[c + d*x"n]])/(a"2*%(a"2 + b~2)*d"2) + (b~3*PolyLo
gl2, -((a*E~(c + d*x"n))/(b - Sqrt[a”2 + b~2]))])/(a"2*(a"2 + b~"2)~(3/2)*d
~2) - (2*b*PolyLog[2, -((a*E~(c + d*x™n))/(b - Sqrt[a~2 + b~2]1))]1)/(a"2%Sq
rt[a”2 + b"2]*d"2) - (b~3xPolyLog[2, -((a*E~(c + d*x"n))/(b + Sqrt[a”2 + b
~2]1))1)/(a"2x(a"2 + b~2)"(3/2)*d"2) + (2xb*PolyLogl[2, -((a*E~(c + d*x"n))/
(b + Sgrt[a~2 + b~2]))]1)/(a~2*Sqrt[a”2 + b~2]1*d"2) - (b~2*x"n*Cosh[c + d*x
“n])/(ax(a”2 + b~2)*d*(b + a*Sinh[c + d*x"n]))))/(e*n*x~(2%n))

e

nﬂe2009L

3.82.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

e

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

(em)—1+2n
3.82. J (a+bCSCh(c+dg;n)>2 dz



CHAPTER 3. LISTING OF INTEGRALS 491

rule 4679 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 5960 Int[((a_.) + Cschl(c_.) + (d_.)*(x_)"(@_ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x1, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[pl]

rule 5964 Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(@_)1*(_.))"(p_.)*((e )*(x))"(m_.),
x_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x FracPart[m]) Int[x"m*
(a + bxCsch[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.82.4 Maple [F]

/ (ex)Qn—l i
(a + b csch (¢ + dzn))?

input Lint ((e*x)~(2%n-1) / (a+b*csch(c+d*x™n) ) ~2,x) J

-

output Lint ((exx)~(2*n-1)/(a+b*csch(c+d*x"n)) ~2,x)

~—

3.82.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 8453 vs. 2(645) = 1290.

Time = 0.41 (sec) , antiderivative size = 8453, normalized size of antiderivative = 12.41

( €$)_1+2n )
5 dz = Too large to display
(a + besch (¢ + dz™))
inputkintegrate((e*x)‘(-1+2*n)/(a+b*csch(c+d*x‘n))‘2,x, algorithm="fricas") J

p
outputLToo large to include

-/

(em)—1+2n
3.82. J (a+bCSCh(c+dg;n)>2 dz
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3.82.6 Sympy [F]

/ (ex)” " dz = / (ex)™ dz
(a + besch (¢ + dzn))? (a + besch (¢ + dzn))?

p
inputLintegrate((e*x)**(-1+2*n)/(a+b*csch(c+d*x**n))**2,x)

-/

output LIntegral((e*x)**Q*n - 1)/(a + b*csch(c + dxx**n))**2, x)

~—

3.82.7 Maxima [F]

/ (6:13)_1+2n - / (ex)2n—1 s
(a + besch (¢ + dzn))? (besch (dam + ¢) + a)’

inputLintegrate((e*x)‘(-1+2*n)/(a+b*csch(c+d*x“n))‘2,x, algorithm="maxima")

p

output | 1/2* (4*xaxb~2*e” (2*n) *x"n + (a~3*d*e”(2*n) + a*b~2*d*e” (2#*n))*x~(2*n) - (a~
3xdxe” (2*n) *e~ (2xc) + a*b”2*xd*e”(2*n)*e”(2%c))*e” (2*d*x"n + 2*n*log(x)) -
2% (2*b~3xe” (2*n) *e~ (n*¥log(x) + c) + (a~2*bxdxe”(2*n)*e”c + b~ 3*d*e” (2*n)*e
~c)*x~(2*n) ) *e” (d*x"n))/(a"5*d*e*n + a~3*b"2xd*e*n - (a”~5*d*e*n*e”(2xc) +
a~3*b~2*xd*exnke” (2%c) ) ¥e” (2xd*x"n) - 2*(a"4xbxdxexnxe”c + a~2xb~3xdxexnxe”
c)*e”(d*x"n)) - integrate(-2x(a*b~2xe” (2*n)*x"n - (b~3*e”(2*n)*e” (n*log(x)
+ c) + (2xa~2xbxd*e” (2*n)*e~c + b~ 3xdxe” (2*n)*e~c)*x” (2*n))*e~ (d*x™n))/ ((
a~5*dxe*e” (2xc) + a~3*b~2*dxe*e” (2xc))*x*e” (2xd*x"n) + 2x(a~4*bxd*exe”c +
a~2*%b~3*d*exe”c)*x*e” (d*x"n) - (a~bkdxe + a~3*b~2kd*e)*x), x)

3.82.8 Giac [F]

/ (ex)~1t2n . / (ex)®™ ! i
(a + besch (¢ + dzn))? (besch (dz™ + ¢) + a)?

p
input

integrate((e*x)~(-1+2#n)/(a+b*csch(c+d*x™n))"2,x, algorithm="giac")

N

outputLintegrate((e*x)“(2*n - 1)/(b*csch(d*x™n + c) + a)”2, x)

(em)—1+2n
3.82. J (a+bCSCh(c+dg;n)>2 dz
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3.82.9 Mupad [F(-1)]

Timed out.

(ez)~t*2n dr = / (ea)™” dz
n 2 o 2
(a + besch (¢ + dzn)) (a+ m>

input Lint((e*x)"(Q*n - 1)/(a + b/sinh(c + d*x"n))~2,x)

output Lint((e*x)'"(2*n - 1)/(a + b/sinh(c + d*x"n))~2, x)

(CE)_1+2"
3.82. J (a+bCSCh(c+dzn)> z dz
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—1+3n
383 [—@ s d
(a—i—bCSCh(c—i—dw”))

3.83.1 Optimalresult . .. ... ... ... ... . ... ... 495
3.83.2 Mathematica [F] . . . . ... ... ... . .. 196
3.83.3 Rubi [A] (verified) . . . . . . .. .. 497
3.83.4 Maple [F] . . . . . . 499
3.83.5 Fricas [F(-1)] . . . . . o 499
3.83.6 Sympy [F] . . . . . 499
3.83.7 Maxima [F] . . .. . . ... .. H00
3.83.8 Giac [F] . . . . . . (00
3.83.9 Mupad [F(-1)] . . . o o o o 500

(em)—1+3n
3.83. J (a+bCSCh(c+dg;n)>2 dz
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3.83.1 Optimal result

Integrand size = 24, antiderivative size = 1218

—2n n aectde"
(6$)_1+3n . (€$)3n B b2x_"(6x)3” N 2212 (61,')3 log (1 + m)
(a + besch (¢ + dzr))? 3a2en a2 (a2 + b?)den a2 (a2 + b2) d%en
-n n aectd="
. bz (ex)3" log (1 + ﬁ)

a? (a? + b2)3/2 den

2bz7"(ex)®" log (1 + ﬁ%)

a?v/a? + b2den
20?272 (ex)3" log (1 + bf\;%)
a? (a? + b?) d%en

—n n aectda"
~ b3z~ (ex)?" log <1 + b+\/m>

a2 (a2 + b2)*? den

2bz(ex)?" log <1 %)

a?va? + b*den
2?23 (ex)3" PolyLog (2, — bf%)
a? (a? + b?) d3en

—on n ae’ dz™
23272 (ex)3" PolyLog <2,—b_\/22?>
a2 (a2 + b2)** d2en

—on n aectda”
4bz=2"(ex)3" PolyLog (2,—b_ J«W)

a’va? + b%d?en

2?73 (ex)3" PolyLog <2, —ﬁ%)

a? (a? + b?) d3en

2b3x_2n(ex)3" PolyLog <2, - ﬁ%)

a2 (a2 + b2)* d2en

—on n aec+dmn
4bz~?"(ez)*" PolyLog (27—m)

a2v/a? + b2d%en

2b3$_3n(6$)3n PolyLog (3, - bi%)

a2 (a2 + b2)** dSen

_3n n ae’ dz™
4bz=3"(ex)*" PolyLog (3,_1,_\/227“,2)

a?va? + b2d3en
2b3x—3n(ex)3n PolyLog <3’ _L‘%)

+

_|_

_|_

+

+

_|_

_|_

+

(em)_1+3"
3.83. J (a+bCSCh(c+da:")>2 de




output
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1/3%(e*x) ~(3*n) /a~2/e/n-b~2*(e*x) ~(3*n) /a~2/(a~2+b"2) /d/e/n/(x"n) +2xb~2* (e
*x) ™ (3*n) *1n (1+a*exp (c+d*x"n) / (b-(a~2+b~2)~(1/2)))/a~2/(a~2+b~2) /d~2/e/n/(
x~(2%n) ) +b~3* (e*x) " (3*n) *1n (1+a*xexp(c+d*x"n) / (b-(a~2+b~2)~(1/2)))/a~2/(a"2
+b72)~(3/2) /d/e/n/ (x"n)+2*b~2* (e*x) ~ (3*n) *1n(1+a*exp(c+d*x~n) / (b+(a~2+b~2)
~(1/2)))/a~2/(a"2+b"2)/d"2/e/n/ (x~ (2*n) ) -b~3* (e*x) ~ (3*n) *1n (1+a*exp (c+d*x~
n)/(b+(a”2+b~2)"(1/2)))/a~2/(a"2+b~2)~(3/2) /d/e/n/ (x"n) +2¥b~2x (exx) ~ (3*n) *
polylog(2,-a*exp(c+d*x~n)/(b-(a~2+b~2)~(1/2)))/a~2/(a"2+b~2)/d"3/e/n/(x~ (3
*n) ) +2%b~3* (exx) ~ (3*n) *polylog(2,-a*exp(c+d*x"n)/ (b-(a~2+b~2)~(1/2))) /a~2/
(a~2+b~2)"(3/2)/d~2/e/n/ (x~ (2*n) ) +2*%b~2* (e*x) ~ (3*n) *polylog (2, -a*exp (c+d*x
“n)/(b+(a"2+b~2)"(1/2)))/a"2/(a~2+b"2) /d"3/e/n/ (x~ (3*n) ) -2*b~3* (e*x) ~ (3*n)
*polylog(2,-a*exp(c+d*x"n)/(b+(a~2+b~2)~(1/2)))/a~2/(a~2+b"2)~(3/2)/d"2/e/
n/(x~(2*n))-2%b~3* (e*xx) ~(3*n) *polylog(3,-a*xexp (c+d*x~n)/ (b-(a~2+b~2) ~(1/2)
))/a~2/(a"2+b~2)~(3/2)/d"3/e/n/(x~ (3*n) ) +2*%b~3* (e*x) ~ (3*n) *polylog(3,-a*ex
p(c+d*x~n)/ (b+(a~2+b"2)~(1/2)))/a~2/(a~2+b~2)~(3/2)/d"3/e/n/ (x~ (3*n) ) -b~2x*
(e*x)~ (3*n) *cosh(c+d*x"n)/a/(a~2+b~2)/d/e/n/ (x"n) /(b+a*sinh (c+d*x"n)) -2*b*
(e*x)~ (3*n) *1n(1+a*exp(c+d*x~n)/(b-(a~2+b~2)~(1/2)))/a~2/d/e/n/(x"n)/(a~2+
b~2) ~(1/2) +2*b* (e*x) ~ (3*n) *1n(1+axexp (c+d*x"n) / (b+(a~2+b~2)~(1/2))) /a~2/d/
e/n/(x"n)/(a~2+b~2) " (1/2) -4*b* (e*x) ~ (3*n) *polylog(2,-a*exp(c+d*x"n) / (b-(a"~
2+b72)~(1/2)))/a"2/d"2/e/n/ (x~(2*%n) )/ (a~2+b~2) = (1/2) +4*b* (e*x) ~ (3*n) *polyl
og(2,-axexp(c+d*x"n)/(b+(a"2+b~2)"(1/2)))/a~2/d"2/e/n/(x~(2*n))/(a"2+b". ..

-

3.83.2 Mathematica [F]

/ (61’)_1+3n dp — (ex)—1+3n I
(a + besch (¢ + dan))? (a + besch (¢ + dzm))?

inputLIntegrate[(e*x)‘(—l + 3*n)/(a + bxCsch[c + d*x"n])"2,x]

output

N

\ >

Integrate[(e*x) (-1 + 3*n)/(a + b*Cschlc + d*x"n])~2, x]

J

(em)—1+3n
3.83. J (a+bCSCh(c+dg;n)>2 dz
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3.83.3 Rubi [A] (verified)

Time = 2.26 (sec) , antiderivative size = 953, normalized size of antiderivative = 0.78,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 948 Ryles used

integrand size
= {5964, 5960, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e.’L')3”_1
/ (a + besch (¢ + dzn))?
| 5964

3n :1:377.—1

(a—i—bCSCh(d:c”—i—c)) ?

73" (ex)

e
l'5960

3n z2n

—3n(
(a+bCSCh(d:c"+c))

sdz™

x " (ex)

en
l 3042

an n 20 n
" (ex) f (a+ibcsc(idzm+ic))* do

en

l 4679

—3n 3n _ 2bx%" 32" b2 n
z " (ex) f( a?(b+asinh(dz™+c)) Tt a2 (b+asinh(dz™+c))? dz

en
| 2009
dz"™+c dz™+c dz"™+c dz™+c
2 2 3
an an 2b log(bi\/ﬁ+l> z™ 2b log(bi\/ﬁ+l) z™ 4b PolyLog (2,—%)1‘" 2b° PolyLog (2,— b‘ie Tro?
z=" (ex) a?(a?+b2)d? + a?(a?+b2)d? - a2va21b2d? + a2(a2+b2)3/242

input Int[(e*x)~ (-1 + 3#n)/(a + b*Cschlc + d*x"n])~2,x]

(em)—1+3n
3.83. J (a+bCSCh(c+dg;n)>2 dz
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output

((e*x) " (3*n) * (- ((b™2*x~(2*n) ) /(a™2x (a2 + b~2)*d)) + x~(3*n)/(3*xa"2) + (2%
b~2*x"n*Log[1 + (a*E~(c + d*x"n))/(b - Sqrt[a”"2 + b~2])])/(a"2x(a"2 + b~2)
*d"2) + (b~3*x~(2*n)*Log[1l + (a*E~(c + d*x"n))/(b - Sqrt[a”2 + b~2])]1)/(a"
2x(a”2 + b"2)7(3/2)*d) - (2*b*xx~(2*n)*Log[l + (a*E~(c + d*x"n))/(b - Sqrtl[
a"2 + b"2])]1)/(a"2*Sqrt[a”2 + b~2]*d) + (2*b~2*x"n*Logl[l + (a*E~(c + d*x"n
))/(b + Sqrt[a”2 + b72])])/(a"2%(a"2 + b~2)*d"2) - (b"3*x~(2*n)*Logl[l + (a
*E~(c + d*x™n))/(b + Sqrt[a”2 + b72])])/(a"2*(a”2 + b™2)7(3/2)*d) + (2xb*x
~(2*n)*Log[1 + (a*E~(c + d*x"n))/(b + Sqrt[a”2 + b~2])])/(a"2*Sqrt[a”2 + b
~2]*d) + (2%b~2+PolyLogl[2, -((a*E~(c + d*x"n))/(b - Sqrt[a™2 + b~2]1))1)/(a
~2%(a”2 + b"2)*d"3) + (2xb~3*x"n*PolyLogl[2, -((a*E~(c + d*x"n))/(b - Sqrtl[
a”2 + b"21))1)/(a"2x(a"2 + b"2)"(3/2)*d"2) - (4xb*x"n*PolyLog[2, -((a*E~(c
+ d*x"n)) /(b - Sqrt[a~2 + b~2]))])/(a~2+Sqrt[a”2 + b~2]*d"2) + (2%b~2*Pol
yLog[2, -((a*xE~(c + d*x"n))/(b + Sqrt[a"2 + b~2]))]1)/(a"2*(a"2 + b~2)*d"3)
- (2¥b~3*x"n*PolyLog[2, -((a*E~(c + d*x"n))/(b + Sqrt[a”2 + b~2]))]1)/(a"2
*(a”2 + b72)7(3/2)*d"2) + (4*b*xx"n*PolyLogl[2, -((a*E~(c + d*x™n))/(b + Sqr
t[a”2 + b~2]))]1)/(a"2*Sqrt[a”2 + b~2]*d~2) - (2*%b~3*PolyLog[3, -((a*E~(c +
d*x"n))/(b - Sqrt[a~2 + b72]))]1)/(a"2*(a"2 + b~2)"(3/2)*d"3) + (4*b*PolyL
ogl[3, -((a*E~(c + d*x"n))/(b - Sqrt[a~2 + b~2]))])/(a~2*Sqrt[a~2 + b~2]*d"
3) + (2%b~3%PolyLogl[3, -((a*E~(c + d*x™n))/(b + Sqrt[a~2 + 1~2]))1)/(a~2*(
a”2 + b72)7(3/2)*d"3) - (4xb*PolyLogl[3, -((a*E~(c + d*x"n))/(b + Sqrtla...

e

rule 2009L

3.83.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

-

rule 3042

rule 4679

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]“"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 5960

Int[((a_.) + Csch[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Simp[1/n  Subst[Int([x"(Simplify[(m + 1)/n] - 1)*(a + b*Cschlc + d*x]
)°p, x], x, x"nl], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m
+ 1)/n], 0] && IntegerQ[p]

(em)—1+3n
3.83. J (a+bCSCh(c+dg;n)>2 dz
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rule 5964‘Int[((a_.) + Cschl(c_.) + (@_.)*(x_ )" (@ )I*(b_.))"(p_)*((e )*(x_))"(m_.),
‘x_Symbol] :> Simp[e~IntPart [m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*
‘(a + bxCschlc + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

3.83.4 Maple [F]

/ (ex)—1+3n i
(a + b csch (¢ + dzn))?

input Lint ((e*x) "~ (-1+3*n)/(a+b*csch(c+d*x"n) ) ~2,x)

output Lint ((e*x)~ (-1+3*n)/ (a+b*csch(c+d*x"n) ) ~2,x)

3.83.5 Fricas [F(-1)]

Timed out.

—1+3n
/ (e2) 5 dr = Timed out
(a + besch (¢ + dzn))

input tintegrate ((exx)~(-1+3*n)/(atb*csch(c+d*x"n)) "2,x, algorithm="fricas")

output tTimed out

3.83.6 Sympy [F]

(ex)—1+3n e — / (ex)?m—l
(a+ besch (c+dz™))®> ) (a+ besch (c+ dzn))?

input Lintegrate ((exx) **x(-1+3*n) / (a+b*csch (c+d*x**n) ) *¥*2,x)

output kIntegral((e*x)**(S*n - 1)/(a + b*csch(c + d*x**n))**2, x)

(CE)_1+3"
3.83. J (a+bCSCh(c+dg;n)>2 dz
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3.83.7 Maxima [F]

/ (ex)~1¥3n i — / (ex)®™ ! i
(a + besch (¢ + dzn))? (besch (dam + ¢) + a)’

inputLintegrate((e*x)‘(—1+3*n)/(a+b*csch(c+d*x‘n))‘2,x, algorithm="maxima")

~—

output | 1/3*(6*a*b~2*e”~ (3*n)*x~ (2*n) + (a~3*d*e”(3*n) + a*b~2*d*e”(3*n))*x~(3*n) -

(a~3xd*e~(3*n)*e” (2*c) + axb~2xd*e”(3*n)*e”(2*c))*e”(2*d*x"n + 3*nxlog(x)
) - 2x(3xb~3xe” (3*n)*e~ (2*n*log(x) + c) + (a~2*bxd*e~(3*n)*e”~c + b~3xd*e”(
3*n)*e~c)*x” (3*n)) *e~ (d*x"n))/(a"b*d*e*n + a”~3*b~2*d*exn - (a~5*d*e*xn*e” (2
*c) + a~3*b"2xdke*nxe” (2*c))*e” (2xd*x"n) - 2*(a~4*bxdxe*n*e”c + a~2kb3xdx*
exnxe”c)*e”(d*x"n)) - integrate(-2*(2*a*b~2*e”(3*n)*x~(2*n) - (2¥b~3xe”(3*
n)*e” (2*n*log(x) + c) + (2*a~2*b*d*e” (3*n)*e~c + b~3*d*e” (3*n)*e”~c)*x~ (3*n
))*e~(d*x"n))/((a~b*dxexe” (2xc) + a~3*b~2xdxexe” (2*xc))*x*e” (2*d*x"n) + 2%(
a~4xbxd*exe”c + a~2*xb"3kdke*e”c)*x*e”(d*x"n) - (a"5Skxdkxe + a"~3*b"2*d*e)*x),

x)

3.83.8 Giac [F]

/ (ex)—1+3n - / (61.)3n—1 s
(a + besch (¢ + dzn))? (besch (dz™ + ¢) + a)?

inputLintegrate((e*x)‘(-1+3*n)/(a+b*csch(c+d*x“n))‘2,x, algorithm="giac")

e

outputkintegrate((e*x)‘(S*n - 1)/(b*csch(d*x™n + c¢c) + a)~2, x)

~—

3.83.9 Mupad [F(-1)]

Timed out.

(ex)~1t3n B (ez)*™!
/ (a + besch (c+da;n))2 dz _/ <a+ \ >2 dz

sinh(c+dz™)

-

input | int((e*x)~(3*%n - 1)/(a + b/sinh(c + d*x"n))"2,x)

output Lint((e*x)“(s*n - 1)/(a + b/sinh(c + d*x"n))"2, x)

(em)—1+3n
3.83. J (a+bCSCh(c+dg;n)>2 dz
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

501
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x  (a+b csch(c+d x^2))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  x (a+b csch(c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  x^2 (a+b csch(c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  x^3 (a+b csch(c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3 (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x^2 (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 a+b csch(c+d x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 a+b csch(c+d x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3 (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x^2 (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b csch(c+d x))^2  x  dx
	Optimal result
	Mathematica [F(-1)] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b csch(c+d x))^2  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x^2  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  x (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 a+b csch(c+d x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3  (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x^2  (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x  (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  x (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  x^2 (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3/2 (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 a+b csch(c+d x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 a+b csch(c+d x)  x^3/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 a+b csch(c+d x)  x^5/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3/2 (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b csch(c+d x))^2  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (a+b csch(c+d x))^2  x^3/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b csch(c+d x))^2  x^5/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [F(-1)] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3/2  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  x (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  x^3/2 (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  x^5/2 (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3/2  (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x  (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  x (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  x^3/2 (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  x^5/2 (a+b csch(c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (e x)^m (a+b csch(c+d x^n))^p  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (e x)^-1+n (a+b csch(c+d x^n))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (e x)^-1+2 n (a+b csch(c+d x^n))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^-1+3 n (a+b csch(c+d x^n))  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^-1+n (a+b csch(c+d x^n))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (e x)^-1+2 n (a+b csch(c+d x^n))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^-1+3 n (a+b csch(c+d x^n))^2  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^-1+n  a+b csch(c+d x^n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (e x)^-1+2 n  a+b csch(c+d x^n)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^-1+3 n  a+b csch(c+d x^n)  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^-1+n  (a+b csch(c+d x^n))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (e x)^-1+2 n  (a+b csch(c+d x^n))^2  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^-1+3 n  (a+b csch(c+d x^n))^2  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
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